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I Tntroduction:

4
In Part I of this memoaklj'me dealt with the problem of assessing
the advantages of foreign loans, using a model suggesbed by Qayum. 2
Three main problems have been considereds

1. Discussion of the advantage criteria, with special emphasis on
Tong-term development. -

2. gorrection of Qayum’s Tormila.

3. Tntroduction of the replacensnt period as & parameter in evalua-

jmg foreign loans.

The main ouLComME of that analiysis wWas that the decisive factor in
determining whether a 1can has a negative or 2 positive-effect on the
debtor counbry's capital, and hence income, at the end of the repayment
period, is the difference between the ratio of the marginal savings
rate to the capital coefficient, and the rate of interest on the loan.
Whenever that ratio exceeds the interest rate, & positive effect can be
realized, and vice versa. On the other hand, the elongation of the re-
payment: period was not always a hlessing. Its role is bo maghlfy the
effect of the loan, whether positive or negative. Grace periods of &n
equal lenghbh were found to be more peneficial in intreducing extra gains

which might, in some CA858S, putweigh any initial losses.

Taking account of the orders of meghitude of the parameters(B) a
and Y 5 normally prevailing in developing countries, oneé should expect
relatively low rates of intersst if resort to foreign 1oens would con-

ribute at all tothe process of long-tern development. Moreover, if

the interest rate is very close %o the ratio g/ Y , the repayment
period ahioald be extended considerably over time in order 1o recover the
whole benefit of the loan ab some given date. Tn some casges, the pepayment
period has to be several btimes as iong as the period required for replac-
ing the assets finsnced through the loan.

We have congluded our previocus paper by asserting the need fors

1. flecongidering the wehaviour of the parameters, and
2, Studying the possibility of adopting the fixed instalment prin-
ciple. :

(1) Meme. 779, Part T. T.N.P., June 1967
(2} Memo. 570, I.W.P., May, 1965
(3) TFor the system of notation, sse Memo. 779, Part T, pp. b5
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We snall start by considering this latier problem in order to see
how far our previous comclusions would be affected by & change of the
rapayment conditions, Iater on we shall conslder the policy implications
of alternative advantage criteris, and their effects on the values of the
parametar '

IZ. The Fixed Axmiilty Formulss

In Part I, we have given the formula for a fixed anniity based on

compound imberest., Thus, if the Ammidty is A, ite ratic to the loan is o
bs
b = AJE, ar, =bT {1}
: 2 o T
The walus of b under the compound inberest rule, b, is iy
g
by = b, = £ (L + 7}
e [ - g‘r
(L +rje -1 (2 loaeoot) (2}

where r is the interest rate and e is the repayment period. A more pleu-
sible assumpticn is to assume thal repayment follows the simple interest
rules ”

Suppose that a losn I received in year 0 is %o be repaid over e
vears at a2 simple rate of interest r. Repaymant is made by means of a
| fixed annui y'A paid ot the end of each vear. To determine A, we start
by consideiing all flows envolved at a given point of time, e. g,, at the
amd of the rep&yman% pericd. Thus the inflow will be:

L {1+ exr
The repayment wmade in the t-th year will reach the vwalue

A [_I,.-&- r{ e 'F;)]

at the same point of %ime. Hence the total oulfiow evaluated at the end
cf year e will be

3
L+ rAE j = eh [1 s rle: - '__1_2,]

.,‘

{y There is a primbing error in this formula as given in memo. 779

Part I, p. 7 The Factor r is missing from the mumerator.
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Equating the two .:Elows 3
2 (1=+er)
1t has been

instalments while
be decreasing.

131

shown that

by = AgfL =

Tor year t

"

and substituting (1),

snterest is charged on the remainder;
Tts value was found to best

% [+ (e-s+1) r |

1, this value is greater then b

we can easily f£ind that:

(3)

if the principal is to be repaid at equal

the annnity will

(1/3)
since:

e -~ 1

by/b
_ 2 (1 + er)
The equality sign nolds only when e = ls
larger values of e, so long &S
spnuity by will be decreasing
41ts ratio to a growing income will
words, the fixed anvuity principle iz
ing agmnui‘by“approach,

J_e-_(l.‘.er) e [2+r(e—1)—.]:1+r(

7 is positive.
at a rate equal 1O r/e.
pe falling more rapidly.
less unfavourable than the decreas-
to the debior country. '

exlyye

the inequality holds for
On the other hand, the

This means that
Tn other -

while

Besides, the total repayments made on the pasis of the fixed anmuity

principle is smaller than
e e

that following the decreasing annuity rule:

r (e +1)
2

=1 + r(‘e"'l)

5 +r (e~ 1)

%?:hbi‘f:gs% Y_l+(e+l)r—-tr]: 1+
$ b___eﬂZ(l-!-er)
e e L2+r(e—1}]
Thuss , :
© S by yebs for any e > 1

which means that the outflow of capital will be larger for the variable

annuity approach.

It would be also

apnuities is larger thap that of the fixed annuity,

(1 + er). Now,

L]

© ;‘ Equations qucted from 779, Part 1,
preceded with I. '

expected that the capitalized value of the variable

which was found to be

will be given their numbers
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e-i

E'.bt [1+(e—’c) ]-g§°(1+r+ar)(1+ar)
= (L+r )+ r(?+;‘)(e-¢) P (eq-l)(Ze-I)
Ce laer+ (e=1)e+1) g2 > (1 + er)
: 3

Thus the fixed anmuity approach seems to be more favourable to
the  dsbltor couniry, on either of the three aspects considered:
1. The value of the amnuity is smaller at the beginning, hence its
' burden on initial lower incomes is smaller.
2. It leads to a smaller capital outflow.
3. . The capitalized value of the outflow is alsc smaller.

It might be argued, therefore, that the stringent conditions

~ obtained before could be somewhat relaxed if we accept the fixed anmuity
approach. To the answer of this question, we shall address our-selves
in the following sections. ) '

ITI. The Impact of a Single Loan:

Let us start by assuming the set of assumptioms (1) - (5), section
V, memo 779, Part I (pp. 1h-15). Assumption (6) is to be replaced by
the fixed annuity assumption. The base year values are given:

Yo, So=8Y, - Iy=(s+A)7Y,

For year 1, the vaiues of income and savings are the same as before:
me(1edEA g, oo (1/10)
s, = (4 +')\5,?!);—)1'O =c ¥, ' (1/12) |

where o

' d=s(1+ a;) ‘ (1/32)

But instead of (I/13)}, we have:
Il'z 5y = A = (1 + 7,) S; + (g; - b) L
or, " I, i:d + A (77 - b;] Y, | (L)

For the following years, t = 2, ....,e, we have the following system
of equations:

VAES A +’% Tey {5)
Sp =8 + o (T - ) | (6) -
=5 -4a=0(f - )+ 1 : {7}
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' Eguations (5} and (6) are the same as (I/15) and (I/16), while (7
differs from {I/17) in so far as the value of annuity is concerned.
Substituting (7) in (5) we obtain:

T = 1 +5) Tpoy  * ,%__ (1; ~o%y) (8)

where Ip and 1) are given by (L) and (1/10). The solution of this first-
order difference equation is:

)t-l -

Y, =(1+5% 2 (L) + (¥ -1I)
+ O’l 1Ft

i

or,

t-1 A g L : '
v Sz 2 F vl L @-f

If no loan was taken, the GDP. can be caleulated from this last forrula
by pubting A = O

= gyt & _(1- 5 0
Y't-(1+,}/) 2 L -0 Z) 1, (10)
Thus for any year & = 25...058,6 ¥ 1 W8 have:
_ a bl ol .
_Y'b_Y't_(1+';}/) %(? -b)YOFEbYO (11)
In particuler, V=7, . - Y'e .1 defined by (1/29)is "equal to:
“ A= - _?\...
v={EG -0 b |2 T, - (2)
where E is defined according to (I/32)
a
B = + = IS
e ) |
The criteria £ and § defined by {(I/28) are:
Y v [ g 4
=L ¥V =1 E{(% -Dbi+bh
E 7\ YO (Iy )]O"
Hences
= X(g-1)(E& -1v) +1 (13)
g -/ Yy

£
and, $:=£ -1=Z @®-1) (% -b) (1h)
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For given values of £ and r, these expresSions are increasing
functions of e. As e increases the value of b dimnnlshes. It might
be possible that for small values of e the factor (7, - b) is negative.
Ag e increases it would change signs, and its value %Will be increasing.
At the same time the valus of the positive factor multiplying it, (E - 1)
will be increasing. This result:is different from our earlier flnding,
for the case of & decreasing aBBUng, but it is in line with the findings
of Qayum ard of I.B.R.D. experts

Again, since b is en increasing function of r, both € and & will be
decreasing as r increases. On the other hand, we can write:
’Y &d . 955
(E -1) = 9 1 - Qf)

- which is an increa61ng function of %; + The same is also true for the
factor (55' - b), which means. that both criterid are increasing functions
oi o, ahd decreasing fUnctlonSOf QV' Let us now turn taithe other ..
parameters ehvolved,  befolre d_scussing the implications of the alternative
criteria,

IV,  The Formulae with Lags and Replacement:

Suppose that projects financed by the loan have a gestation lag of
f years, which meens that they start production in year £ + 1. Further,
a grace period of a lenghth h is accorded. As had been suggested in Part
I, we consgider that the life time of the projects financed by the loan
is k, which might be equal to or difféerent from e. To calculate the values
of the alternative eriteria, we subdivide investment in any year t into two
parts, one dus to incomes derived from the loans, j", and the remainder J':

It = J't + J"t ' : (15)
The part J' changes its composition starting year h + 1. For the first

. 'h years we have:

J‘,h’:s(1+ %)t T (= 1y00..5h) (16)

o2
In year h = 1 it becomes equal to:
'_hzl = s @+FW2 - Av] ¥, = (an - A b) T,

For the repayment period we have:

{6} See, e.g., G.M. Alter:" The Servicing of Foreign Capital Inflow
by under developed countries®, in, H.S. Ellis & H.C. Wallich (ed):
Economic Development for Latin Amercia; Micmillan, N. Y., 1961




= T yt-h-1 - o
Jf,&_gvhﬂ(1+,),}h = (dH - AD)Q + 7p o

which is true for $ = h + 1,...., T S; h + e, The cumulative invest-
ments of type J' can be found by summation:

T h EZ
2: 1 o E: 1 1
‘ J t i J * hH J

%[d (B-1)+ (@- A} - 1],

where H is defined by (1/32), and T is defined in a similar mamner:

7

T = (1 %) | (a7
In other wordss . _
T . ‘
oy eFlaw-n-ancl-n]y (18)

The invesbments financed by Savings generated from loan . incomes start
in year £ '+ 1,

J‘il - fA g-- Y
f+1 : Y o
For the following years, '
g &\ b-f-1 .
4 - —_— —
= A 7 Y (£ £+1)
Hence, | . '
ﬁ J“t = Z J t - A ( T - 1) s . (19)
It follows tn&t the sum-total ef’lﬂvestmequ dnrlng the T years is:

Z X
21 =—-[d(g}_1)+ 7\-—(—-1)-7\1:(--1)]'Y (203
Y o
Starting year h + e + 1, repayments disappear which means that:
$~h-e-1
Iy = Ipsest Q- )
It can be seen that:

- Z

To calculate Ih+e’ we caleculate its two components:
e-1

g = {dE - ADb) {1+ %—‘} T,
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-\ g ¢ sh+e-f-1
Ju -7\—7-;(1+ 7) e-1- Y,

h+e

Subsﬁituting in the above expressions we Obtaim

Thieny = (G +AZ § -AD) (1 + ,.)i';)e Y, +Ab 1,
Hence for t 2 h+e +1 .
- H g \b-h-1  gyb-h-e-1
| = (dH +>\S)_’;§ " AR AZ) T, +Ab(2 *) Y
and,
z
S5y [d(T - HE) + ) A& -2 +B1)] ¥,

where, as before, Et - HE/F. In:order to obta:l.n the ‘cumilation of .1nvest~
ment st.arting year 1, we have to add to this last sum the cumulation (20)
up to T = h+te, Hence

l'i.:"ezﬁ= G.Ed (B - 1) + AE* - 1) - zb.(E—‘l)]- T,
It follows that, for 7 > h + ez

f:xt:g.ff_d(w-l)-» ,),(_-1)->\b (E-IL)JY(EQ)

- p—
Finally, inthe case of no loans we have for any t:
1 o t-1 ] - ' - ‘
It=d(1+?) - (23)
Hence, for any 7 s . _‘
z , |
2 I, =d ; (T - 1) | : (2l)
It follows thats . |
Z (T, - 1)) | o (28)

has ﬁhe following valups for the different values of T =
(1) Z= £+k < h+e: Using (20) and (2h), |
AT e - ; i
Doy = A& Y:,Y(K ~1) - b * -1 )] Y, (26)
where, as in (I/61), K* = FK/EH, '
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(2) T =f+k=h+es3 Using (20) and (2L):

AL = NE[GED - b D) Y, @1)

(3) 'Cf= £+ x> h+es From (22) and (24):

Af+k:?\:§[:%(K—l)—b§(E—i)-l Y, (23)

Tt is easy .to derive the corresponding;farm‘ulae'for'the cases of no lags.
Iﬁ' such cases, both £ and h are zero, hence H=T =1, and w7 = §, while
K* = K,

The criteria by which we judge the adventage of the loan are based
on agsigning some minimum value (e.g., O or 1) to (B / = Y,)-
Tn other words, the expression between “brackets in (26) - (25 should be not
less than some given constant. Solving this condition for the ammuity b, and
noticiing that it should be non-negative, we obtain:

o¢b» & @ | (29)
vwhere @ is some given function of some or all parameters except r.

: According to (3), the annbity b is a Jecreasing function of e /
and an increasing funcetion of r. .
29b - --[h (e2 2 + 1) + 2r (2e - 1)]
de e2[2+(e-1)r],2
°b 2 (e + 1) I '
9r o T2+ (e-1)r]°

For all non-negative values of r and e, the first expression is negative
while the second is positive. It follows.that:

_C.].E‘.: _aexab
dr - ®b Or

is always positive.
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. Thus for a given e the minimum value of b ccecurs at r = 0,
in which case b = L. This value decreases as e increases. From (29),
it follows that e ®should fall within the range defined by

) 02 K@
In other words
e g o0 | | - (30)

1
S0 long as r = o, On the other hand for an infinite valus of r, equa-
tion (3) shows that the annuity will be b £ 2/(e-1). Substituting in
(29)3 Then, : _ ' ‘

or, -
2 ©0

| IR |

It follows that the range of variation of e such that(29) is satisfiad

would be subdivided into two parts:

(1) The range defined by the last expression for any value of r, namely:
@ +1 L e &oo, for 0Lr Q Vel (31)

(2} The range lying between (30) and (31), in which case r should hot -
exceed an upper limit after which (29) would be violated. To find this
1imit we solve (3) for rj

r= 2 (be-1) ' _ (32)
‘ 'e[2-(e~1)bj , ’
Since, as shown above, b is an increasing function :of r, the upper bound -
on b defines the upper bound on r. In other words, we can substitute for
b in (32) to define the upper limit T, given e, This means’ that:

e & o+l for, O r - z {33)
PR S; [ ’ ’ 6; {; elL2- (e~1)@] o
The absolute minimum is at r =0 and e = 1/Q0 . When e reaches its
upper bound, the denominator of the upper bound of r is zero, Hence T
becomes infinite and we move into the region_defined,by'(Bl), which
admits any non-negative value for r. We have only, therefore, to calculate
the maximum r at each value of e defined by (33). Alternatively we solve
the quadratic obtained from the upper bound of r to obtain tie corresponding
minimom of e ' _ -
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2
r@e (2r+¢r-—2(}3)—2 N (34}
For a given rate of inter r%St r= rlt we calcu]at-e the positive root of
this quadratic, ef = e ( Hence, for any value of r,
of & e g s - - (35)

V. Advantage Critem.a in the Absence of Lags._

: We have already obtalned express:mns i‘or the two criteriat
&:=A of NI, E=6+1

They are measured at the end of the repayment period e, assuming that
fzh=c= 0. Letus consider them in turn in the light of the remarks
of the ‘last sectlon,

(1) SZO, or E> 1

This condition requires that by the end of the repayment period, the
capital .stock should exceed what could have been obtained in the absence

"of loans by an amount a‘b least equal +to the loan itself. TUsing (lh) , We

have:

o
In . other words, given the output N = Ify'due to the loan, the fixed annuity
should satisfy the condition. :

L {oN "~ or, | o2 AN
The meaning of this cond_ltion js evident. If the repayment process is not -
to encroach upon the country’s resources, it has to be provided for,out of
the extra incomes due %o the loan itsslf. Thus if 'y = 3, an annuity agqual
to 129 of the value of the loan would require a m.p.S: of at least 36%.

To whudy the implica‘-bions of "bh:n.s condition for the terms of the '
loan; we notice that Hence r can take any positive vaiue for

any e satisfying (31), namel%

8>/2g‘+1 for any r >

(3
2> 0 (37)
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For the range defined by (33), the rate of interéétjis restriotedz

gge‘QE%-P 1, for 04\(\1‘%
- Comparing (37) and (38), with (I/L9): | o
-%ée_gm for which | ogrg%

‘-qf'
o 2
with r = o. As e increases, the upper Iimit of r rises-quicker in the
fixed anmuity case. To find the valiie of ¢ férﬂﬁhich_rfggﬂgﬁ7;  the
alsolute upper bound in the decreasing annulty case, we substitute in

(3L)s

we find that the two principles céncide'in*ﬁﬁé“lowér limits: e =

(%32 f-(Z)Ve-230

This gives:

#Zff [1.2 o, 1 <'-i,)'-;')2];< eéoo (39)

IY

8s the range of variation of e.

Exemple: Iet 57 = 0.05 The alsolute minimm 'of e is 20, at whichr = o
If r = 5% ,the minimum e is, by (39), equal to 33.9. ' This could not be.actepted
in the decreasing ennuity case unless e were infinite.

(2) €20, or 52 1

This is a milder condition,ensuring that the country would not lose
any of 115 "self-generated capital, though notinecessarily retaining any net
additions as a result of the loan. Solving this idnequality, using (13)
we obtain the condition. - o

g , E | - '
- v (Ef.- 1)’ or, b % _(;.'EE__l ) (ko)
This raises the upper limit of b above the level déterminéd by (36).

However, (LO) is quite an envolved expression in both e and o/7y . Let
us therefore introduce the approximation: =~ . =~ L ‘

E > 1+ e-%; SR - ":1'f “f SR “.(Ll) ;

which means that

P<L

<19
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Substituting in (L0}, it follows that:
a -y (app) (h2)
which reduces the lower 1imit of the m.p.s. below ’gﬁe' level given by (36).

Substituting in (33), and rearranging terms we can easily find
that, 1 & ePg2 + P , which msans that:

¢ X, s
0 e &+ 2- 2% (app. ) (43)
Compared with {38), both bounds defined by (L3) are smaller as a result
of tle relaxation of the condition on & . Given a value of e within the

above range, we can calculate the exact value of @@ from (40), then sub-
stitute in (33) to determine the upper limit of r. However the expression
for the 1limit (L42) of O , has to be approximative. It is exact only in
the case e = 1. :

In the present case, the same lower bound on e is defined as in
the decreasing annuity case, equation (I/h7). But the upper limit of r
rises very rapidly to infinty. Agein the flexibility of the fixed annuity
principle is evident.

VI, Advantage Griteria in The Case of Lags:

In this case, the criteria take the more genéral forms
‘Y'{: Ah**e /%Yo /u:Yl+1
Using (27), we find that:

n= -0+ L E-1) (5 -5

. o Y
In other words:
_,*l=5+m' - M= E+ m (i)
where, as before, |
m= (E -E) = (%-1-)E*:(c-1)E (45)
wad c= 1+ £)° e=h-1f (16)
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Equation (Lh) is the same as (I/l1) for the decreasing anmuity case. It
i o,..lows that: : .

] 7y | o
M= B - £ bE-1) | (47)
Given the values of e, r and O’/Qp , we can obtain the vaiue of C for
‘any given /1 g., 0or ~L . ©Solving for b, we obitaint
g (E-H : 5
b = (S , (Le)
v OCTECT - f :
If h=1f, then C =1, and M =& , which means that:
o
b & (E- &) 7 (9)

o E - 1

Ls & specisl case, we have h = £ = o in the absence of lags, and (L9) gives

_ (36) and (4O) for & =1lor 0.

Denoting (L8) by 90 we can substitute in (33) Solving for /LL

we Tind *that:
2 _ . {50,
//U' 2 -1 ‘ )
Ir other words the criterion /“ changes in a range of approximately ons

ity as r changes from zero to infinity, for a given e. An approximate
solution for e can be obtained as follows:

(£ onZ g ¢est-nd s o 6

If we put C = 1 and = £=1, we obtain (38).

CIf M = € = 0, we obtain (L3)

To avhleve a certain value of /H- we chooge a value for e within
the range (51)}. Then the corresponding rate of interest can he calculated

by substltutlng (L8) in {32).

2e(°’/7’)(CE—/"L) - 2(E -1 ) o (523
e (E=21 ) -e (é - 1} 57 (EC - /K)

If the resuliting value of r is 'inacceptable, we have to change the value
of e in the necessary direction. Let us turn now %o speclflc values of

the criterion:



| _ 15 -
(1) "1 0; or /uzl:

We have by (L8):

b g (-1 (53)
S Y (E—l )

The range of minimum values of e for r changing from O to infinity is
~ defined by {(51): ‘

(%-l)g\éeé (%-1)_3_5-\»1 - (51)
Given the loan conditions, we can solve (53), for the lower limit of I ¢
T2 b (1- —2)Y | (spp.) . (59)

For ¢ = o, we obtain the same formulae derived for € =1 in the previous
section.

(2) M2o, or, M2 -1:
We have by (48)

b & (L) * (56)
N 'Y ) :

This is equal to C times the 1limit defined by (40) in the no-lags case.
The approximate solubtion for O is: :

a 2,7(13 ~-Lyy (app.) _(57)‘
[~ . .
The range of variation (51) of e is: .
(2-1)Z e g @-g -+  (s0)

2
For relatively largs values of G, (58) will become meaningless. If C
is greater than 1 but smeller than 2, the lower bound will be zero. For
values of C greater tham 2, the peresent case will give permissible values
of v and e egual o or greater than zero which are consistent with the con-
diﬁion,thatpshould not fall below zerc.

VII. The Replacement Rules

According to this rule, it is required that the extra capital
generated over and obove the loan, would be equal to zeroly the end of -~
the 1ife of the projects financed by the loan. Measured from the base
year, this life ends in year f + k, where f is the gestation period, and
k the replacement period. This means that:
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CbraTO ‘.
where & is given by (26) - (28). We have already investigated the case :
f+k=h+e, ork=e+c, for which: : : .

K = EC, ‘K.—*:%rﬁ (59

Let us consider the other two cases:

(1) ¥k € e+cz

Tn this case, the end of the 1ifé of the projects occurs before the
retirement of the loan. This is & situation which might occur with respect
to short-term types of finance, rather than long-term needs. The zero
solution of (26) givess :

- i i _
b= ¥ (K]'£ 1y = % (%*;__1). -(60)
Kt -1 K -1
Given é% s k and c, we can calculate:
4
. Ck -1 j c -1 '
= = ¢ + (== 6
and hence b. Further the advantage criterion is:.
M =8 + (C-6)E = C+ Q-0 (S (62)
' -1
Ian the present case:
o= Eeg . _E-1
C ) ” >t
It follows that, K -1
if ¢ <13 e c< 1, M2
if €= 1 B =¢ =1, =1 (63)
if € > 1; 8> C > 1, ML L
For example, when ¢ < 1, we have m = (C - 1) E <0: At the same time,

M > 1, which means that € > (1-m) > 1. In other words, the loss due
to the small value of C has to be compensated by choosing e large enough.
The high value of the criterion ensures regeining the value of the loan
before the end of the repayment period. Similar remerks can be made for
the other two cases. ‘
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To obtain the eritical valueof @ we have to solve (60), using the
familiar approximation3°

b = £ T/Y
" 7 ey
Hence, '
. = bp(1-9Y ~ (app.) (6L)

The factor qp introdu"ed in {29) is:
P =28 | (65)

Substituting in (33), we obtain the boundaries:

1.y e 2 B (86)
e gEi T __
corresponding bos o

O"

0T E2 g e—l)%@]

For C = 1, these inqualities will be the same as (38). Further, both

(60) and (6&) will be identical with (36). This means that if = O at

the date of full retirement, it will be having the seme value over the

whole period. In other words, if we draw the path of domestic income

with and without the loan, the two curves will be parallel up to the point
h+ e,

On the other hand, k=¢+eisa limiting point of the present
case. - Equation (59) applies and if substituted in {61) gives:

8 = ¢+ C-1
Yy

Y

Substituting this value in (66) we can solve to obtain the same boundaires

defined by (54). Notice that to solve for the upper bound, we have to

put (e-1) equal to e gpproximately. :

(2) ¥ > e + c:

The criterion should be based, in this case on (28), which when
equated to zero gives: :
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g .K-l -b E_(E-1) =0
,},( ) -_GE( )

Putting, .
v=E-1¢1 (68)
we obtain:
=L 6
by YE—7) , (69)
The approximate solution of this formula for O gives:
o= (b _ 1Y ' - {70)
cy e : '
while o : .
 2ycC e +2 (Y 1)
r= 7 —e (71)

29-(e—~1)G'}"—e(e—l)GW%l

To evaluate the advantage criterion /&, i.e., the increase in the
country's capitel at the end of the repayment period we substitute (69)
in (L7) to obtain.

P (1-y) = < (72)

This means that as soon as the projects finenced by the loan are completed
the full velue of the loan is added to the country's capital. A relatively:
‘high amnuity leads to a gradual decrease in this additon. At t = h + e
only & fraction Et/K remains. But at the subsequent years, a multiplier
process brings this fraction up to unity again, and the country would have
regained the full capital imitiated by the loan at the point +t = f + k.

Substituting (72) in (51) we obtain the boundaries for e. Using
The usual approximations, we can write:

1 X 2 Y., 2 2
If ¢ 2 1/ , the lower bound of e would be zero. If C 2> 2/W, both
bounds will be zero which means that any rate.of interest will be permis-
sible whatever the period of repayment.
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I£ Y= 1, equation (72) shows that AL =0 . Formulae (69),
{70) and (73) will be the same as {56)-{58), given in case (2) of the
previous section. However, this condition cannot be: realized unless
1/K = 0, which means that the period of replacement k is infinite.
waevzi, if we denote the annuity. in the case £ = 0 by bﬁ, it can be seen
that = b/W , where b is defined by (69). Hence the value of T will
be the same in both cases, as can be seen from comparing (57) and (70).

If ¢ = 1, the advantage criterion will be € = E/K, which is the
same as {I/59). We have to substitute this value in the other formulae.
On the other hand, the special case k = ¢ + e leads to the same results
obtained for M =1 in the previous sectioni '

VIII. Effacts of Postponing Repayments:

" Our snelysis was based so far on the assumption that repayments
get first priority on the country's resources. Whatever left after
meeting the debt service can be directed towards domestic investments.
This need not be the only alternative open, and we might investigate the
effects of an approach which might be either explicitly or implieitly
adopted.

Suppose that the country plans its investments so as to make use
of all resources ralsed through savings out of its own flow of incomes.
This means that when it accepts a given loan at a certain point of time,
it will be ready to service it only out of the savings generated as a
result of the loan. If it does not get enough resources to face this
obligation, it has to borrow the difference, and we assume that it will
do that at the same rate of interest. At thls stege we assume that it
will be doing that on the assumption that the extra finance is & short-i
~term means which is hoped toibe repaid in the following year. However,
if the savings out of the loan - income fall short of the fixed annuity
at any point of time, they will remain to be so’ over the whole period
of repayment. This means that new loans have to be contracted in order
to cover the gap and to meet the obligations of the extra debts. In
other words, the gap will cause a series of loans which work at a com-
pound rate of interest. '

ILet us assume that a loan of one unit is contracted in the base
year. Then the annuity will be b, while the savings out of the extra
income will be % over the whole life of the projects thus financed
(which we assume’ to be infinite). If, ‘ :

N = 1 | |
d=b ,},>o ‘(?h)
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the country has to pay the full amount b, and borrow the difference d,
in year 1. In year 2, there will be ancther gap d, besides the amount
d borrowed in year 1, plus interest om it. The totel of these two we
call up ( u for unpaid). Thus:

'lllzd
v, =d+d (i + r)

Again in year 3 a new gap d will be coupled with the full amount of U
plus interest on it ‘ ‘

=d+u, (1+ ryzd+d {1 +r)+d (I + r)2

"3
In general, for any year t £ e: |

u, = d o g fL+rr)=d+d (T +r)+.....+d {1+ )twl
Or,

wed [aenf-1] (s ge (78)
In partioular

u= & (§-1), §=0+r" (76)

After that date, repayments of the original debt cease, and the whole
amount % will be meeting the u's. Therefire; in any year t = e + i,

’ ut:ue(1+z»)i,'._ E’.__J;[(J.-rr)i-l]
T

So long as u, >0, the process goes on. At some future date, t = m,
say, it will stop provided thats : : '

_ o
. bn_(1+r) UL%:A»-?Lé Y .
Substituting from (77) we get the condition thatbs
- c‘
Gy 5/ 0(Z - ry) (78)



I
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e,
1]

In other words:

n}el-{- 3.0@ r+r [log7 -log (,Y-—ru)] (793
To obtain the actual rate of interest, we useanadaptation of (32) s
noticing that apart from the last instalment, 'bhe annulty is effectlvely
_ 9'{?__ s whilé" the repayment period is n. & )
| 2 [1’17?‘*'(b 7)—13 S (80)
n [ 2 -(n-1)0/%] : o

Starting year n + 1, the country will possess & total capital stock equal' '
to ‘bhe total velue of the loan plus what it could generate Wi'bhaut it.

r!

However, to be able to accomplish this process the need for extra
borrowlng after year e should be- diminishing. ~In other words,we should
h&vee . . : - ’ )

u, < LW o ( t.> e)
Substitubing from (77} we find thab this means
- Sy o) 20
By (76), this means ‘thet

ERY -2 &, | (e
_ Y : o
The meaning of this condition is evident: The amount % allocated to -
the debt service should be greater than interest charges on u,.. When
this happens, we can ‘make sure that a part of ug-will be rapid in Year
e + 1 so that the amount remaining will be smaller than u, and hence
in‘l‘.erest charges on it will be smal'l.er also. '

Suppose that r = 2.5%, e = 12 years,
¥ =3 If O= 0.10, then G/)='0.033 333.
By (3), b= 0.09 238._~ Hence:

‘ d=b - ,;_'_; = 0.061 905 -
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-;In other wnrds, only one—third of the annuity will he paid, and the :
, rest postponed. By year 12, the amount unpaid will be

u_ = 0.061905 (.9._39};2_8_) = 0.85401h
= ' 0.02 :

i.8., about 85% of the loanm itself.

R AR 0u011983
0% .
. This meens that the savings out of the Joan ¢éan cover thé iaterest _
- charges on the remainder afier yeéar 12, ‘and there remains a part to pay
off & part ‘of that remsinder. Using (799 we: find that' o
“2 12 + 2 5228787 = 2 0785656 o 53.h3

2k

©0.0107239
or | |
n = Sh |
- We caleulate the remainder ab the end of year 53a
‘ N ) il -
u53-— 5o [: 0.033333 ~ 0.011983 x (1 025) ] 0. 01h153

‘:.Hence the last instalment will differ from the others‘

= 0. 01h153 x 1,025 = 0,01h507 .
The actuaE ate of imw erest igs
2 [:53 x 0.033333 + 0. 01h50? ~ 1. ooé] 12, h%
5& [2.000 = 53 x0.033333 ] . |

o

L6

The same process. ‘can be repeatpd for other values of . cr s @83 summarized o

in the following ]
6.0 | 015 0.6 ] ___0.25 ;0.286

.
n. | iy - 28 . 19 O R i
Il BN 357 1 3. T 7L 750

The effect of the increass in the value of- G‘ is appreciable, espacially
on the lower Bﬂd of the table

' In fact, ‘two criticel velues of G~ cam be celculated. The one

- epsures that by the end of e, the full amount of the loan is'repaid.
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This value is given by condition (36) ensuring that € = 1. On the other
hand we have condition (81} bevond which the loan will never be repaid.
The range of variationoifﬂijmra,given b will, thereforg, be:

b(gél__)’}f<0'\<‘by e : | - (82)

In the above example, given that b = 0.095238 and &= 1.3u809, the n.
P.8. should fell . within the range: o :

0.07335¢ <" 0.28571),

I 0 is exactly at the lower bound, the amount_07@V will be Just
sufficienty only to pay interest changes on the remainder which means
that the country has o postpone it " indefinitely.

1L should be noticed thatifa valieof o within this range is accepted
1t could be substituted in (82) to obtain the value of L = 0'ffyp
Substituting in (32) we could obtain the value of e corresponding to
the given r. In the present exampleif @ = 0.10 the value of e would
~ have been L0.}, or neariy L1 as compared with 54 necessarv to account
for postponement.

.
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IX - Conclusionss

In thig part of our work we have concentrated our- attention

on a rulé of servicing debts which is expected to redistribute ihe
burden over time, wore in favour of the debior country, It was
found that this rule.has a number of favourable effecis:

1_

pe

-

The impact of the ammuity. 18 relaﬁively smaller at the begin-
ing of the repayment period, during which ‘income is relatively -
lowa - - o ‘

Total outflow whether absolute or capitalized is smaller than
in the case of the decreasing;annniﬁx:,_at the same r and.e.

The lower boundaries on the repayment‘periéd (éonicidiag with
zero interest)are the same as in the decreasing ;annuity rule,
for similar conditions. : :

However, it is possible to find finite values of the repay-
ment period at which any interest rate will be admissgible
according to any of the advantage criteria contemplated,

_ : | , Leria ,

It follows also that the absolute upﬁer 1imit on the rate of
interest is infinitely higher in the present casee

At the same time grace perliods and gestation periods have the
same alsolute effects on the advantage criterid., As in the
decreasing amunity case, the effect of grace periods is quite
appreciable, and it enables a considerable, reduction in the
minimum repayment-period required to achieve a certain advan—
tage at a given rate of interest. '

These findings poini in the same directions If a eertain
benefit is to be obtained from the loan, concessions at -
the earlier periods inerease the povers of the counbry for
further repayment, Such concessions might take the form of -
full grace periods or at least lower anniities at the ear~
lier periods, relative totthe country?s income,

We have also investigated the effects of partial posipones-
ment of the anruities:, Critical values for the m.passS. were
obtained, below which such a postponement will go on inde-
finitely and at the same time the actual rate of interest
will become. infinitely large. B '
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O This last remark shows that an attempt at rescheduling
debt is not necessarily a beneficial act (abstracting
from the Pransfer problem proper), In the example given
.above, the acceptance of a given rate of interest leads
to the direct negotiation of a period of repayment of
41 instead of the 54 actually necessary to pay off the
Same debt,

The key role played by the m.p.s. in connection with the
servicing of debts, and the effects of regcheduling need further.
study., We shall deal with these problems in the following parts,
paying some attention to the work done by the I.B.R.Ds experts.






