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l. Introduction

This paper deals with a vaviant of the simplex algorithm

which is suitable for solving linear>programa with inequality

constraints. It has also the great advantage over the canonical

torm of the simplex method, that much less computer memory is

S

needed to store the required numerical informations in the diff-

erent steps of the algorithm. Also, qpnsiderable.oomggpation time

is saved since smaller tables have to! be'calculateds In order to

have &a gomparispn-betw@§g~the two methods, q9nsider the following

SR —

linear programming problem;. .

oot | .
-3 Xg - 4 Xg = ¥ = minimum
sub ject to the equations :
Xo | ~Xg + 3 Xg = 9 |
Xy +Xg + 2 x9 = 6 v
Xe +Xg + xg = 4
X7 "‘Xa w X9 = 1
: : 5 X 0

E)UCh that x2! x5 ? X[+ ] XS ] X6 ] :‘{7 [] -d\-8 ] \9 2 /
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The equations are assumed to be in canonical form and

a feasible basic solution

xa = 9 13 = 4 xq_ = O
X5 = 3 X = & x,7 = 1
and Xg = X9 = 0

is assumed to be known at the beginning, in order to avoid

complications (accompanied with the technique of the two phase
method) at this stage where the main idea of the algorithm has
tc be developed at first? The soltuion in the canonical form‘

is given in the followning %¥ables.

("“xl)v XE’E:'E”XLP'XE’x6’x'7’x8’x9’1

) § o) 0O 8] . ) 0 o] a3 - (0]

given & =1 > 2
Table 8 § -l (:) 4 N

Step O 1 1 2 G

1 0 1 3

(Table la)
1 4 1 4
1 -1 -1 p

@ ® () (5) (6) (7

This asswnption is satisfied in most practical cesies, however,
if it iss not satisfied., then a new two phase method can be
applied (see uemo.'4855
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("Xl) XE,X3:X4,X5,X6‘.X7.K8',X,1

1 o & & 0 9. 0. =5F-0 8
1 =45 R ¥ R
otep 1 ' i, 1o B
0.5 L a0, ] 2
(table “1b) - 1 1 E "(:)" 0 12
=05 1 0.5 0 i
0.5 1 “1.5° 0 |2
0.5 1 1.5 0 |3
(1) (@) (4) (5) (6) (7) (3)
(“Xl) £ 3 X5 » Xy X5 » Xg }57 y Xg y X9 y 1
1 0 =05 2,5 0 ©0 0 0 -0 |13
1 =1,25+0.25 -~ la.s
Step___g__ e I
0:25 0:25 1 [2:5
(Table lc) o m P J
-0.5 0.5 ! 1
~0,25-0,25 1 - 0.5
©.23-0.75 R L
~0.25 0.75 e 4.5
(1) (2) (5) (6) (7) («4) (3)
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N } ¢

. _(."DC.J-)' Ty Xy By Xy Xy Xy Xy X ’

Btax 3 1 wdf 2 2
tep 3 1 -l i 2,

~d 2 . 4

(table 14d) - & A p

‘ 1 <3 » i
0 14 L

(1) (2) (e) (5) (7) (&) (4.

whigh gifes_the opgimal solutlons
objective function x; = = 14
and X2a55'9 xz-na,
X Ty 2. Tg =2

LN R N e e
)
N
L

A rmemarkable featuxe @f the above tables is that a unity
mzitrix ie always pzesent in each table, the colwms of which
are marked by their numbers in brackets written below the -
tablese However, a unity matrix does not contain numerical
mformatloms Which need be stoxred in so much spaceg in the
above example the u.nl“qy matrix occuplies 70% of the tables
51z48e

In order to get rid of the uniigg’ natrix, we can rewrite
the given problem (L) in the following form 3

Minimize Xy = =3.%g ~ 4 xq )
_subject to: " .
| e W y‘8"33{39‘*"9 = 0
el xg=azgt s EO0 4 (3)
*g * ® Xg+J & 0
Tgmw= Zg= Egt+h 20 !
Ty = Xg ¥ Xg + 1 20 g
and %3033‘92 0 )
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We have thus expressed the linear programming probtlem
in another forxm whexe the constrainte arxe all inequellties
in the two lndependent vuriables'xa and K In facliy, the
compact variant of the simplex method can be directly applied
to linear programs with inequality constraiants. At the present
we shall assume that the selution obtained by giving the inde-—
pendent variables zero values satisfy all the given incqualities
If this is not the casey a new modified two phase method(*)is
to be applied.

2 Tae comgact table foqm

Consider the following linear program wibth ineguality
constraintss

Minimize the objective function

Z = G Xg + OXy t ssese + dej+ sease * CpX  + d

subject o the inequalities:

. o . 2
all}&l-l- ala}i‘2+ R "‘ald-}xa-‘*" - e +alﬂ4£n ' bl : O
n i S5 PN S S b,.‘ ;'..:.'
aalxl+ a22X2+ v er a.2'1 Ca""a- o ot azn}‘-n 2
s * ® . »
s [ . a B
L

‘ . (4)
ailxl-r aizxz-l- cecee +Bﬁ.'j‘3:dfqo.+ainxn+ bi g (8}

® L4 + 3 -
® & - x
v L] & & 3

amlxl+ %sz‘* T EE] +amjxj+...+amnxn+ bm % 0
a.in.d xl, XE* coso0e P xa" covsney X, a 0]

x) See [leme 485

"A new twoe phase methed for line crarn i S
constraints" ar programs with inequaelity
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sl
We inﬁroduoe'the Variables yl,'yg, vooy Jio ccendy and
write the system in the fexm of the Lollowing tzble

xl - xa so0o XJ. 0oao In i 4 ;

7 th @2 eoage QJ- evpo G.D. d-

I 211 81 eve Bygeces A4y b

2® P21 “gg ccc Bygeees ¥y | P2l (Taple 2)

e‘ _: !.3' [ i o 14

% © ® v [ o

: ° R o

yig a.ll ai2 6090 aijoooo a_in b:- 3

@ © ° ° ° o

° o ° Py °

by f01 B2 *ct fmgeecs® m . |
:\-c-w_:-r:-:

— e
P

The problem gan be then interpreted in The following ways

-

It is required t0. solve the systenm of table 24
whexe. Ghe dependent variables ylguagaoeslgoaogmm
are expressed in bamws @f Bhe indeperdent varia-
DAGCE e 7, jHE9IE 350003 0 sugh that all variables
assuwte rranegatlve values and the objective funge

z
tion z be minimume

In order to obtain the optimal solution for Ghis problem,
the simplex algorithm will be applied in a number of steps
(¢alled "pivobting steps™)e. In each stiep one of the dependent
variableg 1s exchanged with one independent variablej the
sets of dependent and independent variables will be tThus
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always changinge After each step a so called “ecurrent solution™
is read from the Gédbles If£ this “gurrent solution" is found

to be optimal the algoxrithm-is terminated; otherwlse a new
pivoting step is performeds e

"In the fellowing, rules for reading thé currenft solu= -
tion f£rom the table and eendltions for feasibility and optima-
lity of this solution will -be explained, In section 3 and &4 °
the mechenism ef the pivoting step is given in detalile - ;

Reading hhe ®gurrent solution” from the table

A solution which satisfijesthe system of table 2 can be
easily read from the table in the following ways
l. Each independent variable is given a zero value.
2. The values of objective function and the dependent
' varisbles are then read from the constants column

of the tables

it is thén obvious that the current solution will be
feasible if the Lable satisfigs the following feasibiliGy gonditione

Feasibility conditions
If the @onstants column of the table (2) consists of

non-negative numbers (with the exception of the first btexm),then
the current solution will be feasible; ises it satisfies all
The given inequalities. ~ '

A feasible current solution is optimal if the following
optimality eenditien is also satisfied.

Optimality condibions
If the goefficients ef the independent variables in

the objective function axe non-negative (lses the numbers in
the first row @f the table with the exception of the eonstant
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%
team)y then a Leasible eunzent solution will be epbtimale

Proof o Since Ghe independent vamlaibles are to assume nons
negative values, and these have positive coefficients in the
objective functiony it is ebvious that the objective funchion
will be mimamum if these assume zemo values. The current solu=—
tion will be thus an optim:al »solt}ﬁéil..o::u.';EE

3e The pivotinz operation

o T e 2 Sy

-

The trensformation of the teble 2 sueh that the
dependent variable yé‘ is excheanged with the independent variable
Xy is known as a “pivoting opemation®e The zow i of the
variable y. is called the “pivot row", while the column j ef
the variable x4 is called the “piyot columr™: The clsmens

.. WwWill e referred to as the "plvot element® or simply the
“pivot™ ef the pivoting operationg 1ts choice defines completely
what is required to be sxghanged). The %able will have the
following formy befoxe and afterx *éb,e pivobing c¢peration with
pivot =

.
e
-0

. & x, - i . b &
] J &l ;] v ;:,j: %
"-&-ﬂir’:'-‘%‘ “ e o ' Cl | - e s Y
Z = oo ' 8: i 0ab. oefd Z= | ceo § O [ee G. ogd
- R B Hiot | J
i A F
| ® ¢ ° LI . e °
= Z ~!—~1 o e w— et e P S Jp—
j(‘”“w . pivot P9y INK
Ja= 290 A. 1 sed: 00 TOW X.=l poo 13 . ¢ 8::240.] TOW
S S ™ I I e ! N
B ;o | ° ° e ! e | °
' ] i o o o : 9 | g gg
V.= S & a. . D . g a. . ;
Y3 1244 %43 i I45 | 2140 ij (i
"o I e ® jvo ‘ o
! o } .o © N I o i ]
- . i I
J‘ 1 =
plvos column
WD b
column a L a

Doble (3) Pivoting with pives “A;Q

S NoThIng has yet peen said about the

uniqueness oI this optimal solutione.
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It is now required to obtain zules for caleulating the
elements of the new table (3b) from the elements of the old
one (3a). For this purpose solve the equation in the pivot
row in (3a) for the 1ndependent varisble Xﬁ. The equation iss

Ti= 231 X 1+ %35 ar...+a xi+ 2HBy X e e By Xt bi (5=a)

solving for x. and rearrenging the rlght hand side such that

the variable T in the new equation be written in place of the
variable \ in the 0ld one, we get

.:(..all)xl IL lgjxg*..o(w)yl-t—...-kﬁ-ala)x +,.«<_- xn'(-b \(5-0)

comparing this with the equatipn §i of the new table we
get the following rules ' : ,
9
s 0 B 2 2 O3,
i e (6-4)
: # '
T Bl ¥ o~ Rl Sl T E Ve
* H . ' -
Substituting for x. from equation (5=b) in the other
equatians ofithe Hable C%ﬁcluding the z equation) we gety aftex
arranging the variables as in equation (5-b) - ~

-

Z = (cl+c ail)°xi+"' +(s /al )yl+...+ (e +ga 3%3 Xy taes

o

R . = § - +.(epve -am)xn+(d+c +D3) (5=2)

and . B

e (all-l-aiﬂ &ll)x +..+(all/am)y_j_’+..+ (ala+aj_j_ )x + swe
sat (a1n+alﬂg1n)xh+(b +a1,b ) (5=d)

Comparing (5=c) and (5-d) with the equatlonu z and ¥y
of the new table we get the following xulese

+
- i
\

e -~aw o we
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the following way

Zable (4)
the rmules

of the

pivoting
operaticiie rule d

Tule 3

Zule b -

sale ©
Zule 4

v, Qwo

0 ' . ,
"o ' 'y ] 0
Sag7= B1gtiag gge B s By * 8y By et

0 ] 0 9
. . =TI d .= i@ Bl
i 34_03 'f" Q...Loa:i_a 9 s d 'f‘ C.a‘o 3

Rules (6=a), (6;5), (6=a)y (6«d) can be summed up in

pivot
column
zule 4 | FHe male d
’ LO |
- . 2 :
r;uleg . plvot
.mrule P l‘é ! rale D i
| |
|
| Tule rule d
~ | S :
) | 1

New pivot element = 1/eld pivet element
New element in pivot row = = 0ld element/old pivot element
New element in pivot column = old element/old 99

New element (neither in vivot row nor in pivob.,eoluwun)

.. ~a SR ™ B [,

« 0ld element 0ld element of pivot colunn in the
i same Iow
X({new element e¢f pivot row in the same

column ),

For calculating the elements of the new table the fole
lowing steps can be usedj these are suitable for hand galcue
lations, (for computer calculations a better arrangement is
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] L

given in the flow chaxt und FORTRAN PROGRAM in the appendix)

de Calculate new pivot moew using rules a and b

2« Leaving the pivet column unchanged, calculate the
rest af the table using rule de

3s Calculate the pivot column using rule cs

4, The choice of the pivot element

Up till mow we know how to read a current solution from
the table and we know gonditions for .its feasibility, and con-
ditions foxr its oPtimaliﬁya We know also how o transform
the table by exahanglng its varlables in oxdex to obtain new
current SOluthDSo It remains now bto decide in which way are
the plvotln@ operatlops 40 be performed (i,e. which wvariables
are to be xahangeﬁ}'ﬂuah“that'we get a sequence of current
solutions, terminating in'an optimal solutlona ‘

The choice of the pivot element will be subaect to the
following two requirements 3
e Singe owr aim is to obtain a minimum value for the
objective functiong it will bemﬁigigggbla o demand

that after eaeh pivoting operation the new value “of
the objective function (as read from the table 3~b, z=d )

be degreasedg lees. —
Lt < )
d = & [ = (7-a)
2e Since the required optimal solution has to be also

feasible, we shall require that the current solution
obtained aftexr each pivoting step be always feasible,
At the stext a feasible current solution is giveng i,e.
in table 3=a it is assumed thab -

bl’ba'ooobi....b g O
it is Hhen requlrﬂd from table 3~b that
.ﬁ obaauobis--ab = 0, (7=b)
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Fuom these mequirements we get the following zules foI
choosing %he pives element; icee the choice of the pivos Tow
and the pivot column,

Cheoice of pivol gelump 2
If af*er a piveting step it is found that all cg 2 e 9

then the optimallty co.nd:.tlon is satisfied and the current

solution read from the table is an. optimal so.Luu:r.o.t:..,i

———— e — o . e ccme—

1L one of the S5 is less than zepe, then it is seen Dby
examining the objec tive functiong that givjng the corresponding
independent varisble in the column j a Value greatexr than zZexo

—— 3% o I

will resulbs in a bettex (:1..e~.. less) value for the objective
functione ;’E‘ 15 o il mask be btakem away from the set of inde-—
pendent variables and musd be mads &3y dependent variable; which
mesns simply, that the column j 1s to be baken as a pLvVOT coluine

b
choose one 'of. she corresponding columns as a pivod columne An

ideal ﬂhﬂ tce would be that which would result ia a maxdmun

If moxe than one cJ is less tharn-zexro

decrease in the oogec_tlve functicn after the pivoting stepj but
this would complicate the choice unneceassirilye.

A convenien§ _rule is to choose the column with the most
negative ¢., this is Justified by the wﬁllow:u) considerations

T

From equatm*ﬂ (6=d) it :Ls seen that the degreass In the objecs
tive funcf‘lm;.aw:,.,._g. be
d - d = e Q. e b (s} b
= |o41-

ad
So we can 33y thaf we can hope for a g;:c»eat imp.r:ovement (1eeo0
decrease) in the objective function, if a ¢. has a large absolute
v valvg

X If all G: > 0 o then the current solution is a unigue optimal
€
sclutions ie.ee 1t is the optimal solution.
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We have Ghus the Lollowing
Rule flox chodge of pivot qolumn . &

Choose ; ““such that

@4 ﬁ-'cj sy for all j

If GA < e then choose pivot row
20 then terminate {he algorithmg

(8)

A4

I‘fc,gl

the current solufion is then sn optimal solution

GChoige of pivof zaw -
" We shall mew use the segond requirement (7=b) in order
to obtain a rule for the choigce of the pivotL xow j aften we
have chesen the pivet column e

For this purpose consider at first equation (6«b)s

b; & - b.; / a;;‘
It is seen that a negative pivot element has to be
chosen if it is require"d_mto have bjr_ = C, (sj;nce by = 0).
We have then to consider the other elements 'bi ; from equa=—
tion (6e=d)s . .
by =By + 854 0By

For t%e}elements b; in the :cow? ghere 8y %: Qe it 1is
seen that by &0, singe b; ® 0 and by = O. For the elements
by in the rows where ai;i< 0 we have the following condiw

tion & ' v
P % Pa T fage By

or by = 8y’ (b__ ) (9)
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ol

(the sense of inequality is reversed because aij_ £ 0)
We have thus the following

Rule for choige a@f pivos mow i ¢

l. Determine the rows with ai-'i < 0

2¢ Among these row choose the row with the greatest
value (or the least absolute value) of the charag=
Seristic quotients Q; = bi/ a; -

(10)

el

5¢ A solved example

To illuS'tféte the compact simplex algorithmg the probe
lem given in section 1 will be now solved in the compacth Loz,
The linear program as defined by equations (3) and its solue
tion in the compact form is given by the following tables.

Step O pivot o SHoRad PiveT .o
. % L 8 poaoB el
x =| 1 d 9| -3 ale0e5 15| 3.] =8
2 ;pivo%X2 = ‘
2 = :.. "".?. ‘q‘ = o p— 2
el r @ | o B a0 0o2]
e N K R S O TR Y R
X- = O el 5 —5 225 = -‘055 095 i =2
b - .
wy =] 1 i 1 Xy = | Lle5 =065 | 3
Tabie 5 a Table 5 b
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Step 2 Pivot

‘ ¢olumn R

X xz e -
X = [245 =045 -13
Xy= 0325 1125 2?5
x9= "'1025 ""0025 295
xg= [=0s5- 045 | 1
X6= O 975 095
}{7:' "‘o¢75 00'25 4?5

Table 5 ¢

~-10

Pim

Vot
row

Step 3

<~?ﬂ X &
X:gle 51 b
x= |4 5| 5
x'g.—-. L 1] 2
Xg= |1 =2 2
x5.':.: € w] i
Xz= |5 &) 2
:{:7:: 0 -l b1

i

Pable 5 4

6o Geometrlcal interpretation of the algorithm

=

m ———— S s )

Optimal
Solution i
objective function
xla-l”r
ands

le:

xB = 2

X, = Q

xB = 1

x6'= 0
. 8
g = 2
e ©

In order to have a geometrical representabtion of what
happens to the Current Solution after each pilvoting step
during the algorithm, consider the example which we have solved
The system of inequalities can be represented
by the following diagram; since each inequality is expressed
in terms of the wGwo lndependent variables Xg » X9 » these _can

in section 5.

be taken as our axesSe

The regions where each inequality is*

satisfied is indicated in the diagram, while the hatc¢hed area
is the region where each inequality is satisfied; our aim is
then to determine the "lowest" point in this polygon; where
the terms "low" and "high" are defined by the objective funce
tiong the points on the line X, = 0 are thus considered to be
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G

on the same "horizontal® levele ; .
The whole polygon lies (in this case) "below” this.horie
zontal level. &

NN
N\

-
Y

gy i (R e e

d
> &
Fae
S P
R v T
AN R S
SN "N
) "‘N&
S o N
e " &
RN -~
R,

quE/ Ll N RE J/.Anénl*,..ﬁ_
[} 1 7
n\ _5, g‘
| ~ !“?\ * =
™
N N N7
\\ ™ (%1
o '
7 N T
“ @
&
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The first Currant Solution (step 0) is obtalned by putting
xg = 0y ¥g = 0; lees it can be represented by the origin, The
assumption that the first Current Solution must be feasible
means that the oxigin must belong to the megidm where the ine-s
qualities of the system are satisfied. Since the polygon lies
“below® this point, it is clear bthat we must move to another
Hlower® poiute In our case we have two possible ways to do
this, ramely to move either along the side Xg = O or along the
side xg=0, the second side is chosen because it is "steeper®.
(This is the geometrical interpretation of the rule foxr choo=
sing the pivot column). The second question is now, to which
point are we to move ? Since the feasibility condition implies
that the new current solubtions is to be feasible it is clear
that we have to move to a new corner of the polygon, ox in other
words we have 1o represent the system in two new axes meeting
in that corner, namely the axes Xg = Oy Xz = Qe

If the objective function is also represented in these
new axssy it will be seen that i1f both positive sides eof the
axes lie ®ahgve™ the new "horizontal®™ level then the cWurrent
solution is opbtimalg if not, a second step must be performede
The second step leads to the current solution given by the
origin of the axes X, = Og Xz = 0o Examining the objective
function it is seen that the positive @ide of the axes X, = 0
lies below the ®herxigontald¥level, whigh means that we have to
move alomg thls axis to the point given by the exlgin of the
new axes X, & Cp B; @ (O] The current solution given by these
points is seen to be optimal, since both positive sides of the
axes x, = Oy X = O lie above the new ®horizontal®” level defi-
ned by x; = 14,
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7e Special altuatlons in the Algoxlthm

In the above descriptlon of the algorithm we have
always assumed the general case, However, in some problems
one of the followlng situation mlght be encountered.

Qe A non-unique optimal solution

Consldenr the same example solved in sectlon 5,4 but

replace the objective function by the followlng onet

After 2 steps the algorithm leads to the following

table 8
X, Xy 1

! 4
=]l 0/ | -6 Table 6 o
= | 0,25 1425 | 2,5 nons=unigue

o optimal solutionsg
xge | 0025 0425 245

objective function X, = =6,

Xg= | <05 051 1 and 8 -

xem | 0025 0425 | 065 X, = 2,5 %z = 0
we= | 0475 €0025)| 045 X= 0 X5 = 0,5 xg = 0,5
“?: «0o75 0125 495 X7= 495 Xé = 1 X9 @ 295

o X\

It is sean that the coefficient of X3 in the objece
tive function is zeroy this means thats xB can be giliven a value
other than zero, and the objective function remains unchanged.
We have thus more than one optimal solution other than that
given in table 6, let us try to exchange 33 with one of the
dependent varisbles, thus making 1t a new dependent variable,
which gives it a value greater than zeroe For this purpose
the ¢olumn of x; as a pivot column, then choose the pivot Tow
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acoording to r»ule (10) of

stepy this gives the following table
DQH *'b ik
Xy = & 0 i
X, =) 4 -5 5
Eg == L 2 and
=1 1L 2 2
'8 . y,
X = h 3 sl <1
=2 2
x? = 0 el 5
be Unbound soLutidon
Conrsider the following exsmple
X 1 X Xy L
p .-.jcm—;_.._w.'..- i 5
% = |=3 wtp | O Xy | =5 2 |=8
xp = |1 3|9 || @ 1o5| 3
Ky L (=2 & ' 065 «Do5f 2
3~ - Wgh | Ver ey @
Xy = i i1 343 135. “095 3
Step O Step A

Rables 7

L

An example for an unbound

wal, Qo

a

6

pecltion 44 bhen perform the plvoting

Another optimad solutlon

objective function g = 6

vaﬁxa ua

"2

wm Q x =

2

w5

o s gty

x3= 2
K= 0
2

;9:.:

X, Xg ) 3
10 =13 | ~38
= | s
21 ‘ 5
-3 E~4 12

Shep 2

solution
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Applying the rules for pivot choice to the Lable after
step 2y we find that according to rule (8) the column of X3
has to be taken as a pivot columne Bub when we try to apply
rule (10), we L£ind that we are faced with the situation that
in the pivot column all other elements are p051tlvc, which make
it impossible to choose any pivot Iowe )

This situation has the fOllOWlng neaning 3

Xl =g & - 38 (Fu,\‘l'inz X2_=O/ x3'=t) .

Xg = t+ 5
o Tl

This means that any positive value 4 of Xz defines a
feasible sclutlion and for a larger value of t we have a better
(less) value for the objective function X713 leoeo we have an
unbound sclutione

We have thus the following
rule foxr unbound solution:

If a column j is found with 0.1< 0 and a.i_;i?; 0 ( for
all i), ther the lineax program has unbound solutions. To cons—
truct a ray of unbound solutions give the variable in the colwmn
i a2 value ¥ —=e0 and put the variables in the other
columns ecual to zeroy then read the values of the other variae
bles (including bthe objective function) from the table as funce
tion of the parvameter ty where t can be arbitrarly large.

o/
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] e

Qe A depenarated cunrent salulion (- V)
Consider the following exsmple 3
X, Xy 1 Q iy X 7t Q
L o - P , : '%*v :”T_fz""
xa = i ], 2 o) x@ = L ~al, 2
Xz |1 2 | 4] -2 3»,5 & |=3 2 0 0
x, =] 1 “ |4l -2 x, = @B 2 o}l o
= | O oL 2] - xgm |1 b B
X, = | =l 1 1 - X5 = | O el 3

Table 8 a An example Ffor a degenexalbied solubion

After the first pivoting stepy we have o choose the co-
lumn of %~ &5 & pivohs golumng then trying to choose a pivot
DOW we i-‘j.zfzd that three characteristic guotients are equal %o
zeroes We have Thus %o choose our pivet mow among Ghese DOWS}
for éxsmple shoose the pew of X the pivoting step yields

the following tabls 8

D

X, “'Z:l-_ ; 4
2 = |2 5 | -2 Tohle 8 b = Degeneragy
Ey & el s 2
B
X, 38 § i O
2
X & ‘“\1. [oeh 0
7
;‘5 = b § -l (9]
X = Q ws |
= L2 -
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We notice that @
le DThe obiective function has not increased.
2: The table gives the same current solutign.
3: If we choose a new pivot, we find that there are still

zexe characteristic quotientse

Tgigéhggwthéiféiigwing @gonsequences..s

l. The aim of the pivoting s®ep ( to obtain a better current

~ “solution) is not realized, )

20 We are in danger of remaiﬂing in the same current solution
for several pivoting steps, so ‘that:it is possible that
after some steps an old table appears againi the result
is that the algorithm will cycle indefinitely through
the same set of tables without ever reaching an optimal

solutiot.e

This situation, which is called "degenemacy ' has to be

treated by special means (¥>, in ordexr to avoid cycling of

the algoritom,

8e Proof of finiteness of the algorithm.
- T3 —SoSE S ]

b = 7 <

We have now to prove that the algorithm actually leads
to an optimal solution (or an unbound solution) after a fi-
nite number of pivoting stepsSe

Under the assumption that during the algorithm no degene=—
racy is encountered (?f), the finiteness cf the algorithm can
be proved by the following arguments

Since no degeneracy is to be engounteredy all calculated
characteristic quotients b;/a,; are different from zero, i.e.
bi#zo. Examining the last equation(6-d), it is then seen thab

i

(%) See Memce Noe
(#=%) The Proof fails if a degenerated current solution isg

encounterzde.
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the objective function must strictly decrease after each
pivoting step. Since the situation of the table is totally
determined by the particular distribution of the variables
in the 2 groups of dependent and independent variables, and
there is a finite number of such distributions, therefore
there is only a finite number of possible Gtables. And since
we never return to the same table (because the objective
function is always decreasing), therefore we must arrive to
an optimal table ( or to a table which defines an unbound
solution) after a finite number of steps.
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9¢ The dual linear program
= —
and a counstructive proof of the duality theorem

——

- T

Consider the linear program (4), which will be called
the primal problem; this is represented by the table (9-a).

In order to construct the dual problem to the above
primal, we have at first to rewrite the program (4) in the
standard form s
primal preblem
Minimire :

o= Clxl+02X2 + oece T Gij + o000 ¥+ CNJ:N
subject to = S
allxl+8.12}§2+ eaesa T+ al J-XJ--!- ooo ™ &lNXN s o= bl
5
a21x1+322X2+ e o + aa SXJ-'&' « oo -+ :2.2N:\N - = b2 { (12)
] s 8
silll+ai2x2+ ceoe " ala :j+ aa e aj'N]&.N = 4
: PR
amxl+aM212+ eee + &ijj+ oo + d‘fuﬁqu - - I\III J

such that ~

xl 9 Ia 9 oo 9 Xj, eaco 9 ::.N = O

According to the definition of duality'®), the dual
problen to (72) is the following.

(x) See Memo. No. 483

"Basic principles in linear programming’
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dual problem

Maximize

\ ="'blul = b2u2 - ocee

sub ject to
allu]."' a21u2+ e oo ¥
a12u1.+ 822‘12"" seco +
aijul'l' a2 J-u2+ ceo +
+

alNu]-+ 8.2Nu2+ 52

such that Uy 5 Upp eoe

which can be written in tThe
Maximise
V= bl(—ul) +b2 ("' 2) +

sub ject to
V= all(—u1)+a21(—u2) - +ail(—ui)+"+aM1('uM)+°l
Vo= ag (- J+apo(—up) Hee tagp(=uy ). ctayp (“u)+es
V4= gij(—u1)+azj(—u2) +oo +aij("ui>+'°+an(-uM)+c'
V= 8-y d+agy(-uy) +.. +aiIf("ui)+"+a2;11‘1(—u§)+ °x
SU.Ch that ul, uz’ s o @ ui c s 0 3 uLZ = O

«25e

s = oae T b b
bsu; T
< -
84Uy + ees * BnUy T *
£
aiaui + eo0e T aMZuM - 02
aiaui 4+ soe * anuLI - ea'
£
ag¥y * ocee t Amtu T °m
>
2 ui, seo @ 'U.L: = O

following form :

o e + bi(“‘ui)‘*'o °+bI'.I (—u“)

{

n

OQ o006 O O

O ¢ o o
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This is represented in the

1

(=uy)
(-uy)

o

(—ui)

o

("‘um)

The
lems are the same.

diﬁfe

e Een

-Y-l X:-a c0o0o x;i 0o xN 1
(‘-l 02 0000 OJ. °oo0e CN d
al a12 ©eeo00 alj a0 alN bl
3.21 a22 XEX) 8.23- 006 s a2N b2
ai_l ajna o0 OO a.ij L3 - ] aiN Di ;
a & a

.M.l MZ soso Mg ce 0 aMN bM
V’lz g vz’:ég o0 6 a va.:? o 00 virg T‘J‘:‘—‘,

> g . L ] ‘—é
Q’l @2 ct'.'h o Gj o & o c-iq- E Q. ;
a}_l 812 00 0@ aij oo o a:.,N E E)?—g
5-21 8.22 cooo aZ.j coo a&T bg
ail aia so0 00 aij 00 o aiN : bi .
° ° o e b o ')
° a ° o ° ﬁ
;

al:vu] aﬂ?. c o000 aMa- o 00 al‘m bf‘ﬂ i‘

!

Tgble (9-a?
The primal
problem

Table (9=b)

the dual

3

proeblem

elements of the tables of the primal and dual prob-

Only the method of reading the tables is
rent; in the primal table (9~a) the dependent variables
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Zy Y1 8 o 0 ves 9 Ty 9 eee 9 Yy are expressed in terms of

the independent variables Xp 0 Xp g o0 xj ce 3 Xy while
in the dual table (9-b) the dependent wvariables V) Vo eeey
vj, ree 3 Vi 3 V are expressed in terms Upslp, ecey Ugyens

y .
A current solution of the dual problem can be read from the
table (9-b) in the following way 3

Put the independent variables
Wy = Uy, = ceo 5 = Uy = o (13-a)
then the values of the dependent variables will ¥®e

V1=C1s Vp=Cps ecey vj=cj,.oa;vh:= ey (13-b)
and the value of the objective function

V =4 (13-c)
From which we deduce the followirg 3

Feasibility condition for the dual problem

A current solubtion of the dual problem is feasible if
in the corresponding table

¢ Z20for j=1, 2y eeey I (14)

The following optimality condition can be proved in
a similar way as in section 2.

Optimality condition for the dual problem

A feasible current solution is optimal if in the corres-
ponding table

v

b, €0 for i=1, 2, «oo, U (15)
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We have thus the following relation between the primel
and the dusl problems:

Primeal problem

dusl problem

If B 20 i=1,2,000,l

rCuITent solution is feasible

Current solubtion is
if ¢ >=

a— 0 3:192,030,N

Feasible current solution
is epfimal if

Feasible current solution

is optimal if
cj:=>0 32152, 000N by 20 iz 1,2,000,M
Tsble 10 feasgibility and optimalify conditions

in Tthe primal and du

1 problems

Consider now the case

feasible

of an unbound selufion Tar the
primal problems what does this mean fer %he Jusl problem 7
From sectiocn 7 we know That ‘Gh° primal ;:>~ clem has an
unbound solubticen if in a column j it is found That
e <L 0 {16)
and a.. =0 ( for &1l i)
i & |
The corresponding equation in the colmmn of the dual
table will be
P .= G484 (=g )Fas . (mUs)teceta. (U ¥ oetdys(=Uyy)
",,a. | 81,,1< 1*agy (va. e Rt i
(algu"+6‘23u2+°’°+a‘| .114-“.(.+c.m_1wT (17)
> .
Since a% & 0 it is clear thet for sny nor~nagative
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values of the variables Up 9 Uy g e g Uy seey Uy

4 . |
Yﬂ c4 < 0 (18)

i.ee the system of imequalities of the dual problem cen nﬁer
be satisfied by any non-negative values of the varisbles.
Which means that the duel problem has no feasible solution.

We have thus proved the follewing theorews

Theorem 1 as

If the primal preblem hes sn unbound solutlon then the
duel problem has no feasible solutione

Since the primsl problem is the duasl of the dual problem,
the following theorem 1 b: is also true.

Theorem 1 b:
If the dual problem has an unbound solution then the

primel problem has no feasible solubtion.

If the primsl problem has a feasible solution with a
value = 4 for +the objective fumction z which mey be optimal
or not optimal, then remove the inequalities of the dusl prob-
lem which are rsad from the columns with cj'<£O s the result
is a reduced duel problemg The feasible solution of the primesl
is then seen to be an optimal solution for the reduced dual
problem with & val&%Afor the objective function Ve It is clear
that by introducing the inequalities which we have removed from
the dual problem, we must get a lower (i.e. less better) value
for the objective functio%>y of the dual,which means that

d =% peagible - voptimal
This can be completed to the followipg relation
Theorem 2

‘feasible = Zoptimal Voptimal £ Veasible
solution of primal solution of dusl
problem problem

o\ £
P
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wn? Qo
Pivoting in the dual table

It cen be shown that in order that the dependent wvarieble
Vs may be exchanged with the independent varieble u; e pivo-
ting operstion according to the same rules (6-z, b, ¢, 4d) can

be used., The result will be the table (9=)o
Vl—g V2=9 u,é,: 'V'Nz i 8
Y
: 2 9 9 Q ?
G (s soo © eeo L d
l 2 ded i m
¢ 9 ? e 9
(=u,) a & sae & cos & b
o 4 12 - i 1N i §
? 2 ] 2 L ® ! o
(9"&2) a a soe & soe a © habie 'lm 3
el 22 = ad = e pivobing S
o o o o o o Ghe dusl
° © ° ® * :‘babie‘
. o " © " @ ; e -" °
(“v') & a eoco & ceo0o a. - Q’ !;'
& R R i iN i
[~} o
l| 3 ‘ e 3
9 § £ e ¢ !
(=) 1@ a' eceo & sea 8 b
- M3, M2 M.Ei N ‘ M [
A i

This fact will be used for the following

1) To establish a constructive proof for the dualily
theorem

2) To obtain anobther method of solution of the lineaw
program, which we will call * The dual method ol
solution %,
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Constructive proof of the duslity theorem :

Vle want now to prove the following important
theorem for linear programming 3

Duality theorem : (Theorem 3)

If solutions to the primal and dual problems exis®,
then both problems have optimal solutions such thst the opti-
mal values of the objective functions are the same. )
Proof: . 2 7i

Since the primsl problem has a feasible solution,‘/
then we cen construct a table with a feasible current solution,
for example by solving a phase 1 prdblem$x> Starting from this
teble we can use the method of this peper to obtain an optimal
solution for the primal problemg

This will be obbtained after a number cf pivoting
operstions resulting in a sequence of tables, If we read tThese
tables in the dusl way we find that in fact we hsve at the same
time performed a number of pivoting operations for the dual
problem; the final table of both problems being the same. Siuce
+he final table of the primal problem satisfies both feasibility
and optimality conditions\xx), but these are the same conditions
for the dual problem, Which means that the final table repre-
sents an optimal solution also for the dual problem, Since the
values of the objective functions in both optimal solutilons

erec given by the same element d of the final table, it is cleaxr

W

() See llemcs H0Oos482
(=) The primal problem is assumed to heve no unbound solu-

tions, OSince an unbound solution for the primal means
that the dual problem has no feasible solutione
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52
that both optimal solutions have the same optimasl value for
Their objective functions,

The relation between the solutions of the primsl
end duel problems is given in the following table :

primal problen dual problem

unbound solution .. no feasible sclution

no feasible solutionw@=—=—— uynbound solubion

a finite optimal solution <e—sa finite optimal solution |

<same value for the objective
functions ) '

3 &

Table (44 ) The relstion between the soluitiocns of
‘ the primal and dual problemse

The relation between the values of the verisbles in the
optimal solutions of the primal and the dual problems can be seen
through the following considerationss

1) Comparing tables (9-a) and (9-b) of the primal and dual
problems we see that ¢
a) Corresponding to the independent variszbles

:Xl ) IC2 b} :eo 9 .K.jg o0 e 9 .!‘.-i;

2 |
of the primal problem, we have the dependent verigbles

\rl 9 T\[z ] [ -] 9 KJ-;j’ @ e w L) -‘JI('
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2)

=D

of the dual problem such that

Kj corresponds to (or is dual to) Yj (19-3)

ipsee they are written in the same place in both table

k) Simelarly, the dependent varisbles of the primal problem

L ¢ T2 0 eve » T3 s coe v Iy
correspond to the independent variébles ot
Up 5 Uy 5 coe 5 Uy 5 cee 5 Uy

of the dual problem such that

y; corresponds to (or is dual to) uy (19-b)

ise, they are written in the same place in both tebles
The effect of a pivoting operetion with a pivot element

aij in both tebles is to exchange the veriable Xj with
Vi in the primal table, and at the same time the variebles
V., end u. in the dual teble ere exchanged, The correspondce cc

relations (lY—a,b) are thus conserved efter any pivoting
operation.

Consider now the teble of the optimal solution of the primal
problem, which is an optimal table of the dual probleme Since
this table is obtained by performing a finite number of
pivoting operations on the table (9-a) or (9-b), therefore
the correspondence relations (19-@,b) between tl.e variables
of the primal and dusl problems ere still satisfiede
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Accerding to the rules of reading the optimal solutions of
both problems from this optimal table, we get the following
relation between the values of the variables in the optimel

solutions

X; = 0 e v 0 W/

x _ e ) 0

iy = 0 —emmeip Loyl O (20)
s 0

Ty & 0 oendesudi (=)

. _ >

1 = 0 = > Ty 4= 0

These relatiod® can be stated in the form of the
following important theorem, which is the connecting link . & ...
between the primal and dual problem§.

Theorem & g -

The variables which assume valuses grester than zero in
the optimel solution of the primal problem awme the dusal
varisbles tc the varisbles with zero values in the optimal
solution of the dual problem. B

10s - The compact dual method of solution

ST TN

 ——

We have seen that the method discussed in section 2,3,4
cen be zpplied t0 any linear program with inequality constraints
if +the initial current solution is feasible, In section 9
we have seen that according to the duality theorem the ——
optimal solution of a given problem can be obtained (using
theorem 4) if the optimal solution of the dual problem is
known. Using these facts we are able to solve any linear
program if it happens that the initial solution of the dual

#) The equalify sings in equations (20) are valid only in the
case of degenerated solution,
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problem (corresponding to the initiel currents solution of the
primel) is feasible; i.ee if the initial solution of the primal
problem satisfies the optimality condition (but not the feasib-
ility condition)e

We can thus start solving the dual problem untill one
of the following situations is ecountered

1) The dual problem has an unbound solution; then we know
according to theorema lb that the primal problem has no

feasible solution,

2) The dual problem has an optimal solution; then we know
according to the dusality theorem that the primel problem
has an optimal solution which cen be obtained by using
the rules (20) according to theorem 44 y

However, since we are not interested in the current
solutions and the optimal solution of the dual problem, we
shall always read the table in the primal way (9-a), keeping
in mind while we choose the pivot element that we are in fact
solving the dual problem (9-b)s If we are to do this, then
the following rules for choosing the pivot element must be

used

1) Choice of pivot row

Choose the row with the most_ negeative constant term

b,]:f': b; . for all i (21)

If all bi 2 O then the current solution is optimals,

2) Choice of pivot column.

In the pivot row determine the elements
2y > 0 (22-2a)
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For tlhese elements calculate the characteristic quotients

B =8y 7 Mg (3]
The column j corresponding to the smallest charecteristic
quotient is then chosen as pivot column
Qy T

= J

= : (22=c)

for all j according to (22-b)

The pivoting operation is then performed according to the

This method will be called the compact dual method of
‘solution, ZProblems of the type of the nutrition problem can

élways be solved by using this method.

An example 3

Using the compact dual method of solution for solving
the nutrition problem which we have already solved by using
the dual method of solution for the standard simplex method
(see section 11 of lLiemo. No4fjon "The basic principles of
linear programming").

" The problem has been expressen in the standard form

with inequality constraints:
Minimize
Z = 5% + 2%, (23-~a)

Subject to the inequalities

= 3X;, + X%, -820

= (23-b)
X, = X +2%, -1220
X, = 3% +2%, =B 20
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which can be written in the compact table (1l2-a). After two
pivoting operations (12-b),(12-¢c) the following optimal solutiozn

is obtained :

solution K5

(24)

+«— Divot row

“= pivot row

Z = 1502
and Xl = X2 5 5.6
5 X 1
2 0
Step O X; 5 . x
1 -12
Table Xﬁ <:>
(12-a) L5 3 2 -6
Qs 5 1
\,' '
Xl X4 \1
4 4 12
é K L = =D
Step 1 “3 ce) 05 | =2
Table ¥ X? 05 05 &
(12-b)
X 2 1 G
% 1.6 2
X} X4 1
1.6 0e2 [15.2
Step 2 Xl Ot =02 0.8
Teble (12--c¢) ;
The optimel X5 =02 0.0 566
k. ¢ 0.8 0.6 7.6
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1l.

1)

2)

3)

Excersises

Prove the following " uniqueness condition " for an optimal

selution s

An optimal solution is unique if the coefficients of
the objective function are all greater than zero

iqeo CJ- > 0 for all jo

Consider the following rule for chcosing the pivot columns

For each column j with cj=< 0 choose a prospective

pivot element F (according to the rule (10) of section 4)

then calculate the improvement (decrease) in the value of

the objective function if the pivoting operation is to be
performed with this pivot element; as a final pivet element
choose the one which would give the maximum improvement in
the objective function.

a) How many more operations are required by this rule in
comparison with the rule (8) of sectiocn 4.

b) Does this rule guarantee a minimum nunber of pivoting
steps to be performed untill the optimal solution 1is
reached?

¢c) Does the rule (8) guarantee a miniuum number of
piveting operations?

(Construct graphical examples to support your arguments)

a) Prove the following method for reducing the sige of
the table during the algorithm 3

If a row in the:table has no negative elements then
this row can be cancellede
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&)

5)

6)

7)

b)
c)

a)

=39

What is the geometrical interpretation of this rule?’
Solve the example of section 5, using this rule; how

much computation time hes been saved?

Why is it not practical to use this rule for computer
programs?

Is the rule usefull for problem solved by hand
calculation?

What is the geometrical interpretation of the special
situations of the .algorithm discussed in section,?.

For the example of a non-unique optimal solution in
section 7 (table 6 a) write down a representation for
all optimal solutions.

Determine all optimal solutions of the following
Program and represent thew graphically.

B % °
= 1 -3 2"
X2= ; 3 -2 4
X 5™ 1 -3 9
X,= 1 1 1

If the primel problem has a non-unique optimal solution
what can be said about the optimal solutions of the
dual problem?
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12,

The comguter PLopram

The general sequence of the different operations in the
algorithm is given by the following bleck diagram. The
details of each part is given in the flow chart. The
FORTRAN program oif the algorithm (at the end of this section)
has been tested on the 1620 in the Operations Research Center
of the Institute of National Planning.

The rollowing symbols have are used in the flow chart
and in the FORTRAN progran; they have the following meaning:
K, N : Lthe number of inegualities and the_nqmber of

independent variables respectively.'

M1 s Ml = M+l = the total number of rows in the table.

N1 : N1 = N+1 = the total number of'columns in the
_table.

MN1 ¢ LN1 = Li+N+1l = the total number of variables

(including the objective function Xl).

A(I,J) ¢ is tvihe eleument of the table 2, which lies in tThe
row I and in the column J,
The row number 1 is the row of the'objective function,
snd the column nuanber N1 is the column of tae
constant terms.

IXROW(I): Indicates the variable which is written in the row 1.

IXCOL(J): Indicates the variable which is writven in the
column Je
At the beginning of the algorithm we have the table
2, S0 that the values of
IXROW(I) = I (i.e. it represents the variable XI)
for I = 1,2, ese, Wl
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ITER

X(I)

<o

oo

Co

LXCUL(J) = wl+d (leee it repros:acg Ghs
variable XM1+J)

The number of iterations (i.e. the number of the
pivoting operations) performed.

The pivot row
The pivot column

The smallest absolute value of the coarzchteristic
quotients

The value of the variable Xi in Hhe optimal
solutions the optimal wvalue of the cbjsctive
function will be thus

Xl = X(1).
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Flow Chart

INPUT
OF DATA

-

Definition ~
of IXROW
and IXCOL

IEROI(T) = I

I
!
; Table 2,
|
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Choice of

Pivot Column

P Eg——
! Print:

|+ UNIQUE

| -~ OPTIAL

‘ SOLUTION
R ——

§r T e et |

| Print: |

| NON UNLQUE § e e e
I OPTIwAL | | Print

| SOLUTTION i

f { s e ol

J+1 ’
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Choice of
Pivot row
Q = 10%°

A

kI__:_I-&-l )

Y
_/

B

Q = -A(I,NL)/A(T,
1P = 1

I =

|
| UNBOUND |

| SOLUTION (%)

s i i i S mm———


https://v3.camscanner.com/user/download

~4y7

rivoting step

'
A

C= —A(IP,J) s PIVINV
A(IP,J) = C

)

B

(x=
‘ : e /S

IA(I, 3 =4(J, D+CxA (I, IP) l (I=31)

o

no

ot
i
| =
,ty[\

L
[}
0]

H ey
I ]
ot Sl
i o
\_~
=
O
Y

- )

A(T, P)=ACT, )z £IVINY | (T= T+1 )

|
© = ot

IXR = IXROW (IP) . yes
IXCOL(JP) = IXR

e
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Program
termination:
Definition of X

IX = IXROW (I)
X(IX)=A(I, N1)

IX=IXCOL ( J) @-
X(IX) = 0.0 —

Printing of X
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THE FORTRAN PROGRAM

C SIMPLEX ALGORITHM
C COMPACT FORM

DIMENSION A(20,20), IXROW (20), IXCOL (20) , X (40)

100 READ 1, M, N,NPROB
1 FORMAT (2I3, I5)

Ml =M+ 1
N1l =1+ 1
MNl= LMl+ N

Do2Tr = 1, M
2 READ 3, (A(IyJ) , dJ=1, N1)
3 FORwAT (8F10.4)
DO 4 I =1, Ml
4 IXROW (I) =T
DO5 J=1 , N
5 IXCOL (J) = ML + J
PRINT 6, LPROB, M, N
6 FORMAT(///////I5//12HGIVEN TABLE ,/ 3Hm = ,I2, 3H U=,I2)

ITER = O

c PRINTING OF TABLE

1u PRINT 11, LTuR
11  #ORwAT (////17H ITERATION WUIBER, I4)
PRINT 12, (IXCcoL (J) , Jd=1, W)
12 TFORLAT (12X, 1HX,I2, 1HX,I2,12X,1nX,T2,1<X,1HX,I2)
DO 1% I=1, i
13 PRINT 14, LXROW (I), (A(I,Jd), d=1,-1)
14 FORMAT (24 £, I2,2H = ,(3X,B12.., ,%,B12.5,3X,812.5,3X,812.5))
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50

CHOICE OF PIVOT COLUNMN

E = 1.0

DO 21 J=1 , N

IF (A(L,Jd) - E) 20,21,21
E=A(1,9)

JdP = J

CONTINUE

IF (B..) 22, 42,44

PRINT 23, JP

FORMAT (20H PIVOT COLUMN JP = ,I2)

CHOIGE OF PIVOT ROW

Q = 1.0E + 90

DO 26 I=2, ML

IF (A(T,dP) 24, 26, 26

IF (Q+A (I,N1)/A(I,JdP)) 26, 26, 25
Q = -A (T,N1)/A(T, dP)

IPs 1

CONTINUE

IF (Q=l. OE+90) 27, 40, 40,

PRINT 28, IP

FORMAT (17H PIVOT ROW IP = , I2 // )

PRINT 41, ITER

FORMAT (17H UNBOUND SOLUTION, I12)
IX = IXCOL (JP)

PRINT 46, IX

GO TO 49

PRINT 43, ITER

FORMAT (28H OPTI.AL SOLTUION NON-UNIQUE, T12)
GO TO 47

PRINT 45, ITER

FORMAT (17H OPTIMAL SOLUTION,I12)
FORMAT (2H X, I2, 11H = INFINITY)
GO TO 47
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30

31

32

49

48

49

50
51

52

51w

PIVOT STEP
PIVINV = 1.0/A(IP, JP)
A(IP,JdP) = 0,0

DO 31 J=1, N1

C = -A(IP, J) % PIVINV

AP, I =C

DO 31 I=1, Ml )

AC(I,d = A (I,Jd) + C¥a (I,dP)
CONTILUE

DO 32 I = 1, ML

A(T, dP)=A(T, JP) % PIVINV

A(TP , JP) = PIVINV

IXR = IXROW (IP)

IXROW (IP) = IXCOL (JP)

IXCOL (JP) - IR

ITER = I'#i+1

GO TO 1w

PROGRAM TERMINATION

DO 48 I = 1, 111

IX = IXROW (I)

X (IX) = A (I,N1)

DO 49 J = 1,N

IX = 1XCOL (J)

X (IX) = 0.0

DO 50I =1, MN1

PRIIT 51, T, X(I)

FORMAT (2H X, I2, 2H = , El5. 4)
GO TO 100

END
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