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'1. Introduction:
The standard transportation ‘problem in linear programming
i{s well known and may be stated, mathematically, ‘as follows:

' minimize 3~ 3 bij‘ xiii

r 3
subject to 3_ xﬁ = a, i=1,2, ..., m,
. L - j . s . PR e .
Z xij=bj j=1' 2' ooy NN,
i
xij ;'O, a; »0,b, 0, for all i and j,

vhere a ciss aﬁ’aré the supplies available at the m sources and b,

ceer by are the‘demands at the n destinations. The first statement

of this type'of pEOblem is usually ascribed to Hitchcock 6. Déntzig4‘ T
gave the staﬁdard fqrm and applied the simplex method to this special

linear programming‘bibblem. An important limitation to the standard
transportation problem is that the availabilities at the sources and

the réduirements atlthe'destinations'afe fixed'quantiﬁieS'?ndfmét exact.

ly by the sblution. The only exception to this is when there is unbalance
between- the total available and the total raqul ed, in thls case one’
introduces a dummy ‘source or a dummy destlnation with zero costs. in

real situations, it is frequently desirable to .be more flexible and spécify .
minimum quantitites or maximuh quantitites which may be taken from/or received

at some'sources destinations, whilst specifying the exact amount, to be taken fron|,



SN -SRI ST AN |
received a?_ggpeﬁs.,_vaf;ants gfhthe:standa;d;txaqsgg;tatiqp”@gdeliin
which the originiand/or.dgstiﬁag;on<ggn§t§aints,a§e inequations as .:pp-
o#ed to the usual equétions have been considered bY,APPa?- HQ;C§Q7
sidered 81 un.modular problems, howgver, he di& nof deal.with the case
where origin and destination constraints are of mikei type.. Bfiééeﬁ3
and klingman et al9 have extended some of Appa's ideas to.include this
general case of mixed type. It has been shown by klingﬁen et al9 that
the mixed tran5pofta£ion modelris equivalent tq.a,standard transportation
problem having only oﬁe additional origin and aestination. No éroof of
the optimality of the obtained solution for the mixed quel.haslﬁéen given
in théirlyefe;ence_(Q).‘ The purpose of this paper is to give th;é opt-
imality proof. 1In éection 2, we prove. in theorem 1. the oétimali;y‘of
the miXedfsqluﬁion)obtginedrfrom the optimal»splution_tqﬁtpe gquivalgpt
standard problem..’InAsggtiqn ;;y;EJQresent‘a @gthod for finding alter-
hativerptimal basié:solut;ons“(if}thexera;e more ;hap'ope)Ato;the.mixgd\
transportation problem. vWe.givg 1itt1e computational experience in section

5. 1In the appendj.x, we present a computer pac;kage program for solv;ng the.

mixed mpde;.

The Mixed Transportation Problem and the Related Standard Transportation

"problem'(MP)3vhas been ‘defiBed as:

Problem.

The transportation problem with mixed constraints, called the mixed



Assume that the origin index set I = { 1, 2, ..., m} is part-
itioned into sets xi, I, 13,wheré the origin O, i€ I, must dist-
ribute at least ai units of goods, oi' i 612 must distribute exactly -
a; units, and Oi"i c 13 may distribute at most aiAunits of gooc"i_s .
_Also suppose that the distrination index set J =£1, 2, «.cy N } is
partitioned into sets J 1’ JZ' J3 where destination D 5 jGJ1 must
‘receive at.least .b 3 units of supply, Dj' jEJz must receive exactly

b 3 units and D 5 5 J3 receives at most b j units of supply. The

objective is to minimize the total shipping cost.

In mathematical form MP has the form:

MP: minimize z = Z Z- Ci. xij'
ier jeg M
subject to Z. X5 >3y iel - . ) ’
3cd
x = a ’ ie I '
jea B * 2 : "
S x.ga , ier '
j€J = 3
3 X,..>b P (3 “y
iel J J 1
X =D ¢ jé—J T ’
fa Y ] 2 ’
&5 %y S0y ¢ 303 coen

xij > 0, for all i€l and j € J,



where x,

ij ij

and c. . denote, reépectively, the amount shipped and

the cost of shipping from o 1

ed that Ci5 > 0 for all (i,j) € I, X J

to D'j-',,» " It is aSsum-
17 this condition guarantees
that z is bounded below in the feasible region3. If Ii=q> or J_1 =,

wheredpis the null set, MP may have no feasible solution. For ex-

ample, it is easy to see that if I.=<¢g and J b.+ 2 b, > 3 a,
1 T B j 7 if
, 3632 jea, ierI

then MP has no feasible solution.

The following are thel necessary and sufficient conditions for
the existence of a feasible solution to MP for some special cases:
(a) if I, =it is required to have ;n :

p bj + Z bj < 2 a, i
je J2 jEJg 1 i=1
(b) if Ji =, then it is required that

n
> ai+Z a, { 2_ b, i

< .. i - 3
1612 ie Il, j=1

and

(e) if I1 = ¢ and J1 =4, then Z bj < _S_ ay and

je€g, ier

2 a; ¢ ij must hold.
i€1, jeg

The mixed transportation model can be used to investigate the

effects of changing the éupply at different origins and/or changing



the @emand.at variousAdestina;ions. Eor_examgle, in a trangportation

problem with given demands and some suépiies at fixeévievels!_the

cost of reducing supply at certainAﬁnfi#ed'origins and incre&Sing sup-
’plf at others.cOuld'bé determined, and thus the optimum re-location

of supély at various origins are acheived.. Similarly the modei can be
used to i;vestigaﬁe coﬁt reductions resulting from siﬁultaneously in-

creasing or/and decreasing supply and demands.

The mixed model could also be_usgd to incorporate priorities
in allocation of funds to various agencies which fund various projects.
Assume that ceftain agencies are to be budgeted an amount of money
at least equal ﬁbAai,'other agencies will have an exact budget of a;r
and sdme low priofity agencies will receive at most ai;‘ At the same
time, the projects which are to be funded have‘priqrities»which ﬁave
demands of at.leasﬁ bjfo¥ high priorié& projects, exactly bj for.some
projects an§ at most bj for low priority projects. ;f cij i§ the per
unit cost of agency i processing funds to project j, then the mixed
transportation model may be used to find a minimum cost allocation.of

funds to the various agencies and projects subject to certain priori-

ties.

Mbdels.related to the mixed transportation problem include, the
purchase storage problema, production scheduling problemz, and the carter
problem7. Klingman et al9 have shown that the MP may be solved by trans-

forming:. it to an equivalent standard transportation broblem. The proposed



related standard transpo‘rtation probiem. (RTP) has the fér;n: .

' RTP: minimize £= S.. 3 . C,. X .,
S fet jess 01

.._su_l;jec;t to : Z Xjg T2y 0 ierz, - (1)
Jea . |
= o Faet, 5T VT2 34T g
jer* - i€rx
Z xij‘=bjf , Jegs o,
i€x
DI N- > l:’j =Dy (2)
ierr jEg : :

X,y 30, for all 1€T", j€I°,

. where I‘_={1, 2, ceuy m+1}, J ={1, 2, coes n+1} . .

'ci'1n+1 = x;z:gcijg for i€I, tJ 3

- ~
Ci nat ° o for ié13, (31
'cm+1;j =12¥11' éij | ‘for jEJ; U-Jz, A | .(4)
Cot1,3 = O o for 3€Jy, and €y 4= 0 -

N is a real number which represents an upper bound to the to-

tal number of goods shipped, e.g, N could be > 2 = bj’
, o B ‘ . € J



We prove the following theorem:

Theorem 1:

Let :’E’i g0 (L€ I X J be an optimal solution to RTP.
Then o =%+ % ier,UI, andp i i
. en xip = xip xi,n+1 P eI, VI, an p“dé a particular col-
umn satisfying Cip‘= min cij_'
. jEJ
X +x €3,U7, and til ti
xrj xrj Xo+1,5" 3 nd r is a particu ar row satis-
, fylng crj = min Cij ’
1&11
¥ oox £ 1 oth i, 3 :
xij = xij . or all others ( ’ j) €I X J,

is an optimal ,sol‘utio‘n' to MP.

| We first prove that ix:j}is a feasible éolut;ioh' to MP.
(j,) Eox ie:l'.l, we have ' -

= x*:i.j> - > ;ij+§1p + /’:1 n+1 - Z\ ;:ij.

.jJeg .77 J€T e JET

' i #p '
Since i;zl j}is a feasible solution to RTP, tlfxen fro:y gquation (;) .
we get‘:b. ) R

. _
P

For the particular row r, we have

S =3 Rl +x_+% rx = S x

j€T ¥ j€d rj rp r,n+l | m+1,3

A

J &J\ rJ m+1,j



Since x 0 for any jEJ, then

m+1,3 7

2 n
Z xr:j a, + xm-l-l,j > By-
jea o

Hence, generally Z x;j > a; i€xr. -
- jeg

(ii) For 1612, we have

~ ~ "~ | . A | g
> ij = = PR > Xiy =3
jE€J JjE€EJT jeJ\

i P

(1iii For 1613,
= x* _ b X, $ 2 X + X, = o X, =a,: -
€I i3 5€g ij\jEJ jfj i,n+1 jé’-J‘ ij i

A similar a.z':gument shows fﬁat-the colm constraints of f.he MP
are satisfied. Obviously,‘ ‘since x 1 jA > 0 for all v(i,'j) e:;*x J, l‘then
x;j '>/ 0 for al;l. (i,j)ﬁé I XJ. This completes the proof of. feasibility.
Now we prove the optimality by the duglity theo:y of 1inégr programm-
ing.. | |

Let the dual‘ problem of MP bf.?: '

n
8 ¢ % bj#j'

DMP: Maximize a

M

i 1, ..., m and

subject to s, + tj £ /c

i i3’

1, ..., n,

J
si >0 for iGIi,

s{ §0 ,jfor i€1,,



t, > 0, for jeJl, and/f_j- < 0 for.jQJ3,

3
and the dual problem of RTP be:
m+1 ' n+l1
DRTP: maximize 2> a u, + > b, v.,
i1 I A

Subject to U, + Vj < cij' i=1, ..., m¥l and j=1, ..., ntl. ..+(5)

Firstly, we show that DRTP has an optimal solution i}u ' v. )}*w1th

~ ~
um-!-l a Vn+1'_0.

It is well known that the optimal dual solution to any trans-

portation problem is not unique and then we may set Gm+1 = 0.

From equation (2) , we have

n ) .
QE:; X, + X =N-2_ b,> 2 b.,
1 | ,n+1 N m+.1,n+1. jedT j jed J

> b, - Z %

that is x
yex 3 ier

m+1 ,n+1 i,n+l

Since the total flow from origin 1 to m through destination

n+l in any 0ptimal solut:Lon to RTP need not exceed . Z_ b 37 then we
jeEg

% is a basic varlable in the final sol-

>
m+1, 0+l *m+1,n+1

must have X 0}1 .e,
ution.
~ N

Hence, U111-1-1 + Vn+1 = cm+1,n+1 =

which implies that V ., = 0.

14

+1

Secondly, we show that



Si= U ‘( i=1"o¢' m)

3y 3

) A .
t = V ‘ ’ j = 1' oo-'n'
is a feasible solution to DMP.

From (5) we get

~ . A
uy 4 vj £ Cij' fori=1,2, ..., m, &j=1,2, ..., n.

For 12'13,
~ A .
Uy + Vg $C pyyg =0 (from (3).
~ o ~

S;nce vn+1-0' then Ui 0.
For i€ 11;

~ ~ ~
if xi,’n+1 > 0, then Ui + Vn+1 = Ci,n+1 > 0

N

Hence Ui >,‘0.

If X, .
*i,n+1 )

(a property of a basic feasible transportation solution).

is not basic, theril'l';iq > 0 for at least a column q€J

" Therefore, U, + V_=2C

cm+1,q £ C:Lq DL

<2
N

A
From (4), we have Um+1+ q <

~ _ A A ~
Hence, U +V KU, +V which implies that
m-u q i q
"N
u, > 0.

In a similar way it can be shown that
~ n
Vj >0, for je_Jl and Vj L0 frq‘;i&J?’.‘
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~ la
Thus U,, i=1, ..., m and Vj, j=1,...,n is a feasible solution to DMP.

il
Now, from the duality theory, the primal and dual objective values of

the RTP are equals, i.e,
N ; ';- : m+l n+l ‘'~
£= 2 €54 ij Z a Ui+ Z_ b v,

ie1r> jea-
Due to the étaﬁdard'érocedure of the 1ea$t-¢ost paths'(wagnerlo, P.172)
we have.

'm n , , .
£ = > > Cyy Xty - ~ (6)

i=1. 3=t

From (6) and the feasibility of {(ui, v, )} to DMP, we get
» ’ -m o ~ n A
ZZCx=Z‘_au+va..
Since the feasible solutions %_x:‘j’_)} and {(Gi, '\;j)} to the'pi-imal and
dual, ~ respectively, of the MP give equality in their objective

funetions, then {x;iz is an optimal solution to MP.

Alternative Optimal Solutions to the Mixed Transportation Problem

' ‘From theorem 1' we see that an optimal solution to the mixed
model can be obtalned from the optimal solution to the related standard
transportation problem. Consequently, if the related problem has alter-

native optima, then the mixed problem has alternative optima as well,

" - Sometimes, useful information can be obtained from the knowledge of diff-

erent optimal sqlutions. Hence, it is desirable to show how alternative
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optima of the MP can be found.

If the optimal basic solution to RTP is not degenerate and if’

u, + Vj < Ci for each nonbaSic_cell (, j) in the optimal transporta-

3
tion tableau (the notafioh used herzis that which isvstandard for
transportation problems) , then the optimal basiéksqlution obtained is
unique and coﬁsequently MP has a unique optimal solution. However, if
u, + Vj = Cijlfor one (or more) nonbasic celle@)(i, j), then the assoc-
iated nonbasic variablef): xij can be inse;ted into the basic set to
yield a different optimal solution. This is true since the nonbasic
variable xij aséociéted wifh the reduced Qost coefficient u, + vj- Cij=0

enters the basic set without increasing the value of the objective fun-

ction.

This fact suggests a procedure for finding alternative optima for

RTP. “ ’ ro

"Starfing with‘an optimal basic solution X to RTP having éero
reduced cost coefficients, we geﬁerate a new set of different optimal
solutions where each new solution differes from X only in that one var-
iable in the*basicvset'is qhanged, i.e, that.varigble which had u, + Vj-cij=0.
Each such solution is called adjacent to X.. We repeat the same process
with each of tﬂe new bptimal basic solution, that is generating all optimal
basic‘sdlutions'adjacent to each optimal basic solution found. We coh—

tinue with each set of new optimal solutions until it is no longer possible
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ﬁo find any optimal solutions different from those already obtained

in the‘previous steps. Since the number of optimal basic solutions

1s~finité,‘thén-the.procedure will come to an end.

In schematic form, the process may have a tree~like structure

as shown.for a hypothetical example in figure 1.
Figure 1

An Optimal basic solution € .-

First set of new ‘b;;‘
optimal basic solutions ¥

Second set of new ...
solutions

Third set of new solutionsg ]y’
x 3 tx

In this example, theré are fifteen different optimal basic solutions.

After generating a sufficient number of optimal basic solutions,

we only repeat solutions already obtained in previous steps. To prevent

the cohputation of optimal solutions which have already been generated,

" it is necessary to,keép record for -all optimal basic solutions that prev-

iously and currently determined. The "book-keeping" requires a list of

the‘indices of the basic variables for each optimal basic solution held.

Since, the same optimal solution may be generated from more than one opt-

imal solution, then a comparison between the currently determined one and

the‘préviously generated. solutions, which are recorded in the book-keep-

ing, is an essential process to avoid considering redundant optimal solu-

tions. This comparison process will be repeated often during the gen-

eration of theoptimal solutions,so careful attention must be paid to the

coding of the comparison routine.
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4. Mumerical Example

Let us consider the following 3X4 transportation problem with

mixed constraints.
,Minimizeiu

@xgy Oy Y B 5K+ Txy) 43Ky, + Xy + 6xy, 4 Ox

Ax3p ¥ Sxy3 * dxg,,

Subject to:
12 ¥ X3 ¥y

Xy P Xy Xy v,

x11+x

X3y X3 tXyatxgy

¥n.. 0 tEy ' L Xy
2 Py L Lo My

- *13 e Xy, T Ry

14 : 24 34

xij > ©® for all i and j.
Choosing N = 165 (>2 = bj)' , the 4X5 RTP takes the form:
jeJ ' :

‘mlnimize £f= 2z + x15‘+1325 + 7x41 +'x43 * 6x44.



Subject to:

xll

*21

X33

1

X

*13

*14

X5

12

+

X2

Y

X32

X

X2

X2

X

723

24

25

42

+

X5

+

>
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+ X4 +‘x15 = 20
+ X4 + X,5 = 16
+ x34 ‘+ Xqg = 25
+.x44. +x45 = 104
+ x41 =11
*xgp = 13
fx43‘= 17
+~x44 = }4
x,5 = 110,
o for'ali'i and j,

Solving the RTP by the

-U-V transportation methods, we get the optimal

transportation tableau:

Tabieau l‘
) 3
N D, D, D, D, |Dg [Total
Y
0, Lo ¢ |2 Y Vs | 2
o/ W [ W[ | e
0, 9 4) 5) | 9)14 9, 25
0V [ D[ Y, [F g 14
Tbta 11 13 17| 14 110|- 165

The minimum
Cost £=93.
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The monbasic variables xﬂ‘3 and X4 can be inserted into the basic set -

to yield two different optimal basic solutions. These atternative solu-

tions are represented by the two tableau X:

Tableau 2 ' Tableau 3
D ' ' T 5 —
b3 |p. [p. [p. ip. |D Tota O; Dy [Py [P3 Py Ps  Fotal

i 1 |P2 [P3 [Py |Pg j 3)

’ 1 j 5 Q | 20
he! ,911 j 3) y 9}/ |20 0 pFu r 78|
0, / }) ylsy }) 16 o, )) }) })16 Q 16
03 g 'y 5) })5 gzo 25 . 93 .) —Q §> fﬁi:lyn 25
% j > 13/]'} 15) ﬂgo 104 %4 ) isﬁ .Q\ le 104
Total 11 13 17 14| 110 16 Total| 11 | 13(17 [14 | 11d 165

Prom Tableau 2, we find that nonbasic variable X3 and the basic variable

X

43 can,bé interchanged to get the following optimal tableau:

Tableau 4
o=, D D D D D |Total
i N 1 ) 3 4 5
A , 3
) /1)11 6 27 -fja -/1) 20
1) ) '
o D L
) ) }) N
03 }') S - -1 19 25
o T [ [
fotal | 11. | .13 | 17 | 14| 110| 168
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No new optimai basic solutions can be generated from Tableau 3 or Tableau
4. Hencg, the 4x5 RTP has four ajternative optimal basic solutions,
. ©nstructing the alternative optimal solutions to the original m;xed

problem in accordance with the relations stated in theorem 1, we get:

1149 = 20, x

. From Tableau 1: Xy = 23 = 16+1 = 17, Xaq = 14;
from Tableau 2: X, = 11,'x14 =9, x23 = 16+1 = 17, X34 = 5;
grom Tableau 3; X, = 11+8 =19, x13 =1, X,3 = 16, X34 = 14;
From Tableau 4: xli =11, %3 " 1, Xy3 = 16, X, = 6, X4 = 8.

‘Fbr each optiﬁal solution geggrated, the associated minimum cost is equal
to(93. Although, the minimum cost is the same for any of the alternative
‘optima of the mixedAbroblem, there may exist a certain optimal sothion
which is prefergble'by the‘decision maker for reasons othersxthan the
c?iterion coéi; For example, the oPtimalrsolution obtained from Tableau 1
Amay be pteferéble because eéch origin supplies only one destination with the

reqiuréd quan;ity.

5}--Cbmputatibnalgggggpiencee,

Thé method, described in section 2 and 3, for obtaining alternative
6ptima;:solut16ns to the mixed transportation problem has been programmed in
| éORTRl‘UL The §rogram has been tested on a number of manufactured problems
én PERKIN-ELMER 3220'computer at the computing department, Institute of .
‘ﬁational Planning. During the computation we need to store a transporta-

tion tableau and an integer array of dimension (m+n+l) Xu for the list of the
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basic variable indices of thg optima} solutiops, where uvis an upper
boundlfor the number of optimal basic solutions. Since the theoretical
estimate of u may be larger thap the capacity Qf the cqig storage of the .
compuﬁer and to avoid use of an array with dynamic bound, we use the
value of u which fits the set of basic indices into the core memdry while
including in the program a device indicating that incorrect estimate of
u has been used. A main feature of the ptoecédure computation is that‘
the only arithmetic operations used during the process are the addition
and subtraction on integers numbe;s, therefore( no problem of contxolling
the machine‘round-off error is encounteredy; inaddiﬁion, the use of fixed
point qperations Qpegatiops on a computer is less costly in time than the
floating points operations. A largest problem processedeas of six ori-.
gins and ten destinations for which 96 ;étimal‘basicrsolutions were prod-
used &az10‘minutes. A testing degenerate problem having 3 origins and 6
destinations gave 22 alternative aptima, one of which has been printed 10
times (in the case of degeneracy, the same extreme point may be represented

by different basic solutions). 1In the appendix, the computer results of

the numerical example shown in section 3 are presented.
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ALTERNATIVL DFT1Imnl SULUTICON b Bhlmdl D Firvisaboe o RO LEm

Xii1= 11 X15= 9 X3 16 X34= 14 X35= 11 Xq2:= 13 X44= 1 X4 90
X11= 11 Xi4= 9 Xog= 186 X34= 5 X3H= &0 Xa42= 13 X4+ 1 X45- IO
Xit= )1 X1d= 1 &KiH= 8 233 16 X34= 14 X35= 11 %N42= 13 N45= 1

Xi1= 11 Xi3= 1 Xl4= B X23= 16 X34= & X30= 19 A82= 13 N4v= 91
ALTERNATIVE OPTIMAL SOLUTIONS TO Teic MIXED IKANSPURTATLLON FROPLEM

CXi= 20 Xius 17 X34s 14
Xxi1= 11 X14= 9 X23= 17 X34= 5
Xil= 19 <13= 1 X23< 1\‘:.) Xi4= 14
Xi1s 11 X13= 1 X2G= 16 X34= & Xid= 8

THE VALUL OF niN. COST= 93
ND OF PROGKAM ’
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C
.Z‘C
. C:‘ﬂX*TRANSPDR1ATION PROBL.EM WITH MIXED CONSTR&IN1S '
c
C

CBNCNBWN -

‘no6

-a- o

| e g e 8 @0 e G e s et o e e e S 8 B2 bt = e [pSuu—— ——

) APRDbHAN FOR FINDING ALL OFTIMAL SOLUTIDNS OF THE

- o e - - — o o e

DINENSIDN ICUST(7.10) JBAS(7: 10), ND(2), NB(:&) th").
‘~ ; . {NB(40, 161, JAR(1A) :

’READ"NUMBER oF ORIGINS, NUMBER OF DESTINA11ONS -

" READ(1. 1) Nﬂﬂlb,NDhST
M=NOR 1G+NDEST :
K1=10000

: ICHANG=0 o : : .

c - READ NUMBER OF ROWS AND COLUMNS OF DIFFERENT TYPES
REAUCL, 11011, 12, U1, U2, JPCOL, IROW .

€ READ MAK NUMBER |

C r"*

READ(I;?)HNUM
WM2=MNUM+1
C M1=M-1
. N—‘.*N “h
N1=1 ‘ S oo
. b0 80 1I=%, NORIG ’ T
80 REAL(1, 11)(1COSTLL, U, J-l NDEST)
: DO 10 1I=1,NORIG =
10 READt1, 11>(JBA5(1,J).J=1.NDEST> R
- 1 FGRMAT(214&) : 2
-9 FORMAT(14) o,
11 FORMAT(1015)
sgo DO 8 IR=1,M1 , -,
INB(Nl IRY=0

coment T T T

. C""'"“"" : . .

c ,v~‘DETtRMINAFIDN OF THE INDICATOR OF THE INI?IAL OPTIMAL

"€ v SOLUTION -

. Li=1 SN . L R
540 NROW=1 S ELRICEEIREP S
950 NCOL=1 S
5bO‘IF(JBAb(NNDw,NCOL) LT K1)60 10 570 :

CONDC1)=NROW -, ,
ND(2) =NCOL .

CALL PACK(2 ND;NPK)
INB(N1, Ll)-NPK
oo Li=il+d
" 970 WNCOL=NCOL+1
IF(NCOL. LLE. NDEST)GO TO 560
" 990 NROW=NROW+1 ’ :
IF(NROW. LE. NORIG) QO TO 550 ..

COMMENT |
c WRTTE THE INDLCATDR OF THE FIRST OPTIMAL SOLU11ﬂN

- CALL WRITE (N1, Ml K1, JBAS, INB)
COMMENT ,

e DEfERMINATIDN DF NEIGHEDUR INDICATDR(S) FUR THh CURRENT ONE

VA_ 700 I1END=0

" 1CONT=0
740 NROW=1
750 NCOL=1
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1 GG 10 50

132 509 JARUIXV=1 : .
133 60 TO 502 ‘ : -C-
134. 50 CONTINUE =~ - ' :
135 ' Call UNPACK (M1, IR, NS)
136 SONROWL=NS(L)
A37 . T NCOLLIANS(2) -
- 138 -+ 7Y ICONT=1 : ‘
©.139 s CALL LUDP(NDRIG:NDhbT,JBAS.NRONI:NCOLI;ICDN1 NﬁuwQ.NCULz.Kx)
140 IEND=1
iay - 502 CONTINUE K ' c
142 - COMMENT . C -
143 o ’ ‘
144 ¢ IEND=0 INDICATES THAT THE SET w—o.THAT IS ALL OPTIMAL
145 c SOLUTIONS ARE OBTAINFD WE CATCH THE END OF THE PRDGRAN
146 . . C BY €0 TO 75 =
147 - c
148 IF CIEND. EQ. o>co TO 75
149 COMMENT
150 G
“1%1 . C . upoawe IHE “TRANSFORTATION 1ABLEAU
152 ¢ - _
153 . CALY uvnETHoo(Noﬂxc,Nnasr.xcos1 nx JBAS.KI)
154 I | } £510 B SR
155 . IF(NL. EQ.N2)60 TO .73
1564 S DO 2000 I1B=1:M1 .
157 . zooo INB(NI;IB)ﬂINB(NP.IB)
158 COMMENT
159 Cmmmmmms
160 . € waTE THE NEN CONQIDrRED INDICATDR
. 161 Cc -
: 162 CALL NRITE(NloMl.KI JBAS, INB)
4L 163 " N2=N2+1 B : .
' 2164 o IF{NZ, 0T, MNUM)QD T0 78 ( : L
165 COMMENT. i .
166 | Cmemmm—
167 . C “T0 GET THh Nexeuauun INDICATDR OF THE CURRENT ONE, GO 70 700
1687 - C.
169 6o TO 700
170 73 WRITE(2,77)
171 77 FORMAT {3X, ‘THERE 15 AN OVERLAP . *)
172 ‘75 CONTINUE o
173 : sTaP
174 END
179 | ¢ - SUBROUTINE WRIYE(N1, M1, K1, JBAS, INB)
176 DIMENSION - JBAS(7, 10), INB{40, 16), NS(2)
177 ; T WRITE(2, 19)NL - » : g
178 19 FORMAT(2X, ‘OPTIMAL SOLUTION NO. ./, 13)
179 o DO 101 IA=1,M1 - . . .. o v
- - 180 . <. IB=1NB(N1, IA) ' x
481 - .~ CALL UNPACK(MI.IB NS)
o8 - '~N=NS(1) s
. 184 T v‘IBAS=JBAB(N L)-Kl ’ : S RS

B 189 e 1éwRIT&<2.12)1BAS.N.L oo N L PER N
18k el FDRNAT(QX.ﬁ X n"zx,zatax.zxz) e
- 187 710 CONTINUE - 00 i e :
CoLS T 488 Y 0 U RETURN T o : e
S o 189 - END S
T o190 € : , ’ o
191 G - e e R e
1192 co A SUBROUTINE TO IDENTIFY BASIS LDDP AND,UPDATE ITSjENTRIES
193 . ..C R . - : .
194 ¢ =
199 . ol bUBRDUTINh LDDP(NORIG.NDhST.KBAS.NRDHI NCDLI.ICON(.NROWE

".,.19a ‘ ',NCOLQ.KIJ




- o me et o= mn o mm e

me e i mrmetstacomed s e s ~
o S e L - o

Ty T DIMENSTON KBAS(7TOT
- 198 - .INE|1(7).INET"(iO),INaT(34)' ,
’ 199 K=NOR IG+NDEST T B RS
200 - K=2wK S e
. 201 .. COMMENT
202 7 Cm———e-
203 c *INIIIALIZE SR C
204 c - - SET K2. GE. (10nu1> IR
‘206 - ~..pD 33 1=1, NORIG
o 207 . 33 INET1(I1)=0
C.208- , DO 44 J=1, MDEST
209 - 44 INEY 2(J)=0
210 DD 45 IC=1,K "~
211 45 INET(IC)=0
212 W2=B%K1 o , B , .
213 ‘ La=1 - N R L
214 COMMENT ' : . IR o
215 - C-—m——- St B
216 e kSYART SEARCHING FDR THE BASIS LOOP'
D17 € e e e e e e
218 - - C #«FROM HERE UNTIL. ausr BEFDRE 900" 'DUR MAIN TASKS ARE
219 . C. "~ 1. RECDGNIZING EACH ELEMENT OF LOOP AND BUTTING ITS ROW
2207 . .€C AND - COLUMN NUNBERS IN TWo ADJACENT. LUCATIDNS oF ARRAY
221 - INET RS R
.oar2 . .G 2. DEYECT ANY UNEXPhuTED ERRDRS :
223 07 €L r...................w......x.gh.t ............................
224 ;1 =1 a I AR '
225 : - CINETC1)=NROW1 - o e S e s
S 226 - 11=1+1 : R LT
227 - JINET(11)=NCBLY
i 228", NROW=NROW1 : : e ;
. 229 - NCOL=1 - : . .1;'.5' SR
230 1=1+2 BT
231 100 IF(KBAS(NRBN.NCOL) LT. k1) GO TO 160
232 120 IF(NCOL. EQG. NCOL1)GO TO 140 .
233 140 INET(I)=NROW
- 234 I1=1+1
.. 235 .. - - INET(Il)—N"DL
236 R €3 £ 5]
‘237 .. .. 6070 220 , ,
238 . 160 NCOL=NCOL+1- S -
239 o IF(NCDL LT. NDEST)GD TD 1oo Cen
R 240 . ' C
; 241 c "#ND BASIS ELEMENT IN THE, ROW OF THE ENTERING
242 . € ERROR TYPE 1 " :
. 283 . C
< 244 I 200 WRITE(2, 100 o o
245 .10 FORMAT(2X, "ERRORL1 ) 0 -
‘246 .. - RETURN T L
247 - ° 220 INET2(NCOL)=1 -
- 2a8 : NROW=1 :
... 249 - 240 lF(KBAS(NRDW.NCDL) GE. K116D 0 380
' .. 2500 . 260 NROW=NROW+1 ~ -
-1} SO - IF (NROW. LE. NDRIG)uD TO 240
% .22 . 300.1=I-2
253 -0 IF(1.LE.0)E0 To 360,
© 254 340 NROW=INET(I)
. . 2955 ST ¢ 5 3 R
- 256 - - NCOL=INET(I1) . - - = - _ - o -
L 257 .l INET2(NCOL)=0 N S e A
_ ' es8 L Gu TO 4540 : e ' T
..e89 ¢ C .
- 260 oo *YHERE IS ND BASIS LDDP FRRDR TYPE 2
261 Co e L o .

»f'360 NRITE( , 20
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264
2465
266
267
268
2469
270
271

272
273
274
275
276
277
278
279
280
281

282
283
284
285
286
287

- 288

289
290
291
292

293

294
295
ave
297
298
£99
300
301
302
303

304. . -

305
306
307
308
309
310
311
312
313
314
315
316
317
318

319

320
321
322
323
324
326

327
328

amo

[sNeReNeN )

P T gy T T R ORFAT TZ K TERUR T E

380

400
4320

460
480
4500
4520
4560

4580
&00

&40

&80

4700

4720

4760

4780
800

30

860

SO0 0n

40

RETURN -€-
12=1-2

IF (NROW. £0. INET(12)1060 TO 260
IFCINET1(NROW) NE. 0)60 TD 300
INET( I)=NROW

11=1+1

INET(I1)=NCOL

I=1+2

IF (NROW. NE. NROW1) G0 TO 480

1=1-2

G0 TO 300

INET1(NROW) =1

NCOL=1

IF (KBAS (NROW, NCOL 7. GE. K1)60 TO 4560
NCOL =NCOL +1

1F{NCOL. LE. NDEST)CU TO 4500

GO TO &40 : '

Li=1-1

IF(NCOL EQ. INET(I11))60 TO 4520

IF { INET2(NCOL). NE. 060 TO 640
INET ( 1)=NROW

It=I+1 .

INET{T1)=NCOL

I=i-2 : _

IF (1iCOL. EQ. NCOL1)G0 TO 4700
G TO 220

I=1-2 - .
IF(I. LE. 0)G0 TO 360
NROW=INET (1)

{12141

NCOL=INET(T1)

INET1 (NROW) =0 o \

o0 10 9&0
13 :

&Ch»JLATF THE MlﬂlNUﬂ ENTRV lN BABIS8 LOOP

ISAV=R2 - R
NROW=INET(1)

It=I+1"
NCOL=INET(11)

1F (KBAS {NROW, NCOL.) . GE. ISAV)GD T0 4780
1SAV=KBAS (NROW, NCOL) ‘
NROW2=NROW ) : K
NCOL2=NCOL C
1IF(NCOL. EQ. NCOL1)GO TO 8640
I=1+4

1F(1. LE.K)GO TO 4720

#THE BASIS LDOP AS MORE ENTRIES THAN fHERE ARE IN THE BASTA.

ERROR TYPE O3

WRITE(2, 30}
FDRHAT(ZX.'ERROR 3
RETURN

IFCISAV. LT. KQ)GD T0 900

#THERE 1S NO ELEMENT IN THE BASIS LDDP LT. K2.
ERRUR TYPE 4

WRITE(Z) 40)
FORMAT(QX.‘ERRDR 4
RETURN .

.............................................................
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396
397
398

399
400 ~
401 -
402
403

404

- 405
406
407 -

408
409
410

. 41%
a2 -

413

414

415
416
417
418

419
420

421

422

423

424
425
426

4R7
428

429

430
431

432
433 .

434

. 435

436
437
438
439

440
441

442
443
444

445
446

4437

448 -

K449
450
451
452

. ABs,

. AS7

“_ *~
bys

SR i

- ————

,_-----»—..-naqb

'355’0‘ NEOL=L 77T TemTTT T

3560
3570

3590

- 3640
"~ RETURN

oonnonn

10

1F (UBAS (NROW, NCOL.}. LT. K§)6D TO 3620 ©  _ Q.o
NCOL=NCOL+1 . %

" IF(NCOL. LE. NDEST)GD TO 3960

NROW=NROW+1
1F (NROW. LE. NORIG)GO TD 3950

‘ . GO TO 3640
34620

JB&S(NRDN.NCOL)=IU(NRDH)+IV(NCDL) ICDST(NROH.NCOL)
G0 TO 3570 - -
CONTINUE

END

SUBROUTINE PACK(N;NUH.IPACK)

DIMENSION NUMIN)

IPACK=0

DO 10 I=1.N -
IPACK=100+ IPACK+NUM(])
CONTINUE - '
RETURN

END )

S”BROUTINE UNPACK(HI.IP NS)

DIMENSION N&(2)
- NS(1)=IP/100

1201

1202

2050

705

1250

- 1200

'--ﬂ' QUﬁﬂbUﬂN& 10 GHEGK lﬁ THE OURRENT NEIGHUDURING INDICATOR
18 CONSIDERED BEFORE 1IN THE SERVED OR WAITING SETS

@0 TO 52

NS(2)=MOD(IP, 100)

RETURN . _ W
~_END EEA

N bt d

-t s vn e e -

SUEROUTINE TEST(N1, N2, M1, INB, NB, IFLAG, NFLAG, MNUM)
DIMENSION INB(40, 16), NB(16), INET(14)

IFLAG=0

NFLAG=0

J=1

IF(J. 6T. N1, AND. J. LT. N2)GO TO 1200

DO 2050 I=1,Ml

INET(I)=0

Do s2 1Z=1,M1-

IG=NB(IZ) - -

DO 1250 IX=1.M1

IFCINET(1X). EQ. 1)60 TO 1250

iIF(INB{J, IX).EQ. 10)60 TO 705

IFLAG=0 ‘
60 TO 1350
INET(IX)=1 "
IFLAG=1 -

CONTINUE .

1F ( IFLAG. EQ. O)GD TO 1200 -
CONTINUE

IF(J..GT. NE)NFLAG=1
RETURN

J=Jd+1

1F(J. LE. MNUM)ED TO 1202
RETURN .

END - I
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