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1. Over-All Factor Substritutioa

So far two procedures of factor ccsabinatioji have beea utilised In
aggregative growth models that allow for continuous possibilities of factor sub^
stitutlouo One of them r««tq on the neo-classical approach which has been adopted
by Tinbergen (1), Haavelmo (2), Solow (3), and Valavanis (4)o This procedure
assumes «e3Eplicitly ezpressed possibilitias of substitution between the total
amounts of factors available'^ that isj as the total amounts of factosr grow> they
are simultaneously combined in their entirety with each other* Let there be only
two factors of productioiij labour and capital, and their total amounts in a period
t be denoted by Zj_ and then the total output in period t will be

where P is the production function* The marginal productivity of the factors
will be

j|^

We shall call w and r over-all marginal productivity of labour and capital
respectively in view of the fact that they are derived through a procedure in
volving combination of total labour and total capital* If we assume that P is
homogeneous of degi'ee one, thoa^^

t = '"t • h'

Further if we suppose that the elasticity of substitution of factors is unity,
we have

h  't -A
H X am grateful to the referee of Econometrioa for his comments on an earlier

wVi'f^Vi Vkotra n*? hdln Y> recastiiiff it*
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where A is a constaat depandijig on.the fosia of F© If we suppose the elasticity*

of substitution of factorsg ^ Ip but equal to sosio constant wo get

\.-¥
The abo'se two equations give the allocation of factors® given the elasticity

of substitutiono

2o I'^^creniental Factor Substitution

However® this procedure of factor combination is feasible only when

(1) the life of capital built is one production period only® or (2) the factors
of production have been growing at the sacie rate for a very long tiBQ so that the
ratio of their total amounts equals th© ratio of their incrementals. The first of

these is contradicted by the very definition of capital and the second, has seldom

held true in reality® This procedure of factor combination is, therefore, not

*  feasible® It may be 'justifiably® resorted to when one is interested in studying

a secular long iei?n growth®

The second procedure of factor combination is that which has been

adopted by Johaasen (5) and Hassel (6)® The basic assumption underlying this

.^iproach is that Hhere are substitution possibilities ezante, but not ex-'post®,

ioOo, 'aay gross increment in the rate of production can be obtained by differ^t
combinations of in capital and labour inputs®* The procedure followed by these

writers combines gross investment in each period with the uncommitted Xaboiir

supply in that period, thus ensuring full employment of both the factors® We shall
call gross investment and unooamnitted supplies of labour, fresh supplies of laboxir

and capital and denote them L and'H, respectively® The ^gross) incr^ent of output
In a period would accordingly be.

1) In this paper we shall mainly deal with a production function with an elas
ticity of substitution equal to unity® In case when ̂ assumes the fo^ of the
Cobb-Douglas production function s = L*^ K,^thoa A c A - 3 if oC = »75o
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aad the resulting marginal productivity o£ factors

S FCL,, Kp
•

a F(L, 1)

We call w aaid r incremental marginal productivity (or IMP for short)

of labour and capitalj respectively* If P is supposed to be homogeneous of degree

03ie and the aaounts of fresh supplies of labour and eapitalt Lj, and are com*

binsd according to IMP procedures the resulting output of these factors in eacj^

period during the life-time of capital built will be

r-*

^ ̂  "t ̂  h 'f

If the capital built lasts & periods^ the total output res^tizig from L. and K.
•-» i

over ̂  periods will be ©P^* I
Further if we suppose that the elasticity of substitution of factors

is unity, we have

~=A—.

In case when ̂ 9^ 1, but equal te a constant we have

6^ '

It is obvious that the second procedure is feasible, but it is con

tended here that it may be iaefficieat* This is stated on the basis of the fact

that^ a third procedure of factor c<^bination exists which is feasible and which

may lead to higher levels of output fr^ the sane aaounts of inputs*



C''T"^'U-la'ti'ffe Xacreffleatal Facfcoy Substitution

The basic idea behind the procedure to be suggested is that the com
bination of fresh supplies of factors in a project should not reflect the rela
tive scarcity of factors in the current period only, but also the relative scar
cities of their accumulated counts in the succeeding periods till the last
period of the life of capital built for the projecto This procedure is feasible
as Johansen's is;because it is possible to decide any combination of factors
ex-ante, ioOo, before the capital has been built? but in this case, the concern
will be not to attain full enplo^ment of fresh <w.uinutilised) supplies of labour
and capital by combining their total (fresh) sffiounts together, but to find that
canbination of these factors which reflects their relative scarcities in the
successive periods as their fresh supplies grow during the life of the projecto
As it is to be expected, such a procedure will lead to a higher level of output®
The point is that for the purpose of deciding the combination of fresh supplies
of the factor in the curs^nt period, we will treat the fresh supplies of labour
and capital forthcoming in the succeeding periods as perfectly "fluid* and
•mobile®, iae», amenable to be used in alternative uses® Such a treatment is
feasible for the ssaae reason as the Johansen®s procedure® If we can anticipate
the amounts of fresh supplies of factors that will be available in the succeed
ing periods, we can choose a combination of the factors, that does not talce into
account their fresh supplies in the current period only, but also the supplies
in succeeding periods as thsy got accumulated® The procedure of doing so is based
on what we c.all cumulative marginal productivity of factors.^ Let us suppose
that we have to choose a combination of factors In period 1, and that the life
of capital to be built is © periods, the cumulative marginal productivity of
labour and capital in period n (1 « n — ®) is defined as

SF(L« k=)
B r»
^n "

where =
n t=l ^

11

n

£
t=:l

«

1) It should be more appropriately called cumulative incremental marginal pro
ductivity in view of the fact tha^ we cumulate only the incremental supplies
of factors for their derivation, but to^avoid too lengthy an expression we
express it as in the text and write it CMP for short®
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As before 9 the proportioai which the factors eaa be GOfabiaed

according to GMP^s Is given b^

E
K

"a
w_
a

a

a
d'~ 1,

aad .=4^ d' 1.
a a

Thezre is oae difficult^a howevery ia the present Gass« la eaise of over-*

all marginal productivities or that of iaeremeatal margixisl productivities, there

is oaly on© ratio of MP«s to cope with, sad hence the ratio of factors to be coa-

biaed can be obtaiaed straight awaye fhis is sot so with the GMP^s, sis they differ

frcm period to period over the life-time of the plant to be installed la the

initial period® Obviously sane sort of aa average of th® varying CMP®s will have

to be coasidersdo Cut of the two types of averages, simpl© and weightad, th®

former ssems to be logically more plausible, ia view of the fact that th© CMP's

do imply weighting ia respect of th® of factors that get aceumulatedo

Hence a braahthrough can be mad© by using simple averages© W© desiot©

-I ■ S s s

whez^ Wj^ and represent the average of CMP's of labour sad capital with respect
to a plant going to b© started in period 1 .and to last till period W© can now

find the ratio of factors that will ba campatible with w^ and as befar©

(1)

/

rO'

1

^1

&

■JL
© 9

'l

'U

when

when (f ^ 1.
w.

v*If in a new plant labour and capital are com-bined L'l counts and
©  "K^, which are ia proportion given by the critorion developed above, the total
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output in each period will be under our assumptions of F being homogeneous of
degree one^

f?-'!
and the total output over the life-time of the plant

OP® = &CL® w® ♦ K® r®).

A Numerical Kxample

fhe ideas stated above can be explained b2r a simple numerical example o

het the fresh amounts of labour and capital to be available in successive periods

be

t 1 2 3

L 1 1 1  .....0..

K 1 lo05 1.10
t
r

Let F be specified as P = L* k/* , 0^= .75, /^ = 1 -ol', aad let the
fixed life of capital built be 2 periods only. Then using (1) of the previous

section we have

1  ■ ^(2) ^ = A = ,957767.

^ d (L^^ Lg)

This shows that cannot be fully utilisedj and the left-over of

labour from period 1 is

f  J

Lj^ - L^ = 1 - ,987767
= .013253
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The labour available 1& period 2 is

r
rJ rJ 2

L. = + L, - Lf
'2 2" 1 1

= I0O12233.

Using the same procedure as given by (2)9 again we have

4
= .9^992

4

3 _ ^

= .997^2

hi = 1.05 X .9^992

o\ -• ^2 !!' 4 " -OO'SSS
^  "5

= 1^ + 1.2-1.2

= 1,00?58

Repeated trials will give the proportion in which labour and capital

should be ccsabined in successive periods* To see that the method suggested above

gives better results than that in case of IMP procedure even after the first

round we compute the corresponding outputs* In the latter case the outputs will be

= 1 for = 1 » 0^ = *75# ^ = i — 0^.- 9
Pg a 1.01227 for » 1» Kg =: 1*059 06= ?759 1

As the plants created last 2 pariods9 the total output from the fresh

supplies of labour and capital in periods 1 and 2 is

^1 * ̂ 2 ~ 4*02^5^.

The amounts of labour and capital utilised in period I9 according to

CMP method outlined here are *9991^3 and 1 only* We aBSUB&a^,for the qfsihe of com-
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^ together is combined with the amount of fresh capital available in period 2#
y  so that

B _ 2"* „2ftPi - Li Ki

^  =990811 for Li = .9877-67> and s 1, oC s .75, ^=1

P" = i«2i5l2.. for Lg = |»0i2a33 and = 1.05.

The total output according to the CMP method is# th8n»

2P" + aPg = 4.»03ii-646.

The output is greater in case of allocation according to the CMP

procedtire even when it is applied in the first round only# The difference is

small but this is due to the snail values we have taken to illustrate the idea

and the snail number of periods for which the capital lasts i«e» 2 only#

We can also make sure of the reverse 'dkiSMSt wfi.8n^'^'3^3^emaint®ahstjaAt and

t  1 2 t

L  1 1,05 l->(#05)(t-l)

K  1 1 1

Then

-i = i-oia^fe

4

#'* Ki = .987692

Ig = Kg .j. Ki - Ki = 1.012308

Therefore as in the preceding case

2?! ^2 = 2(1 i.O372^0J a 4.07A^
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and

2P® + ap" = 2(.996909 + 1.003063 X i.037a?0)

s 4-.07^7ia

Once again 2(p" •fr P*) > 2(Pj^ + Pg) i.e. allocation according to the
CMP procedure leads to a higher level of output even when we use it in one
round only, ioOo in tho first period®

5o Smbolic and General Proof

We can now proceed to give a ssmbollc proof of the numerical illu
strations given abovcj still keeping the life of capital equal to 2 periods®

Let Lg = Lj^ e^ and Kg a Kj^ e'^ where A ̂  h

using (2) we have, when ot + ̂  3 1 and A =
2  ̂

C3) 4 =
4 h

where z = —— a

. 1.
1-s-e^

In (3) if X< k^ then a < Ig and so ̂  period cannot be fully utilised,
but can be fully utilised, so

2  ' ■ ■

2  ~ '^i

^1

= L,z

Iig = Lg + 'H-

5 lI (1 + e^-e- l-z)
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Therefore the total output that can he produced with the fresh

supplies of labour and capital available in periods 1 and 2 according to CMP

approach using it only in period 1 as in the numerical example is

(4) 2(P» « = 2 + .l>z)< k/>]

and according- to, the IMP approach is

(5) 2(P^ . Pg) = 2 [l^ . 1.2 4 J

The difference between (A-) and (5) is

(6) 2(P®+p|)-2(P^P2> = ̂ 1 ̂ 1 l-z)'^(Ue'^)'^_ (l+0^)'^(l+e'^/j

As z < Ij we put it z ss 1 - 6 where g is a small ntanbery ;then (6) is approx

imated to

t

As k > X , the quantity within brackets is definitely positive; hence the proof
of the assertion that CMP approach leads to a higher level of output than IMP#

s  (6) raducas to zero# ioO## if L and K

increase at the saa© ratSg there is no difference in results according to the

two approaches#

Turning now to the case when A > k®

1 = C^) where

1+e^

It is obvious (from the niUEerioal illustration if necessary) that will not

^ be fully utilised l( will he fully utilised in period 1 accordisig to CMP
2  i

approach, so that =s and
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2

.1

/V 1

= Kj^(l-6) where 6 is a ̂ all number

{and Kg = Kg ^1. i 1*®^ * l-C^" O
as before,

2(P* + P=) = ajll^ K^(1-6)P+ (Ue^)®''K^Cl+s'^
aXLd

2(P^ + Pg) = 2h^ I l+fi+e ̂  )*(l+8^)^j
(6») 2(P^+Pp~2(Pj^-«-Pg) = 1^(1- ef-H^(U&h'^(l^^e^)^|(l4— -l|

S  j^- ■«■ approximately ^
(6*) is ai^ain positive*

Thus in both the cases, i®e*g when when X < factor
allocation according to CMP approach leads to higher value of output than the
IMP approach, even when we use CMP in one round only®

The above propositions can be easily generalised in the two directions
that are relevant® Firstly, if-tlua life of plaht i3.;n6t 2.periods but any ft
periods, the situation does not change and the propositions €3)ply with greater
force, the higher the value of ft, for then

.1+.C .t.?••••,t.V. . v)•
1+e 1+e ,± s z when

&  1.^ Ca-i)/31* C-^)^ + c^)
1+e^ 1+e^

and wh{UtA>



and so s or < 1 more strongly than in the oase when 0- w 2^ ^
Furthers as we have not put any restrictions on the initial values

and the value of output when the factors are ooEnbinad accoi'diag to CMP
approach will exceed that given hy IMP approach by larger anounts, the greater
the number of successive periods in which the factors are combined accordisag to
the former approach as against tJae latter aioproache

Conclud:W Remarks

. .. .. 4.U. IMP

4^

f

.7.1 the superiority of CMP approach over the

approach^ kilJhodidybstnQt&d,,-that they-2;httd^jenMifeeB ins.tanthnsanis fhilX ■?
i^iliiae&ioi^ofiMTBsduisoeay l-btit L-.th<t fi^«aer;^ao©sun<yfe.ffs^2timaJ^a■vl; oncoMc .Mil
Seeas a^projnyiate^, therefora^ to introduce some elecient ea. discounting in the
former approach. It may^ however^ hs noted that the degree of unempioinneat of
one of the factors may be small coPiparahle to technico^friotional unemployment
that is usually observed or experienced. la the developing countries^ the un- or
underemployment of labour force is generally quite high and also it is not an
uncommon sight to see imported machinery and equipment lying on the premises of
sea-ports for two or three years before they are shifted somewhere else^ which
may not be their final destination for utilisation. What is meant by citing these
faetse is that what is important is the maximization of output from given resources,
and a slight delay in the utilisation of the one of the factors may be immaterial,
for this Is already occurring at a huge scale even in the absence of anything
like CMP.

It has been shown above that when the fresh supplies o- labour and
Capital grow at the ss^ae rate, the factor combination according to IMP and CMP
will be the same and the level of resultant output will also be the same. And if
the rates of growth of labour and capital have oeen equal for a sufxiciently long
time in the past, then the neo-classical procedure, of factor combination will
also not be different from the other two. But if the fresh supplies of labour and
capital grow at different rates, the factor combination accoi-ding to IMP will
reflect the relative scarcity of the fresh supplies of factors in that period
only, but will fall to reflect the changes in the relative scarcity of factors
as they get s^cumulated. Hence the need for an eJ.temative approach which bakes
into account the changing scarcity of factors.
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The idea expressed here is clear intuitively as wello For instance^

if a plant is going to last 25 yearsj it will he evidently iaiadvisahle and in

efficient to adopt a technique which only reflects the current scarcity of the

fresh supplies of factors^ On the contrar^r, the techniques should be such that

they reflect the expected changes in the relative scarcity of factors over the

coaing 25 yearso

Finallyo it may he ashed whether it is possible to discover any alter

native method of factor combination which results in an even higher smoimt of

output than that given by the CM? approach» The answer depends on whether there

is any alternative method of cousbinationvothe^ thaii tih^xdapliedoii^uhfi^p9titiTe

equilibrium which raises the level of output higher than that is possible under

the condition of compeititve equilibrium. The idea of CMP is really an ̂ extension

of the conditions of competitive equilibrium to a situation where the factors of

productionj particularly capitals are not treated perfectly malleable (as is

generally required for these conditions to holdls but where they have a finite

life-time once they have been created and given a shape and that they cannot

be changed o^ transfo^ed into an alternative shape oi* structure bef^e the
date of their expiry. The CM? approach is a device to overcome this rigidity

and enables us to create capital items that are compatible not only with the

currently available fresh supplies of labour and capital, but also with their

amounts as they get accumulated over the life-tame of the capital iteas created

in the initial period.
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