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PROCESSES OF FACTOR COMBINATION IN ECONOMIC GROWTH®

1. Over=All Factor Substritution

So far two procedurss of factor combination have been utilised in
aggregative growth models that allow for continuous possibilities of factor sub-
stitution, One of them rasts on the nes=classical approach which has been adopied
by Tinbergen (1), Haavelmo (2), Solow (3), and Velavanis (4). This procedure
assunes %ezplicitly expressed possibilities of substitution beiween the jgigl
amounts of factors available®, that is, as the total smounis of factow grow, They
are simultaneously combined in their entirvety with each other, Let there be' only
two factors of production, labour and capital; and their todal amounts in a period
t be denoted by it and th then the total ouitput ia period t will be

Et = Fgﬁt’ Kt)°

where F is the production functlon. The marginal productivity of the factors
will be
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We shall call ¥ and ¥ over=all merginal productivity of labour and capital
respectively in view of the fact that they are derived through a procedure ine
volving combination of total labour amd total capitals I we assume that F is

hamogeneous of degree oneg thenl)
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Further if we suppose that the elasticity of substitution of factors is unity,

we have
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where A is a constant depending on the form of F?I) If we suppose the elasticity

-
of substitution of factors, <f # 1, bubt egqual to some constznt we get
Eﬁ»: A *éyf
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The above two equations give the allocation of factors, given the elasticity
of substitution. - . 1 =

2, Incremental Factor Substitution

e e S

However, this proceduve of factor conbination is feasible only when
(1) the life of capital built is one produciion period oaly, or (2) the Ffactors
of production have been growing at the same rate for a very long time so that the
ratio of their total asmounts equals the ratio of their incrementalse. The first of
these is contradicted by the very definition of capital and the second has seldam
held true in reality. This progedure of factor combination is, thersfore, not

*  feasible, It may be ?justifiably’ resorted to when one is interested in studying
a secular joag term growbth.

The second proca&ure of factor combination is that which has been
adopted by Johansea (5) and Magsel (6), The basic assumption underlying this
approseh is that ‘there are substitution possibilities exante, but not ex=postTy
ise04 éany gross increment in the rate of production can be obtained by different
combinations of in capital and labour inputs.? The procedure followed by these
writers combines gross investment in each peried with the uncommitted labour
supply in that perioed, thus ensuring full employment of both the factors., We shall
call gross investment and uncommitted supplies of labour, fresh supplies of labour
and capital and demote them I and &, respectively. The {gross) increment of outpud
in 2 period would accordingly be,
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Pt = F(Ltg Kt)g

1) In this paper we shall mainly deal with a preduction function with an elas-
ticitwy of substitution equal to unityﬂﬂln case whean F assuses the form of the
Cobb=Douglas production function x = & Kf then A & %’-,.cz A=31ifdd= 75
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and the resulting marginal productiviiy of fastors -
= BF(Lt, 4 )
g = ot ¢

We call ¥ and ¥ incremental marginal preductivity (or IMP for short)
of labour and capital, respectively. If F is supposed %o be homogeneous of degree
one and the amounts of fresh supplies of labour and ecapital, I"'h and Kt’ are colle
bined according to IMP procedure, the resulting output of these fac'hﬂra in szel
period during the life~time of capital built will be

B, =T, ¥, +F
If the capital built lasts © periods, the botal output resuliing frau Et and 'iit
aver @ periods will be GPt L -~

Further if we suppose that the elasticiiy of substituiion ef factors
is unity, we have
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In case when ( £ 1, but equal te a constant we have
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It is obvious that the second procedure is feaslible, but it is cone
tended here that it may be imefficient. This is stated on the basis of the fact
that a third procedure of factor comb:’tnaticn existe which is feasible and which
may lead to higher levels of outpult from the same auounts of Iinpuis.
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3, Cunulabive Incremental Factor Substitution
The basic idea behind the procedurs to be suggested is that the com=
bination of fresh suppliss of factors in a project should not reflect the rela=

tive scarcity of factors in the current period only, but also the relative scar=
cities of their accuwnulatéd amounts im the succeeding perieds till the last
period of the life of capital built for the project. This procedure 1s feasible
as Johansen's is)becaﬂse it is possible to decide any combination of factors
px—ante, il.e,, before the capital has been builts but in this case, the concern
wiil be not to attain full employment of Ifresh Gp?unutilised) supplies of labour
and cepital by combining their total (fresh) amounts together, but to find that
conbination of these factors which reflects their relative scarcities in the
successive periods as their fresh supplies grow during the life of the project.
As it 1s to be expecited, such & procedure will lead to a higher level of outpute
The point is that for the purpose of deciding the combination of fresh supplies
of the factor in the current pericd, we wlll treat the fresh supplies of labour
and capital forthcoming in the succeeding periods as perfectly "fluid'! and
imobile% i.e.y amenable to be used in altsrnative uses., Such a treatment is
feasible for the same reason as the Johansen®s procedure. If we can anticipate
the amounts of fresh supplies of factors that will be available in the succeed=
ing perieds, we can choose = combination of the factors, that does not take into
account their fresh supplies im the current period oaly, but also the supplies
in succeeding pericds as they get accumulated. The procedurs of doing so is based
on what we call cumnlative marginal productivity of factors,l) Let us suppose
that we have %o choose a combination of factors in period l; and that the life
of capital to be built is @ periods, the cunulative marginal productivity of
labour and capital in period n (L= n £ @) is defined as
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1) It should be more appropriately called cuunlative incremental marginal pro-
ductivity in view of the fact thap we cwiulate only the incremental supplies
of factors for their derivation, but toravoid too lengthy an expression we
express it as in the text and write it CMP for short.
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As before, the proportion in which the factors can be csenbined
agcording to CMP's is giwven by
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There is one diffleuliy, however, iu the present sase. In case of over—
all marginal productivities or that of inecreamental marginzsl productivities, there
is only one ratic of MP%z to cope witbh, and heass the ratlie of fastors vo be cone
bined can be obtalned straight awsy. This is not so with the CMPVs, as they differ
from periocd o period over the lifowiime of the plant to be imstalled in the
initial period, Obviously seme sord of am average of the varying CMP's will have
to be considered, Out of the two types of averagss, siuple emd welghled, the
former seams to be logisally more plausible, im view of the fact thal the CMP's
do imply weighting in respect of the amounts of factors thalt get acecmmulated,

Hence a breakthrough can be made by using simple averages. We demote

e_1 & 81 &
"1 e ézé W3 S ééi “n®
whers wg and r? reprasent the average of CMP's of lsbour end eapital with respect
to a plant going to be staried in period 1 and te last till period @. Wo can now
£ind the »atio of factors thab will be compatible with wf{ and rg’f. as befors
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in a new plant labour and capital sre combined iz amsuais Lg and.
Kg. whick are inm proportion given by tPhe criterlen developed zbuve, the total
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output in each period will be under our assumptions of F being homogeneous of

degree one,

P. = L + K
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and the total output over the life-time of the plant
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by Alﬁuﬁe§g§a1 Example

The ideas stated above can be explained by a simple numerical exanple.
Let the fresh amounts of labour and capital to be available in successive periods
be :

l 2 3 Q000000000002 00 t
1 l 1 oooo-oooo'oouooo l
1 1005 lolQ oo;oeooooocaoo‘o 1+(.05)(t‘1)
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Let F be specified as P = 1* kP, ot= .75, fB=1 =04, and 1t the
fixed life of capital built be 2 periods only. Then using (1) of the previous

section we have
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This shows that L

1 cannot be fully utilised, and the left-over of

labour from period 1 is
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The labour available in period 2 is

CARRL- S I
PR ) |
".:100122330

Using the same procedurs as given by (2), again we have

- = 9%932

12 = 1,05 x 194992
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= 99742
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Repeated trials will give the proportion in which labour and capital
should be combined in successive periods. To see that the method suggesied above
gives better results than that in case of IMP procedure even after the first
round we compube the corresponding outputs. In the latter case the outputs w111 be
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o o~ ns . .
Py - 101227 gor L, = 1, K, = 1,05, o= 475, f=1l=0,

As the planits created last 2 periods, the total output from the fresh
supplies of labour and capital in periods 1 and 2 is

The amounts of labour and capital ubilised in period 1, accordiag %o
CMP method outlined here ave 0999163 and 1 only. We assumag , for $he ﬂgge of come
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together is combined with the amount of fresh capital available in period 2,
so that
& _2b
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The total output according to the CMP method is, then,
2Pl L 2P = #0024‘6[“6

The output is greater in case of allocation according to the CMP
procedure even when it is applied in the first round only. The difference is
emall but this is due te the small values we have taken to illustrate the idea
and the small numbep of periods for which the capital lasts i.e. 2 only.

We can also make sure of the reverse gags wﬁsnﬁElBLaem@nnuaousaaﬁt and
Lty dnepozsey 26 thab

-h 1 2 o000 oBOOOSOBO t
,I\l' 1 1905 000000009008 000 1"'(005)(1;"1)
i 1 1 900000 0DOOCOE OO0V 1
Then

L ’
-2 = 1.01246
5

S KE = ,987692

. o~ _~ r~ 1{2 8

% K2 = Ka % Kl - K, = 1.,01230

Therefore as in the preceding case

2b, + 2P, = 2(1 + 1037270} = 4,074540



and
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2(.996909 + 1,003063 x 1.037270)
4,074712

Once again 2(1"}_ﬁ + Pg) > 2('1;1 + i"a) i.e. allocation according to the
CMP procedure leads to a higher level of outpui even when we use it in one

round only, i.e. im the first period,

56 SE‘ bolic and General Proof
We can now proceed to give a symbolic promof of the numerical illu-
strations given above, still keeping the life of capital equal to .2 periodse

k

Leti:i-’ caA and Eﬂge where)\"/‘k
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using (2) we have, whend,-u-p =1 and A:.-—,é-
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In (3) i >\< k, then z < 1, azzd S0 in period 1, I'l cannot be fully utilised,
but K can be fully utilised, so Kl l
2 |
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Therefore the total output that can be produced with the fresh

-- supplies of labour and capital available in periods 1 and 2 according to CMP
approach using it only in period 1 as in the numerical example is
B slns selcdif i gy Seae iR
L @ 2(P1 s Pa) = 2 [le Kl & Ll(l-n-e + lwz) Ka
and according to the IMP annwaach is
AN ~ ~0‘l Nﬂ (3
(5) 2(p, + P,) =2 [Ll K+ i ks ]
The difference between (4) and (5) is
(6) acp’i'wg)-a(???a) = L ﬁ K1 ¢ (L4ed + 12581 P0 (1+e?\) (1+e )ﬁ]
As z £ 1, we put it %2 = 1 = € where ¢ is a small number, then (6) is approx-
imated to

As k )}\ o the quantity within brackets is definitely positive; hence the proof
of the assertion that CMP approach leads te a higher level of outputb than IMP.
It can be noted in passing that if A = k, (6) reducss to zero, RYT 12T ama ¥
increase at the same rate, thers is no difference in results according to the
two approaches,

Turring now to the cass when )\>1c,
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It is obvious (from the mumerical illustration if necessary) that ’I;Ill will not
o be fully utilised and Ll will be fully uitilised in period 1 according to CMP

approach, so that L? = ﬁl and
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El(l-f) where € is a @nall number

and o 2 1 : = Kl {l-n-e * 1..(1..6)}

as before,
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(6%) acpfwg)»acﬁl-éz)

(6') is again positive,.

Thus iz both the cases, i.e., when A)k and also when )\ £ ky factor
allocation according to CMP approazch leazds to higher value of output than the
IMP approach, even when we use CMP in ome round only.

The above propositions can be easily generalised in the two directions
that are relevant, Firstly, if thé 3ife of plait isinél 2 perlods but any €
periods, the situation does umot change and the propositions apply with greater

forcey the higher the value of &, for thea
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and so 2 or'%3 < 1 more strongly than in the case when & ﬂ.ay 2
3 Further, as we have not pubt any restrictions on the initial wvalues Ll
and Klg the value of output when the faciors ars gonbined according to CMP
approach will excesd that given by IMP approach by larger amounts, the greater
the mmber of successive perieds im which the factors are combinad accerding to

the former approach as against the latier approashe
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,éz';;;:jiiﬁﬁﬁgiﬁéﬁﬁggtrating the superiority of CMP epproach over the IMP
approach, lbishouddobalrabéd thod theclabbébyendupei tnshantbnevus Thdl. P
@imaahiOiﬁotheSduboeﬁ?tbdt tshe fohxasr'dessunobyeEtinggaitoneons (nll GELL
Bsem appropwviabey, therefore, to introduce some eiament of discounting in the
former approach. It may, however, he nobed that the degree of unemployment of

ene of the factors may be snall conparable te technicoéfri@tional unemployment
that is usually observed or experienced. In the developing countries, the an=- or
underemployment of labour force is generally quite high and also it is mot an
uncommon sight o see imported machinery and equipnentd lying on the premises of
sea~ports for two or three years before thay are shifted semewhere elss, which
may not be their final destimation for utilisatlom, What is meant by citing these
facts, is that what is important is the maximization of eutput from given resources,
and a slight delay in the utilisebion of the ene of the £actors may be immaterial,
for this is already occurring at = huge scale even ia the absence of anything
like CMP. ;

It has been shown above that when the fresh supplies of labour and
Capital grow at the same rabte, the factor combination according to INP and CMP
#ill be the same and the level of resuliant output will also be the same, And if
the rates of growth of labour and capital have Teen equal for a sufficieatly long
time in the past, then the neo=classical procedurey of factor combination will
alse not be differsnt from the other two. But if the fresh supplies of labour and
capital grow at different rates, the factor cambination according to IMP will
reflect the relative scarcity of the fresh supplies of factors in that period
only, but will fail to reflect the changes in the relative scarcity of factors
as they get accumulated, Hence the need for an alternative approach which takes

into account the changing scarcity of factors,



The idea expressed here is clear intuitively as well, For instance,
if a plant is going to last 25 yearsy, it will be evidently imadvisable and in=
efficient to adopt a technique which only reflects the currsnt scarcity of the
fresh supplies of factors. On the coatrary, the techniques should be such that
they reflect the expectedrchanges in the relstive scarcity of factors over the
coning 25 years. :

Finaliyo it may “c acked whether it is possible to discover any alter=
native method of factor combination which results in an even higher amount of
output than that given by the CMP approach. The answer depends on whether thers
is any alternative method of gambination obther than thpiidapliedoin:sdédpatitive
equilibriwm which raises the level of outoput higher than that is possible under
the condition of compeititve equilibrium, The idea of CMP is really an extansion
of the conditions of competitive equilibrium to a situation where the factors of
production, particularly czpital, are not treated perfecily malleable (as is
generally required for these conditions to hold)y but where they have a finite
life~time once they have been created and given a shape and that they cannot
be changed o® transfemed inte an alteraztive shape or siructure vefébe the
date of their expiry. The CMP approach is z device to overcome this rigidity
and enables us to create capital itens that are compatible not only with the
currently available fresh supplies of labour and capitaly, but also with their
amounts as they get accumulated over the life=time of the capital itgms created
in the initial period, :
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