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THE CLASSICAL

TRANSPORTATION PROBLEM

Consider the following linear Programming Problewm:

m n
Minimize = = Cij Xij 3 . BUAL
i=1 J=1 VARIABRLES
S.t > A,

i=l

n
Z Xla = Ql Ui

j::l

The following condition has to exist in order to main-

tain the feasibility of this problem:

i n
e 9 = = Dj
=1 =1
This conditien renders the system of equatiens in PTP
dependent since the sum ef the first m equatiens exactly

equals the sum ef the remaining n equatiens. It can be pre-

_ ved that the rank ef the system is exactly(m+n-1l) and hence



any equatien may be called redundent and discarded. The

resulting system may be selved as an LP by using the Re-

vised Simplex Methed. However, the properties ef this sys-

tem make it possible te handle it in a much easier fashion.

It is eur purpese here to dememstrate WHY and HOW can this

be dene.

PROPERTIES OF THE CLASSICAL RRANSPORTATION PROBLEM:

We state, without proef,the following properties.

Preofs are feund in gnyrtextbeek on the subject:

1)

2)

The subsystem resulting by the exclusion of any redum-
dent equatien from the original system will contain an
equatien in exactly one basic variable.

FUNDAMENTAL THEORTEM.OF TRANSPORTATION PROBLEM: The.
subsystem has the property that every basis is trian-
gular.,

In general, a séuare system is said to be TRIAN-
GULAR if upen suitable rearrangement if its rows and
its variables, all coefficients belew the diagonal
are zere and all coefficients on the diagonal are non-
zere, 1If, in_addition, only the diagenal coefficients

are nen-zere, it is called DIAGONAL.



3) Frem the definitien of basis triangularity, we imme-
diately conclude that:

as> The subsystem will contain at least ene equatien
having exactly ene variable which can be imme-

diately evaluated.

. b= Since. there are ONLY(m+n-=l) basic variables,
then. assuming that. all nen-basic.variables are
arbitrarily given the value.zero, there remains
(m+n-1) equatien in(m+n-1l) unknown. One of these
unknowns is determined as in stean} and it is
substltuted in the remaiﬁlﬁé equatlons, se there
will again be at least one equatien with ene
variable, and se forth until all the.variables
are known and the basic selutien is obtain.

This is why the FUNDAMENTAL THEOREM IS OF CRU-

CIAL VALUE. It alse follew from(a) and(b) that:

c— All basic .variables take INTEGER VALUES if the
roew and column tetals are integers.

The above proPerties give the intuitive féeling}that
there may be a way of obtaining a BASIC SOLUTI@N_Qf_the
transpertatien problem by utilizing the above characteris-
tics which are not necessarily present in a general LP con-;

straints set. We investigate this possibility next.



HOW TO FIND A BASIC FEASIBLE SOLUTTON?

Suppese we are given a problem whese data is display-

ed in table 1 and we trace the following steps:

5
5 7 10 5 3
8 6 12 4 i
10 9 10| 15 10~
3 5 10 5 5

1) Censider the gheapegt_gntry in row p(with ties bro-

ken on a first in basis), assume it is(p,r). Then

put Xpr

Xpr =

min (Q;, Dj)
then we have either of_5 cases: |
i) Q4 < Dy ., thgn p'u.t Qi;o? Dj:=(Dj—Qi) anq delg*ge i

Q;=0, D, =0 and delete i OR )

ii) Qi = DJ- 9 " " a

iii) Ql > D‘_j ’ ” " D,j:O’ Qi;:(Qi - Dj) and
delete Jj.



2) Check whether rew p has been deleted, if so meve to the
next rew, otherwise repeat step(l), eventually we will
get te the situatien where ene row and one column re-—
main. At this stage both eof them are drepped after the

last Variable has been evaluated.

It is ebvious that this process will select as mny varia-
bles fer_the»basic\set as there are rews plus celumns, less
ene, since en the last step when ene row and one ¢olumn re-

main they are drepped tegether. Thus we have evaluated

m+n-1 variables in this process. The fellowing remarks could

be proved as theerems:

1) Every reduced array rgtains»the.property that its row
tetals are edual to its column totals. So the last re-
maining variable can acéuire a value consistent with
the totals for the single row and column still remain=-

ing in the final reduced array.

2) The variables chosen by the rule for the initial solu-
tien constitute a basic set since their values satisfy
all the m+4n equatiens and are given UNIQUELY as linear

cembinations of any(m+n-1) of the m+n marginals Ql"“’

Qus Dyseces D, .



HOW TO IMPROVE, IF POSSIBLE, THE INITTAL FEASIBLE SOLUTION?

In order to investigate this, let us define the follew-

ing preblem:

Maximize " = % Q: U, + nZ D, V ’ DUAL
\ i i ' d "3 VARTIABLES
i=1l J=1
Subject te: U. . & s .
ubje i+ VJ~\ ClJ DTP Xij
Ui+ Vs are unrestricted

Clearly, th?g_;s_tbe_pgal of the_sﬁanda:d form of the

classical transportation_preblem, Let us assume that a

selution te thevDTP is”known, thus_the vectors u,v and the

matrix X are known.r From the Primal. Dual we known that

the following is true:

1) If U,V satisfy the constriants of the dual, then X is

e

an eptimal solution and normore improvements are possi=

ble.

2) If U,V do not satiéfy;all the constraints, this means

that the current_solupion(U,V) is an infeasible selu-

tion to the dual, hence the solution of the primal has
to be updated somehow to eliminate such an infeasibili-

ty before it becomes a candidate for optimality. Thus,



in fact the P-D(Primal-Dual) relations previde us with

an eptimality criterien., This, however, requires the

calculationvof(U,V) corresponding te X. Had the Simp-
lex Methed(sr_ene_of its variants :) been used, then the
methed of‘calculating(U,V)'wguld_nave pesed no ques—

tions., .Heweyen)”nene_we de net use the Simplex Method,

se hew can we calculate U,V?

CAICULATION OF THE DUAL, VARTABLES:

Here we benefit fnom'two critenia in establishing a

quick methed for calculating the dual variables, they are:
a) Basis Triangularity

b) P-D Relations (AGAIN ?1!!)

In fact the way these criteria interact in the pre-

sent coentext is very elegent. Let us see hew we proceed

Firstly recall that anly(m+nfl)}ef the Xiﬁ's are in the .
basis and are generally(i.e.un}ess degeneracy
eccurs) non-zere. From the P-D relations we
knew that for each of these X's the correspond-

ing inequality is autematically satisfied as an

equality.



“» m+n-1 of the inequalities U;+ Vj < Cij are in fact
equalities and their i's and j's are known. Thesse
equalities form an independent set of equations
since they correspond to the elements of a basic

feasible seolution .

Secondly The number of u's and v's involved in this system
is(m+n), but since there are only(m+n-1) independ-

ent equations, one eof these variables can take any

arbitrary value(say ZERO for simplicity).

Se, We know which eéuglties»fqrm the set, we choose one of
the variables and assign the value zero to it,»and
we are left With(m+n-1)»¢éuations in(m+n—l) un-—
knewns, We can thus calculate the elements of u

and v,

ONCE u and v ARE KNOWN:

We substitute the appropriate values in the residual
set of inequalities [Which had remained when the(m+n-1)
equalties were taken out of the original set]_and if all
the inequalties are satisfied, this means that W,v is é
FEASIBLE SOLUTION TO THE DUAL and thus X is OPTIIMI.,éther;
wise,this INFEASIBILITY HAS TO BE REMOVED and so X can nét



fa.

be.considered as a condidate for optimality, in terms of the

dual problem, }et.

An interesting question emerges:

De we really have toe selve(m+n-1) equations in(m+n-1)

unknowns in the usual maner(inversion, elimination,...etc.)

te get the values of the dual variables?

- The answer to this questien is(FORRUNATELY) NO ., THE
P-D RELATIONS relieve such burden as we new show,

NOTICE that the resulting system in the PP is the

J
know that the fermer system has certain properties which

dual of the system{u_i-;- vi= Gy ¥iy3 IXij is basic}. We

allow its va:iables tp be»galculated by repetitive scann-
ing., One would expect that the variables in the latter
system can be alse calculated by'repetitive scanning. This
is in fact true apd_all_the(m+n—l) dual variables are cal-

culated by repetitive scanning.

HOW TO IMPROVE AN EXISTING SOLUTION:

Since we are concerned with the violated inequalties
in the dual problem, it seems appropriate to choose one of

them(Unfortunately we cannet cheese more than ene at a



- 10 -

time, CAN YOU SHOW WHY?) and change X so that this inequa-
lty is not any longer vieolated. A non-ambiguous way of de-
ing so is by forcing it te be a strict equalty. Again from
the P-D relations this is achived by cheesing the Xij corregs-—

ponding to this inequalty and entering it in the basis.

HOW TO ENTER Xi'

; IN THE BASIS?

N

Once it is decided which mon-basic variable should be
entered inte the basis, it is eur main concern that this

shoeuld be done WITHOUT UPSETTING THE FEASIBILITY OF THE
PRIMAL,

choosing the pivot Tow Which has the apprpppiatg_quqtignt.

However here we de not use the Simplex Method, so how can

we achieve the same purpose?

THE NOTION OF BASIS TOOP AND ITS USE IN UPDATING THE BASIC

SOLUTION:

In order to update the basic solution, we benefit from
the special structure of the transportation problem. For
examplg, we Kknow that if a certain quantity is introduced

in cell(i,Jj), then the same quantity has to be subtracted



from a basic cell(i.e. a cell containing a basic variable)

in row i and another cell in column j to balance the availa-
bility of souwrce i and the demands of destination Jj. However,
these latter changes will result in upsetting some other
availabilities and demands and we find that in fact a CHAIN
of changes is necessary. By the time all the necessary chan-
ges are made, we find»ou:selves baqk in either row i or col-
umn j. I.E. we have traced a LOOP, during which we made

sequential changes in some BASIC CELLS until the overall ba-

lance is retained.

Obvﬁnsly these changes are in the form of an adition
or a subtraction of the same quantity intended for the en-

try in cell(i,j). So, if we want to maintein the primal

feagibility, we have to make sure that this quantity is

chésen such that when it is subtracted from the basic cells

in the loop, mome of the remaining ewmtries becomes nega-

tive(remember that a negative entry upssts the primal fea-
sibility).

As expected, this_process simulates the pivoting ope-
ratien when performed on the the special structure of the
transportation problem. Charnes and Cooper have shown how

this correspondance is established by mathematical manipu-
lations.
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A PROGRAM FOR THE SOLUTION OF THE TRANSPORTATION PROBLIM BY
THE MOD1 METHOD
A R R R R R R PR P IR R PR R R R R SRR R L L R R S
DIMENSION IORIG(LO)oIDEST(10),ICOST(10,10)4JBAS(L0,10)
DIMENSION KORIG(10)yKDEST(10) :
R S R A S AR S R A AR U A O S U S AN S S S S U S AR A i R AU SR AR SR A S S A S SRR AR SR R S

*READ PROBLEM NUMBER , NUMBER OF ORIGINS y NUMBER OF DESTINATIONS
**AND THE CONTINUATION PARAMETER
5 READ(2y1)NUMyNORIG,NDEST,MORE
READ THE COST MATRIX
DO 10 I=1,NORIG
10 READ(2,1)(ICOST(I4J)yJ=1,NDEST)
READ AVATLABILITIES AND DEMANDS
READ(2,1)(IORIG( I),I=1,NORIG)
READ(2,1)(IDEST( J)yJ=1,NDEST)

DO 20 J=1,NDEST

20 KDEST(J)=IDEST(J)
DO 30 I=1,NORIG
KORIG(IN=IORIG(I)
DO 30 J=1,NDEST

30 JBAS(I,J)=0

KEY=2
R R R R R R R R R R R T R R R R R R R

FIND AN INITIAL FEASIBLE SOLUTION AND/OR CHECK OPTIMALITY

" 35 CALL HADY(NORIG,NDEST,ICOST,IORIGy IDESTyK1yNROWLsNCOLLyJBAS,KEY)

f#ff*fff+f++fff++++f+++f+++*++++++++++++++++++++++++++++++++++if++++

UPDATE THE CURRENT SOLUTICN OR TERMINATE IF IT IS OPTIMAL
GO TO(36,38),4KEY -

36 CALL GERY(NORIG,NDEST,ICOST,IORIGy IDEST,K1yNROWLyNCOLLyJBAS,KEY)

P e e R R R R R T R R R R R R R R R R B R R S e &
TERMINATE IN CASE OF INTERNAL ERROR IN GERY , OTHERWISE CHECK

OPT IMALITY
GO TO(35,60) 4KEY

SUBTRACT K1 FROM ALL BASIC VARIABLES (CHECK THe REASON FOR DOING SN
IN HADY)
38 DO 39 I=1,NORIG
DO 39 J=1,NDEST
IF(JBAS(I,J))39,39,37



'saks

¢

———
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37 JBAS(I,J)=JBAS(I,J)=Kl
39 CONTINUE

PRINT FINAL RESULTS IN CASF THERE 1S A FINAL SOLUTION
WRITE(3,6)NUM
DO 50 I=1,NORIG ‘ )

50 WRITE(341)(JBAS(I+J)oJ=1yNDEST) 4KORIG(I)

T O WRITE(3,1)(KDEST( J) J=1,NDEST) . -

~ 60 TFIMORE)100,100,5

100 CALL EXIT

1 FORMAT(10X,1215)
& FORMAT (1H1, "RESULTS FOR PROBLEM NOl.',I57)
AR SRS & L

FN




Do CO

aNe]

T = 1 -

A koK oD 2 oK 3o W 20 A O o 0 0 A R D R R A N ORI R R R KRR e
A SUBROUTINE TO FIND AN INITIAL SOLUT}ON OF A TRANSPORTATION PROBLEM

USING THE METHOD OF ROW MINIMA

APPLICABLE TU DEGENRATE CASES BUT NOT TO UNBALANCED OUNES

ALL X'S HAVE TO BE UPDATED BY SUBTRACTING K1
N T T R R R P R R R Ry

SUBROUTINE HADY(NORIGyNCEST,ICOSTy IORIGy IDESTyK1sNROWL,NCOLL,JBAS,
*KEY)

P —————————— A ettt ettt

DIMENSION IU(CLC)IV(L0),JBAS(1C,10),I0RIG(LO),IDEST(10O)
DIMENSION ICOST(10,10),IUL(10),1IVL(10)
S L S R R R R R R R e g e R

GO TO(3204+5) sKEY
INITIALIZE
5 K1=3000
NDST1=NDEST
NCRGL=NGCRIG
NCOL=1
NROW=1
ISAV=Kl
DO 140 J=1,NDEST

140

FROM HERE UNTIL JUST BEFORE 320

150
lée0

180
160

200
210

23C

IviJi=1

IFCICOST(NROW,NCOL)-ISAV)1804160,160
NCOL=NCOL+1 '

IF(NCOL-NDEST) 150,150,200
IFCIVI(NCOL)-1)1604190,160
1SAV=ICOST(NROW,NCOL)

NCOL1=NCOL

GC TO 160

IF(IORIG(NROW)-IDEST(NCOLL))210,230,310
ISET=I0ORIG(NROW)+K1

JBAS(NRCW,NCOL1)=ISET

IDEST(NCOLL)=IDEST(NCOL1)-IORIG(NROW)
G0 Td 250

ISET=I0KIG(NROW) +K1
JBAS (NROWsNCOL L )=ISET

IV(NCOL1)=0

MAKE NECESSARY AKRANGEMENTS FOR DEGENERACY

NCOL=1
ISAV=K1

IF (NROW-NORIG)2404320,320

THE VARIABLES ARE ALLOCATED



NOCOHSOO0O

e 1w

240 IF(ICOSTINROW:NCOL) =18SAV) 280270 2TV
250 TFCIVINCOL)I=1)2T0,280,270
260 TSAV=ICOSTINROWNCOL)
NCOL L =NCOL
270 NCOL=NCOL +1
[EINCOL=NDEST) 240,240,280

280 JBAS(NRUW,NCOL L) =K1

290 NROW=NROW® 1 \
TFINROW=NORIG) 300,300,320

300 NCOL=1
[Sav=K1
GO T0 150

310 ISET=IDEST(NCOL 1)K
JBAS (NROWNCOL L) =ISET

IORIGINROW) =TORIGINROW)=TIDEST(NCOLL)
IVINCOLL) =0
GO TO 300
L 2 R R A R R R S R R R R R R R R R R R
START CALCULATING THE DUAL VARIABLES
A) INITIALIZE AS FOLLOWS
* SET ALL DUAL VARIABLES IU & IV EQUAL TO ZBRQ
* FALG ALL DUAL VARIABLES, IULE&E IV1 AREF SET EQUAL TO ZtRO
320 DO 330 I=1,NORIG
IulCI)=0
330 Iul(l)=0
DO 340 J=1,NDEST
IviJ)=0
34C Ivli(J)=0
UNFLAG THE FIRST ROW
Ivi(li=1
NROW=1
NCOL=1
B) FROM HERE UNTIL JUST BEFORE 540 THE RUMAINING QUAL vaslaslos ar.
DETERMINED BY REPETITIVE SCANNING
360 IF(JBASI(NROWyNCOL)=-KL1)380,370,370
37C IVINCOL)=ICOST(NROW,NCCL)=ITU(NROW)
* UNFLAG COLUMN NCOL
IVL(NCOL)=1
38C NCOL=NCOL+1
IFI(NCOL-NDEST) 360,360,400
400 NROW=NROW*+1
IF(NROW=NORIG) 420,420,500
420 IF({IUL(NRDW)=-1)430,4C0,430
430 NCuL=1



-1

440 TF(JBAS(NROW,NCOL)=KL)4504470,470
50 NCOL=NCOL¢1
[F(NCOL=NDESY) 440,440,400
470 IF(IVLINCOL))480,450,480
480 LU(NROWI=TCOST (NROW¢NCOLDI=IVINCUL )
C * UNFLAG ROW NROW
[UL(NROW) =1

NCOL=1
GO TO 360
C * CHECK WHETHER ANY ROWS ARE STILL FLAGGED , IF SO RETURN T0O 430 ,
C OTHERWISE GO TO 540
500 NROW=1

510 IFUIUL(NROW))520,430,520
520 NROW=NROW+1 ’
- TF(NROW-NORIG)510,510,540 ' ey _ S S o
C AR AR S i A
- C CHECK OPTIMALITY OF THE CURRENT SOLUTION

540 ISAV=0
NRQOW=1
T 550 NCOL=1
560 IF(JBAS(NRON;NCOL) K1)62015700570
570 NCOL=NCOL+1
IF(NCOL- NDEST)560 560,590
590 NROW=NROW+1 \
[F(NROW-NORIG)550,550,610
610 IF(ISAV)700,800,700 ,
620 IS1=IU(NROW)+IV(NCOL)=~ICOST(NROW, NCOL)
T IF(IS1-1SAV)S570,570,640

640 1SAV=1S1

T C

NROWL=NROW e v B

NCCL1=NCOL

GO TO 570 : . e
[ T T T Ly L L L L L L L T o o o B a ar R A R S A A e A R S £ 2 R A
C CURRENT SOLUTION IS NON OPTIMAL
T — ]

700 KEY=1
- RETURN )
C R e R R R R SRR R R R R R R TR L R R R R e
¢ CURRENT SOLUTION IS OPTIMAL
( =emmcccccccccm e e e m e e e e — e e e ————————————————— e
800 KEY=2
RETURN
c
C R AR TR R TSR AR R TR R T TR R T L LR D PR DN P P P

END
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A SUBROUTINE TO IDENTIFY RASIS LOOP AND UPDATE ITS ENTRIFS ’
L R R R YRR R R R R R TR R TR T R A S o P
SUBROUTINE GERVINORIGyNDEST,ICOSTHIORIGyIDESTyKLyNROWL ,NCOLLsJBAS
YKEY)
DIMENSTON TCOSTU10,10) 3 JBASCL10,10),10RIG(EL10),IDESTLLO)
DIMENS TON INET(040) ,INETL(10),INET2(10)
R O S SRR A R AN N AR S AR A N MR N O N O T A N R SR SR A AP SR R AR R A S R SR AR SRR
A) INITIALZE
* SET K2 «GEe (10%K1)
K2=30000
K=NUORTG+NDEST
K=2%K
00 20 I=1,K
20 INET(I)=0
#* THUS THE SIZ2E OF ARRAY INET oFQe 2% (NORIG®NDEST) #=#
DO 40 I=1,NORIG
&0 INETI(I)=0
DO o0 I=1,NDEST
60 INET2(T)=0

0000000000000#00#000*0*#*ffff#*+#++ff§++++++++++++++f+§f#++#+i++++f+

" B) START SEARCHING FOR THE BASIS LOOP
*% FROM HERE UNTIL JUST BEFORE 900 OUR MAIN TASKS ARE
1) RECOGNIZING EACH ELEMENT OF LOOP AND PUTTING ITS ROW AND
COLUMN NUMBERS IN TWO ADJACENT LOCATIONS OF ARRAY INET
2) DETECT ANY UNEXPECTED ERRORS
I=1
INET(])=NROW1
Il=]+1
INET(ILl)=NCOLL
NROW=NROW1
NCOL=1
I=]1+2
100 IF(JBAS(NROW,NCOL)-K1)160,120,120
120 IF(NCOL=-NCOL1)140,160C,140
140 INET(]I)=NROW
Il=1+1
INET(I1)=NCOL
I=1¢2
GO TO 220



e B o

T7160 NCOL=NCOL+1
e IFINCOL-NDEST) 100,100,200
200 1=1 g
€ %) NO BASIS ELEMENT IN THE ROW OF THE ENTERING 5 ERROR TYPE 1
WRITET3,1)1,NROWL,NCOLT

KEY=2
._,_C - - - P— - pe— — —— A — -
o . RETURN
(o L A N A o A A O A A A N W B o S O P S S W I R A I B S R i W R R R
220 INETZ(NCOL) 1
~ NROW=1 B N - -

240 IF(JBAS(NROW,NCOL)-K1) 260,380,380
T 260 NROW=NROW®I R
________IF(NROW-NORIG)240,240,3C0
300 1=1-2 s M et
IF(11360,360,340

ey 340 NROW=INETI(I) -

I1=I+1
e U NCOLCEINET(IDY
_ INET2(NCOL)=0
€ s -
f[Ga To 520
C *) THERE IS NO BASIS LCLOP
360 I=2
. :
_WRITE(3,2)1,NROWL,NCOLL _
KEY=2
C
—  © T RETURN
(o 22222222222 a2 R S R AL B R R X B 2 L2 B 2 22 T 3 LR T E T TR R R R R R R R R R R R R R R R R
380 I2=1-2

IF(NROW=-INET(I2))4GC,260,400
400 IF(INETL(NROW)) 300,420,300
420 INET(I )=NROW
0 TI=T+1 N
INET(I1)=NCOL
= T r=l42
IF(NROW-NROW1) 480,460,480
460 I=1-2
GO TO 3¢cC
480 INETL(NROW)=1
NCOL=1
500 IF(JBASINROW, NCOL)-KI)520.56O 560
520 NCOL=NCOL+1
IF(NCOL-NDEST) 500,500,640
560 I1=I-1
~ TF(NCOL-INET(I1))580,520,580
58C IFUINET2(NCOL))640,600,64C
600 TNETUTI)=NROW
Il=1+1




~  INET(Il)=NCOL

i=1+2

T U E(NCOLNEOUT ) 220,700, 220

640 1=1-2

TF(11360,360,880
680 NROW=INET(I)

TI=1+1 - ) e —
NCOL=INET(I1)

INET1(NROW)=0

700 1=3

~C *) CALCULATE THE MINIMUM ENTRY IN BASIS LOCP

ISAV=K2
720 NROW=INET(T) R |

I1=1+1

NCOL=INET(I1)

IFUJBAS(NROW,NCOL)-ISAV)760,780,780

T 760 TSAV=JBAS(NROW,NCOL )

NROW2=NROW

T T TNCoL2=NCOL

C

oo Aan

780 IF(NCOL-NCOL1)800,860,800
800 I=1+4 N -
IF(1I-K)720,720,840
C %) YHE BASIS LOOP HAS MORE ENTRIES THAN THER ARE IN THE BASIS

C

(@ ERROR TYPE 3
T840 I=3
o WRITE(343)14NROWL,NCOL1
‘ KEY=2
C
RETURN ,
C ++i}++++++++++++++f++++++++++++++++++++++++++++#+++f+f§++§++++++++++
860 IF(ISAV-K2)900,880,880 4
¢ %) THERE IS NO ELEMENT IN THE BASIS LOOP oLT. K2, ERROR TYPE 4
880 I=4
WRITE(3,4)1,NROWL,NCOLL
KEY=2
C
RETURN
+++f+0f++++#+++++*+++++++++++++++++§+++++++++f+++++0+fi+f++++§f+&+++
C) NOW THE LOCATIONS OF ALL ELEMENTS IN THE BASIS ARE SEQUENTIALLY
ARRANGED (PAIRWISE) IN ARRAY INET AND ISAV CONTAINS THE MINIMUM
ENTRY IN THE LOOP , SO WE CAN UPDATE THE BASIC SOLUTION BY
SUCCESSIVE ADDITIGNS AND SUBTRACTIONS FROM THE ELEMENTS OF THE
BASIS LOOP :
900 J=-1

NROW=INET(1) P e i -




920

9695
- %80

C
1000

C
1020

oo

1c8c
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NCCL=INET(2)
JBAS(NROWyNCCL) =ISAV
[SAV=ISAV=K1

I=3

NROW=INET(1)

I1=1+1

NCOL=INCT(I1)
IF(NROW-NROW2)1000,960, 1000
IF(NCOL=NCOL2)100C,980,10C0
JBAS{NROW,NCOL ) =0

GC TO 1020

ISET=JBAS (NROW,NCOL )+ J* ISAV
JBAS (NROWyNCOL ) =ISCT

J=-J

I=1+2
IF(NCOL-NCOL1)920,1080,920

KEY=1

RETURN

AR R L R SR R R R A S S S G AP
NOW THAT THE NEW BASIC SOLUTION HAS BEEN OBTAINED , SET KLY
ENABLE HADY TO CHECK OPTIMALITY

———— —————— o ——— ————— o ——— — ———— ————— A T — ———— ] ——————————— > —————— -

=1 T0

1 FORMAT(10X,'ERROR TYPt 1°/15X,'NO BASIS ELEMENT IN ROW WHICH CONTA

*INS ENTERING ELEMENT IN AN ITERATION *,313)

2 FORMAT(LOX,'ERROR TYPE 2'/15X,"THERE IS NO BASIA LOOP',313)
3 FORMAT(10X,*'ERROR TYPE 3'/15X,'THE BASIS LOOP HAS MOREF LCLEMENTS TH

*xAN THERE ARE IN THE BASIS',313)

4 FORMAT (10X,"ERROR TYPE 4'/ 15X, 'THERE IS NO ELEMENT IN THE BASIS L
“*00P LESS THSN K2°,313) _

T Y T s 2R e SR TR R R R R R R R R R R L S Y

END
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A MANUAL TRACE OF DETERMING BASIS LOOP AND O
BY 'GERY', GIVEN A CURRENT BF SOLUTION

3004

3003

7 NETl= Q 1

@5005

®3008

11 NET1= Q1

D & 4001 3007 8 NET1l= O
I 6 9 v
NET2=0 NETZ:? mmz:‘?\ NET2=0
(L _ (2)
I=1 240 JBAS(1,3)< K1 — 260
INET(1)=3 260 NROW=2. < NORIG —» 240
I1=2 240 JBAS(2,3)7 K1 — 380
INET(2)=1 380 I2=Ie2=3 . |
NROW=3 {NROW-INET(3)3 =
NCOL=1 =2-3 i,e,-Ve —u 400
=3 . . 400 INET1(2)=0 - 420
100 JBAS(3,1) »Kl— 120 | 420 INET(5)=2
120 NCOL=NCOL1 =1 _, 160 - INET(6)=3
160 NCOL=2 I=7 |
NCOL < NDEST —» 100--["  NROW < NORIG - ' 480
100 JBAS(3,2) <Kl 160 | 480 INET1(2)=1
160 NCOL=3 ; NCOL=1 .
NCOLL NDEST _ 100 | 500 JBAS(2,1)< K1 —» 520
100 JBAS(3,3) »K1 - 120 | 520 NCOL=2
120 NCOL # NCOLl —, 140 NCOL < NDEST — —a 500
INET(3)=3 500 JBAS(2,2)»Kl _, 560
INET(4)=3 560 Il=6



o0

420

500
560

580
600

END

I::fﬂ\ \ -\—,
INET(3)=1
NROW=1

> -

(3)

INET(7)=2
INET(8)=2

I=9

NCOL # NCOL1l —
INET2(2)=1
NROW=1
JBAS(1,2) SK1 _,
I2=7 o
NROW-INET(7)=
=1=2 yi.@¢=Ve —»
INET(1)=0 p——
INET(9)=1
INET(10)=2

=11

NROW # NROW1l —
INET1(1l)=1
NCOL=1.

JBAS(1,1) SKI _,
I1=10
NCOL-INET(10)=
=1=2, l1.€.,-VE —n
INET2(1)=0 —_—

INET(11l)=1
INET(12)=1

I=13

NCOL=NCOL 1 —
OF BASIS LOOP TRACE
I=9%

-« 25 e

22Q

220

280

400
420

480

560

580
600

700

Ul
(93]
O

760

780

800

720

780

800

720

780
END

NCOL-INET(6)=
=203,i.e. -V e —_— 580
INET2(2)=0 — 600

()

ISAV=00 L -
NROW=INET(3)=3

I1=4

NCOL=INET(4)=3
JBAS(3,3) < ISAV —p 760
ISAV=JBAS(3,3)=1
NROW2=3

NCOL2=3

NCOL# NCOL 1 — 800
IT=T+4=7

ieE . —> 720
NROW=INET(7)=2
NCOL=INET(8)=2
JBAS(3,3) > ISAV —» 780

NCOL# NCOL1l — 800
I=T+4=11
IKK _ —» 720

NROW=INET(11l)=1

NCOL =.INET (12)=1
JBAS(1,1) »ISAV s, 780
NCOL=NCOL1 — 860
OF © CALCULATION
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TREATMENT OF SOME SPECIAL

CASES AS TRANSPORTAT ION PRO BLEMS

In erder to be able to selve a LP, with TP structure,
by the MOD! methed er any ether similar methed, the follow-

ing conditions are required to prevail:

1) Tetal Supply eéuals Tetal Demand

2) All entries in the cost matrix are feasible

%) Ne capacity restrictiens are impoesed en the flows or

any reutes,“w

Hewever, some situatiens may have a first hand formulation
which dees net comply_with_qne(or'more} of the above restri-
ctiens. In seme cases it may be possible to modify the for-
mulatien se as to_cemply with the conditiens as we investi-

gate in the sequal.

A) SUPPLY EXCEEDS DEMAND:

This case is easily remedied by adding a dummy desti-
. f ,
natien whese demand in given by = Z & B,
| iven by Myl = &) Qg 3=1 3
This dummy destinatien swallows the excess capacity in the

system., In order to complete the formulatien, we need to

calculate the cost entries in the resulting extra column
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(n+l). These costs are, physically, the costs of underu-—

tilizing the capacitiesgs at the corresponding sources and it

is up
1 p 3 1 DUBMY
A i2] & 7 8 0 700
BT L Il ] w
7-3 4 1L © 1200
300 200 90C 400 700

te the user to set it to whichever apprepriate figure;

figures can vary from seurce to source. It is obvious

that these figures govern the final solution to the pro-
blem., General}y,.it has.been_cqnvenient_to set all these
entries to zero, unless a better way of calculating them

exists,.

B) DEMAND EXCEEDS SUPPLY:
Generally, this case can also be remedied by adding
st , 4. : i
a dummy source whose capacity is given by Q ., = Zazl.Dj_

me Qi, The dummy source acts as a fictituous source
i=1 .

for supplying the demand which is in excess of the system's

capacity.



- 28 =

The cost entries in the additional row(m+l) are the pena-

lties for

1 2 3 "
A 12 6 o8 & “f ee0
3 | 121 31 1@ 5 | 200
e 21 o1 a t 112 | 700
puMMY | 2 Tl T [t {300

300 200 900 400

net supplying the customgpgwapd_it is up tqhthe_user to
cheose the appropriate figures for these entries,

C) DEMAND EXCEEDS SUPPLY WITH ADDITTIONAL RESTRICTIONS ON
SHORTAGE :

Suppese_that we meet.the above situation and we are
tqld that the costs of undersupplying the customers are
4,6,9 & 2. We a:eApequiredrtp wprk_out a.plapﬂin which ne
custemer is t;pdersuplied by more than 25% of its demand and

the overall cost is minimized.

The resulting formulation is displayed on the following
page. In this case we need n dummy sources, the capacity of

each is given by Qm+j = (0.25 = Dj)‘
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If, in the resulting formulation(in cases like this),

we have:
I 2 3 4 DUMMY
A 125,/ 200| 175, 4 i 500
¢ 11 3 10| 3905 ©0 : 0
c 100, o| 690 11 : 700
T 1 N B Sy
DUMMIES2 : i_____e_i_____l :r_ _590_:11 e
5 | 125|100 | 2
SR AN
300 200 900 400 150
’ m n n )
( le Q;+ 0.25 aii Dj) < 551 D. , it means

that the preblem does not have a feasible solution, i.e.
it is impessible to find a soelution in which the shor-
tage at any destination does noet exceed 25% of its demand.
B .
ﬂ&us, in general, we check whether zi:l Q% (1-p)x
2%21 5§<(where p is the upper bound on the shortage

allowed at any destination x)or not. If not, the above
— . m n
¥ In gemeral, the condition is 2, 4 Q77 25:1(1'pj> Dj,
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formulation does not have a feasible solution. Generally,
we need a dummy destination with capacity Dn+l given by:
' an i Z{l ,
n+l i=1 1 j=1 J
A suiSable cost arrangement is shown in the table together

with a feasible(BUT NOT NECESSARILY OPTIMUM) solution.

D) TREATMENT OF IMPOSSIBLE ROUTES:

Any infeasible spgpcefdestination combinatiqp_can
be represented by'anAent:y in the TP tableau with infinite
cost(KX).Thus the resulting problem can be_sglved as a
classical transpoptatiop problem, It is obvioqs that an
entry with infinite cost will not be present in the opti-
mum solution unless there is not a sipgle solution which
is tetter, which physically means that no feasible solu-
tien exists to the original problem. Sugh a solution is
easily recognized as it has an infinite costtresulting
from the entr; with infinitg cost). However, any such in-
feasibility is detected at termination rather than at the

end of what may be equivalent to PHASE I in IP.

From the computational point of view, it was found

conveinent to take K=10 % {I}la}’g ti,j ¥ Iax .(Qi,Dj)}and

1 . .
net necessarily oe. s ' - -
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The problem can be solved as an enlarged transporta-

tion problem, the construction of which is exhibited on
the previous page. We need n slack columus, each one
representing the sum of the slack capacities leading to
a destinatio&j « The capacity of colusun Sj is given
by 8y = fzi UBjy - Dy + Obviously, if any of the §,'s
is found to be negative, this means that the original problem
is infeasible. Notice the physical interpretation of a
negative Sj,

Notice that from a computational point of view, when-
ever any route (i’j> does not have any upper bound on the
shipments through it, it suffices to put the corresponding
UBij= max ( Qs Dj ) rather than oo,
EXERCISE: Solve the following problem once as a TP and once
as an LP .and compare.-.the CPU. times (solution times only, i.e.
no. compilation or-link-editing times are to be included).
Arrange -the output of the LP to appear in a matrix form,”
Notice that the cost matrix of the enlarged problem can
be generated from that of the original problem.by a trivial
MGe. The same applies to availabilities and demands.

+ An alternative procedure where there are m slack columms
is possible. In this case, each column represents slack
capacities on the routes from source ie



T,

Remember that it is useful GO incorporate feasibility tests
in such problems whenever possible, It is true that if
the Rewised Simplex is used to solve the LP, it will
discover infeasibility (if it existed) at the end of phase
I. However, since we have a _problem eriented test which
is easily to perform, why not incorporate it in the pro-
gram we write to solve this problem as an LP., This will
save not only the computation time for Phase I, but also
that for the MG. To take this one step further, if

this problem is put to an OR man and he performs such
gquick and easy -test, it might save him the effort of
writing an debugging the MG in the first place!! .

In general, it pays to look for such tests to incorporate
in a problem solving procedure as they usually result in
substantial effort savings and consequently an efficient
solution procedure.
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A Copocitated Tvamsportatiom TFroblem

(] 10
&
20 1of 20 0o} 50 90| 10 45|Is ésj 1t 60(0 oo |12 2016 60|50 2
m :
37 55|25 80|12 20|7 191 8 2316 15{15 3319 400 oe |13 0
C
48 sol4o  44]30  osls &l27  30|s éslig 25017 olto  so|s /5
D
55 295 77|28 78|o o=|22 5|8 50| 20 40|13 20(23 30]8 25
E . . .
30 $2{ 10 22|10 80| 9 75|34  Ss|a Tojlé ooj4 30|20 55|20 4o
100 70

147

40

172

.88

106
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THE TRANSPORTATION ON PROBLEM
WITH PRODUCTION AND OVERHEAD COSTS

Three fagtories A,B,C produce a certain commodity which
is required at five destinations. Together with transporta-
tion cpsﬁs(Cij 's), there are also processing gosts(per unit)
‘ng at the factories. It is also known that there are fixed
overhead cpsts(i.e. indepen@gnp.ofrthe volume of ogtput) Fis
at the factories. Generally, it is required to decide upon
the transportation programme so as to minimize the total cost

of manufaeturing and transportation. Here we consider two

A) SUPPLY EQUALS DEMAND:

Cohsider the following example:

PROCESSING| _ DESTINAT IONS \VATTAB'S

FACTORY [OVERHEAD| ¢cOST [ 1 2 3 4, 5
A 6000 3 5 7 10 5 3 200
5000 4 8 6 9 12 4 1000
(6} " 7000 - 2 10 9 8 ¥ ¥ 1000

DEMANDS 500 300 1000 500 400
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ipped to destina-
-
tion Jj wi‘l incur a combined cost of(')i+ Cij)‘ To satistly

Each unit

demands, all the three factories have to be in operation, 1o
all overheads are going to be charged., However, the shipp-
ing schedule has to be worked out. This is accomplished by
replacing each entry(cij) in the tableau by(Oij+/Xi) and sol=
ving the resulting problem as a classical transportation pro-

blem.

B) SUPPLY EXCEEDS DEMAND:

Suppose that in the previous example, capacities ol A,B
and C were 1500, lQOO_and 1300. Notice that the total .
demand eduals 2500, so in fact not all the factories need
to be in operation as any of’the followinglcombinations can
fulfill all t he demands: (A,B), (B,C), (A,C)end (A,B,C).
It this case a choice has to be made so as to choose the
combination . .yielding.. the least possible total cost(Over-

heads + Processing + Transportation).

This problem is known as the FIXED CHARGE TRANSPORTAL
LION PROBLEM, It appéars in many applicafion, for ekample

where there is a group of sites which are condidates as

plant locationsand it is required to choose a subset of



these sites where planto shonld be located Bo 66 o mini=

mize the total cost.

Due to the presence of the Eiu and to the fact that
supply would exceed demand if all faclories srec in operas-
tion, this problem has a different formulation thon thsb
of the classical transportation problem, It is formulsted

a3 to minimize:

. - cost
- i Z t
d= Ziw ye § TR0y %y 4
Bale EERE AR AR
|
T, .%o AL _
b Ty W0y T |
l
€{0,1% and X:.> 0 >
yl { ’__} L3 7 Q; C“P
= ] — le .>/ 0 Vl,j
Ji g

and the problem has to be solved as an INTEGER PROGRAM
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THE TRANSSHIPMENT PROBLEM

In some real world transportation studies the

situation may arise whereby the commodity is subjected to

many physical transportation processes, which need not be

identical,

en route to its final destinations. This is

best illustrated by the bulk transportation of a manufactur-

ed commodity from the plants where it is manufactured to

some intermediate worehoures from which it is transshipred

to individual customers. Several remarks are in order:

The intermediate points (e.g. warehouses) act
as destimations and sources simultaneously:
they recéive the commodity fwom the plants and
send it to its final destinations.

The flow through each intermediate point varies
according to the cost configuration for the
entire system. However, this flow cannot exceed
the upper bound on the intermediate® point ca-
pacity.

The conservation of flow conditions state that the

quantities shipped out of the intermediate point
cannot exceed those shipped to it.

The cost/unit distance in and out of an inter-



——

mediate point could be different since the modes of trans-
port could be different (bulk delivery ws van delivery).

5- Since there are so many sources at the two spatial stages,

it may be more comvenient to consider each slack capacity
separately. This is achieved by adopting the notion that
each source can ship to itself (at the appropriate under-
utilization penalty) as well as shipping to the destina-
tions.

6- In general, there may be more than two spatial stages.

7- It15-possible that the commodity receives some kind of
processing at the intermediate points. If so, the result-

ing per unit cost is added to the shipping cost/unit for
the outgoing traffic.

EXAMPLE: Consider a system incorporating 3 factories, 8
destinations and 4 depots. The information on availabilities,
demands and depot capacities are given below and the trans-—
portation costs are given in tables 1 and 2

AVATIABILITIES 500 800 3500
DEPOTS CAPACITIES 600 1000 1000 300
180 250 200 220
DEMANDS
140 2500 170 160
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“TABLE | 1 FACTORIES /DEPUTS TP CodTS

|

I 11 11 1Y
18 3 2 43
5 21 16 20 19
C 37 35 40 22

TABLE2 : DEPOTS / DESTINATIONS TP COSTS

Cr, Ny, 1 2 3 4 £ 6 7 “8 el
1 13 3 27 'z 29 24 A -

1T 5 22 14 33 25 16 6 I
III. 26 28 I8 30 g 24 sl 3Y
1y - 3 32 23 19 12 9 28

W kew {.\MWMMLMQMM TP,{L\LW
‘““I’(‘”f‘t"““ TARLE 3 v dlavad .
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Once the TRANSSHIPMENT TABLEAU is obtained, the problem
can be solved as a classical TP. However, it is possible
to benefit from the transshipment feature in speeding up
the calculations in a number of ways. Here we demonstrate
the use of one feature is speeding up the MODl calculations

in the following two processes:

A) Obtaining an Initial Feasible Solution:

The diagonal ad in table 3% has a unique property,

it reflects the needs of the second stage in terms of
the output from the first. For example, in the shown
feasible flow, if depot I receives 500 units, we know
that in the second stage, it 1s going to supply these
500 units to the destinations to conserve the material
flowl Thus the REFLEXIVE DIAGONAL can be used in the

process of entablishing an initial feasible solution
efficiently as follows:

1

2)

Use any of the standard rules for the classical TP
to find an initial feasible solution to the part of
the tableau for the first stage only.

Having known the inputs to the various intermediate
points, move to the lower part of the transshipment
tableau and allocate +the output from each inter-
mediate point to the various destinationsby any of the
standard rules for the classical TP.
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In conclusion, the property of reflexive diagonal allows
us to find an initial solution by finding an initial
feasible solution to two small classical TP's.

The same analysis applies to the cases where there
are more than two stages.

B) Calculating the dual variables:

Each entry on the reflexive diagonal has two dual
variables ui,v; related to it. If there is a basic varia-
ble in that cell, then we know that c..=u.+v.. However, it

ig i
is a common practice to assume that all Cij’s on the refle-

xXive diagonal are zero.
If we agree to this and accept the assumption, then we have:

X.
[

. = —Vj V{(i,j) on a d 3

i

.>o}

the procedure for calculating the dual variables
can be augmented to utilize this property.
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PRODUCTION AND DISTRIBUTION PROBLEMNMS:
AN APPLICATION OF TRANSSHIP-
MENT

Consider the following manufacturing and distribu-
tion system:

- Four factories A,B,C and D have variable produc-
tion capacities.

- Each factory has an upper bound on its intake of
raw material,

— Raw material can be processed into either:
a semifinished._state @,
or : a finished state ®

~ The semi-finished product @ can be further process-
ed (at any of the three factoreies) into 3 finished
products*a2, aB, By ‘

- If the second process is carried out at a different
factory, then the inter-factory cost is incurred.

- The finished products are distributed to 6 customers
whose demands are known.

- Given the data shown in EXHIBIT I, decide upon
the optimal production and distribution schedule.
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EXHIBIT I: DATA FOR “THE PRODUCTION/
DISTRIGUTION PROGLEM

VPPER BOUNDS ON THE PRODUCTION CAPACITIES

“PRODUCT

FACTORY Lo TOTAL
T a 1. ..b ] 2 o Xy
A 80 40 40 6o 30 100
B8 60 30 0 40 30 75
C 35 30 30 0 50
D 50 0 30 0 50
DEMANDS
~ D
o | 2 | 3 | 4| 5| 6
L 1o 20 | 40 0 5
a, o [ S | o 25 IS 15
Q, 5 10 15 0 30
a, 5 o o 0 20 25
DISTRIBUTION COSTS
PRODUCT AND FACTORY
b L% — 24
S T - ‘e e | > Al B A 3
] 3 8 4 é T3 12 | | 27 10 18
2 2 5 2 3 2 | 4 4 5 15 3 | 10
3 3 4 | 5 7 3 5 3 2 8
4 7 ! 5 2 ' 10 " 2| 2 14 i
5 6 2 5 12 9 10 20 5 13 4
6 6 | 4 | &€l | 7| 7|12 2 [ g
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EXHIBIT T (CONTINUED)

TP COSTS

INTER . FACTORY

-

T r M M

B e ——

C O v H
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Formulation of the Problem as a Transshipment Problem:

- IEach factory can have up to 6 sources associated
with it:

« 1 source representing the upper bound on the total
capacity.

« 1 source L " " " " " "
capacity for @

« 4 sources " " " bound forC@,a2,aB,a4

- From each factory:

« The source representing total cap.can send to des-
tinations for products @,D)at the same factory.

. Product @ frowm one factory supplies destinations
()32,33,34 at its own factory as well as at other
factories.

« The appropriate cost estimates, capacity and demand
figures are selected from tables in EXHIBIT I

The resulting tableau is as shown on the following
page.



Solution for a production and distribution problem

Factory 1 Factory 2 Foctory 3 fFactoryd ) ] 3 4
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SITUATIONS WITH ALTERNATIVE METHODS 3

e - 1 ) 5 )

AN APPLICATION OF TRANSSHIPME NI

0 88 P et 8 b b b g e S 10 e ot B g G d A G e 8

Consider the situation of 3 factories A, B , C and 5 destina~
tions 1, 2, 3, 4 & 5 and 2 methods of transportation: Road and Rail,
Each location has its known capacities of loading ;nd unloading bays
for both methods. Also capacities of the factories are known togethor
with demands at destinations and the TP costs. It may be required to
decide upon the optimum shipping plan. In the present context we 111us-
trate how this problem can be set up and solved as a transshipment

problem,

The commodity will be assumed to flow in 3 stages:

x Stage 1: From the factory to one of its loading bays (rail or road),
% Stage 2: From the loading bay at the factory to the unloading bay
at the destination.

|

% Stage 3: From the unloading bay at the déstination to the inside.

The cost elements for the 3 stapes are as follows:

= Stage 1: The loading costs at the factories.
£ Stage 2: The source/ destination cost (by the correspohding method),

# Stage 3: The unloading costs at the destinations.
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Notice the following:

%= BEach loading (unloading) point is a transshipment poirt. It
may be convenient to assume the cost of its slack capacity

equal to zero.

% The loading (unloading) capacities must be such as to allcw
for the existance of a feasible flow, For example, it could
happen that the - lack of unloading capacities at a certain
destination results in the inability to meet its demand any-

how. A similar situation at a source could result in locking

a part of its capacitye.

EXAMPLE: Consider the data given in EXHIBIT II., The resulting trans-

shipment tableauw : is shown after the exhibit.

EXERCISE: From the RAW DATA given in EXHIBITS I&1II write the appro-
priate MG'S to solve the 2 problems once by the Revised Simplex and

once by the classical TP method. Compare CPU times.

Notice that the MG for the TP formulation can be obtained from

that for the LP by a TRIVIAL TRICK (??)
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Exviair II: DATA FOR THE ALTERNATIVE
METHODS EXAMPLE

i»

CAPACITIES y DEMANDS , UPPER BOUNDS AND
LOADING / UNLOADING COSTS

LCarey | A [ B | C| 1] 2|3 |4 s

h... -——
QUANTITIES | 5000 | tooo | looo | 3000 | 3000 |t0o0e| 5000 | 4000
.o { ROAD | 3000 | 7000 | 5000 | 2000 [ 1000 | 500U | 2006 | Zogs

RAIL | 3000 | 4000 | 7000 | 2000 | 3000 | 6000 | 4000 | 200e

I 3 ¢
- { ROAD 2 4 2 3 5
RAlL 3 | 2 3
- 2 5 4 5
TRANSPORTATION COSTS
RAIL ROAD
——
[ 2 3 4 5 | 2 3 4
A 4 7 6 5 5 T lo S

6
& 7 7 (3 lo 7 8 6 9 12
9
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THE SOLID TRANSPORTATION PROBLEM

Consider the situation where there a "p" homogenuous
commodities ppoduced at m sources and demanded at n desti-
nations. Suppose that it is reéuired to decide upon the
shippipg plan which minimizes_the_total_costrsubject to the
additional reéuiremept?'over_thg_o;dipary_supply/demandresu
trictions, that the total flow on route(i,j) is e@ual to a

rreset figure Ei.. In this case the problem is formulated as

J
follows:
o _TP n m'
Minimize ¢ = X b T Cyx Xy
k:l l:l a-.:l
DUAL
; -Pp o
Subject to Z X; %7855 ¥, Wis
k=1
n .
= %3 517Dy x ¥5,x| Uk
i=l
m % a
jz_l L% g | Vg

n m : m P ’ ’ m
| ween ¥ T By= T OZ Pt Tz Vi
j: j i:



This structure of the problem and &ts treatment with
a transportation type of approach, rather than o general
LP, has been recognized by Haley*. He termed it the Sclid.
Transportation Problem(apb. STP in the s9qual) hecause it
can be visualized as a,%;dimensional bleck in which eazh
layer corresponds to an Qrdinary‘transportation tableau
for commodity k and the constalnt sz Xle = By (for all
cells i,j) is the one that couples gii the 1ayers together.,
The solid structure is as displayed in Fig. 1

oF £
w

A%D//V/,m
Noasmas
- aaaas |

k‘-‘-l L /// . R
' s xut+
Qu | B | Xigg| s o Xen) /// "
: o
Qiz Xyl //
/@: Fig. 1
L v
Q“" x‘mﬂ xm“\‘ ,91"‘ _3
Rl -
.‘D" Dy - e Dy

*% Halay, K.B., "The solid Transportation Problem," _
tlonsf{esearch Vol., 10, No. 4, 1962, m," Opera
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i . : 1
By analogy with the o_dimensional TP(i.e. the classical TF)s

the following properties are obtaineds
1) A basic feasible solution to the STP has mnp—{(m-l)
(11—1)(p—1)}Variables in it. Notice that the classical

TP method has m*nm{(n-l)(mf&)} varisbles in it.

2) When a basic feasible solution has been found, we can
jetermine the dual variables by investigating the set
of eéuations -

Wla+ U. k* Vk = lek ¥ basic varigbles
However, we habe{mnp— (m-l)(n-l)(p—l)}such equations
and (m = n)+(n % p)+(p % m) dual variables, SO
(m+n+p-l) of thebe dual varlables are given arbitrary
values and we are 1eft W1th K equations in K unknowns,
where K= mnp-{(m-l)(n-l)<p-1)} We return to the

method of solving these equations at a later stage.

3) Once all the dual variables obtained, the feasibility
of the dual program is checked, Consequently, we have
to change the gnr:ent_pnimal_splutién if the following
inequality holds for any non-basic cell:

Wit Uit iy D> Gk

ﬁAA-- -
suppose that we choose 1 j k to enter the basis.
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~ A M

4) In relation to-intboducing i J k, a bacis loop has
to be traced so as to recognize which basic‘variables
are affected by this introduction and the Quantity by
which each is affected. Once these two targets are
achieved, we alter the basic feasible solution accor-

dingly and we go back to chack its optimatity.

Some Stertling Difficulties In Handling the STP:

1) Conditions for the EXistanoe of a_Feasible Solution:

In the classical TP, the condition zj Ql_ J
_ . =] ,

is necessary and Sufficient for the existance of a fea-
sible solution to the problem. However, for the STP, the
corresPonding_condition:

_m n . m P . D m

i=1 J-’-‘l Je= =] k=1 i:l
is necessary but NOT SUFFICIENT for the eXistance of a
feasible solution. Up to the present day, to the best
of my knowledge, the sufficient conditions are not yet
known. However, it is an interesting research topic but

most of the people keep away from it fearing a dead end.
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So_unlike the c¢lassical TP, we cannot envisage the existance

of a feasible solution to the STP hefore hand.

2) Calculatwng the dual varnabl@ﬁ’

&7 i
Accordlng‘to:the agalysis,§m+nfp—i)_var;gbles are
chosen aJ:'b:Lt34?513:131_1'_;}{,»Hﬁowever‘_9 cne has tc bear in mind that
the VariablesAhave}obesele;ted_in_suph_a_way that the re-
maining var@gb}egrfgrm_éh_ipggpQQQent sets The following

rule was thoughttc be satisfactorys

% Choose Wi% = for j:l,..,, n (gives n variables)

il .O
% Choose W,y =0 i 290009 M  (gives m-1 variables)
% Choose either U-k or Vkl equal tc zerdb for each layer k
(glves P Varlables) and this would result in a total of
(m+n+p=l) zerc dual variables, Notice the resulting dis-

play for the given example with p= 2,m= 3 and n=4.

T Ty Uy Uy
V=0 RIYIEED . 1 8
V. e e
-y 12 ; 9 e [ 2
vy %]l 1] T1e
1270 Ugp Uzs Uyp
Vo1 1| 3| 3
K= Voo )

ERE
3 [ s a2




3)

0 0 0 0
Bys'g tayer | 0 |"a2 | Va3 Wou
O Wgp | Wyz | Wy

Having chosen the arbitrary _yar:}.gbles, we form the equa-

tion Wi+ Ugpet Vigz= O gy corresponding to the basic varia-

tain more than 2 gnknown dual variables and repetitive
scenning is not guaranteed %o lead %o defermining all the
dual variables and we are generally left with a sub-sys-—
tem of linear eéuations'in therremaining dual variables.
This system has to be sqlved by one of the standard
methods of linear algebra,

Recognizing the basis loop:

Because the basis in this problem is in 3-dimensions,
the basis tree is also in 3-dimensions. The graph;theoretic
approaqh which appliesto the classical;"I‘P doesnot apply here
at all, simply because we are dealing with B—dimensiéhai
graphs. The properties of the bas’s loop are_ill—defined

and there is no way of stipulating its characteristics.



sl

Any advancement in this direction is coupled with break

throughs in B—dimensional_graph theory. There may be .
some time before_any majo: breakthroughg in that direq-
tion could be expected. Actually, this i1s the main cross-
reads point at Whioh the classical TP and the STP depart.
be GF Then geed VhE0ugh o8 ooy amd Vheesgh TFadl, Waile
the other, the STP, drives along a tedious(and may be

blind) alley,

To the best of our knowledge, in order to determine the
basis loop, we resort to basic principles of linear alge-
bra and formulate the problem of tracing the basis loop as

that of finding the alterations(t+i5£) in the basic entries

. A A A
X; 4 S0 that the effect of entering the(i,J,k)th variable
in the basis balances out for each row, column in each _. |
layer,
. P T
i.e. p 2B w ik = 0
k=l
n -
i=1

m
® -
7; ' ijg = O
a:
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the only E}ijk's considered are those corresponding to
the basic variables and that oorresponding‘to(i,j,ﬁ)-_
However we know the U**jﬁ:l, S0 we can bolve the resi-

dual system to get all the viak'

‘Each sntry 1n_ths pa51s which has a non—;srowtﬁiﬁk
is obviously an entry in the basis loop and is going to
be affected by the quantity 9 1;Where © is the value

of the entering variable, Now we move on to the choicc

of Q.

To comply with primal fsasibi}ity,_e has to bs chosen
in such a manner that Whep ths_slterat;qns_eeijk_are per-
formed cn the entries of the basis loop, none of . them be-

comes megative, Thus © is chosen as:

© = min __Xi;jk {S.t. Lklak is —ve},
vlak

Having known all the k‘-lak's and the @, we can update

the variables in the basic solutlon. The new variables,
together with the variable Xiiﬁ ®, we get the new
basic feasible solution, However, few remarks are in

order at this stage:
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a) The pijk's are not guaranteed to have integer values

b)

resulting from solving the system of linear equations.

Consequently © qan.have4nop—1ntegep values and Xi.k

can.be, in general,»non—integer.Note that this is a

major difference between the STP and the classical TP.

The above rule for featuring theibgsis loop also app-

lies to theiﬂassical TP, In fact, this produces a very

efficient basis loop tracingAroutiné. In this case, we

drop the index Kk and the above equations reduce to:

id — T ‘
1 ¥(i,J) in the basis

My
‘?
|
(@]

, i3
J=1 _ 7

and E~§3=l, Because of basis triapgglarity, the
above system can be sq;ved by repetitive scapning.
Since &33:1, all the other_t‘is's_will_be integer

and infact, will have the values 1,0,-1. Consequent -
1y = min %,1 (s.t. {# j=-1]} Notice that this is
exactly Whatlwe do in any basis trace routine!!. Let

us consider the following hand example for demonstia—

tions
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-1
18 : # 1€
+1 o P 4
4 9 6 | 19
+1 -1
11 10 21
22 9 17 10
B Pa e Bz Bz bBgy By
1 i 1 =0
1l 1 1 +0
’ L 1 =0
1 1 =0
1 A =0
1 1 7 =0
1 l =0

It is a trivial matter to see that repetitive scanning
results in the folloW1ng values of the E"s-

t"22 =O! lé'11 ""1’ val -‘+19 834 -"'1) &33-'*'1’ &25— -1

® - nin {18, 6, 10} =6

Persconally, I think this can produce the mpst_effic;ept basis

trace routine end Ism quite willing to help somebody test this

cinjecture as I never had the time to do it myself.
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The STP in Prospectives:

It remains to be an UNSOLVED and certainly a very
challenging problem. Undoub?edly, it has a voluminous
array of applications but people tend to keep quiet zbout
them to hide the deffig?gncy that_this_problem is still
unsclved, We will cqnti;ﬁz with some types of its appli-

cations in a future context.
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APPLICATIONS OF THE STP

The formulation of distribution problems as STP has
many potential applications. However, this fact is over-
looked in many situations due to the truth that the SIP is
still unsolved. In the present context we give two illus-

trations of the applications:

A) TRANSPORTATION USING DIFFERENT METHODS:

In = previous context we considered the situation
where shipmgnﬁsrfrom b faqtq:igs»tOVS destinations were
carried hy two‘mpdeg_of t:anspprt;_rai;_and road., Due
to insufficient capacities, both modes(rather than the
cheapest between them) had to te used and the objective
was to find the_shipping plan which utilized both modes

at the minimum overall coste.

This problem can be formulated as a STP as follows:

1- Bach mode has its own layer k in the solid pro-
blem.

2- Row and column sums for each table are the limits
on the amount that can be sent(received) by that
factory(customer) via the corresponding mode of
transport.

%3- One extra row and column is introduced into each
table to take care of the slacks.,
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4- The sum of the elacks for each factory is equal
to the difference between the total loading capa-
city and the availability.

5« The sum of the slacks for each destinetion is
equal to the difference between the total unload-
ing capacity and the requirements.

6= The limit om shipments between factories and cus-
tomers is unlimited and is convemiently represent-
ed by a large number R.
Thus the problem takes the form displeyed in tables 1 -=4
in Exhibit I. R | '
Notice that this st:ucture imposes the negative costs for
the slack capacifjgs, thqs_the tgtal cost.is actually the
coet obtained froﬁathe solution plus the terms represent-
ing the loading(unioading) capacities multiplied by the

loading(unloading) ccsts.

This structure was impored by the excess capacity fea-

ture in the original problem,
A feasible solution is shown in EXHIBIT II. Notice

that it is the same as that shown before for the same

problem.,
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EXNIBIT X0 THE TWO  H1oDL TRANSPORTATION TROSLEM

, . : _ oy
RAIL | 1 m o an | Vo | Suack [reral
A ol o o el ol -4 3

& " L 4 o 7 8 4 '
. " ¢ u“ ’ 1 - 7
SLACK of -t al iy \ 2 "7
TorAL | 2 5 ) 4 2 14
ROAD 1 ai 101 1V \") SLA K| ToraL
A % 1 lo 5 . 1 BT ) 3
T
¢ 8 ¢ of ae) . 4l = 1
5
¢ W ’ i . — | ;
rsc.MK " -1 ot 9 L ol 13
TOTAL 2 | 5 2 5 5 |
S\A(k | X 11 111 1V Vv (Sucu ToTAL
A ¢ ¢ v 0 0 K SK-.’S‘
| e v o 0 0 0 LY 5!40.
c . ‘| i , X | 58 -
Suace | | «| . a o ®
TOTAL |3R 3| SR.3 [SR-10 | ¥R .5 | 3R -4 ® N
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EXHIBIT 1

(CONTINUVED)

I1

1171

v

xR X

=3 | -

i N

R

2+4
=5

546
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EXHIBIT 21

SOLUTION OF THE 2 .MobE

BN

v

. St

' SLACK ToTA
| |

STR

q

2 |

R
) 4
SLACK

s e ——

TOTAL

[OURE—

l

|
I |
i T
- - 1
1 . T
i

- u

13

4

-

|
l
T

A S

: v SLACK  T9TAL

e i 0t e g e

]

Y "SLACK

R &

I 11 arr v
R-2 R R R3

Rl K=l ®. R g_“z_ .

ToTA L

S5R-5

R R-2 R.4 R2 R.2
- IR

3R-3 3R.Z IR-10 3RS 'Ry | R
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B) THE CAPACITATED TRANSPORTATION PROBLEM:

This problem can be formulated as follows:

Minimize ¢ = Zm Zn Cij Xij
i=l J:l
Such that sH X, .= D,
Yeall » 1J J
n i
5=1 ij Qi

To formulate this problem as a STP a problem with
two layers is ,envisaged, The first 1ayer houses
the_original»problem_apd the second layer handles the
slacks. Thus a new class of variables Xijk is defined

% .
H N = = H. .
as follows 2£;1 i3k i3

and the above equations are rewritten as:

m

i=1 141 J
f .
Zj;l Y1 =
Thus the following is true
m m ’ m
i=1 =l Y 3 ¥
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- iy E., = D
l.€, = =
2=l 1d ’
n n n
and 2 X & z E - 5 X;4q
=1 12 =1 ¥ =
a )
= o B . =
| - G M Qi
So the STP reads as follows:
m n 2 '
Minimize X 2- 2 % o
izl =1 k=1 J J
_ , _ z:n o
Subject t g v T a0 Doa
ubgjec 0 B . i3k ki
T . ane= B
izl 19k Jk
:fx1 e _
o Xa vk B, .
=1 1ik Tij
Xiak 20
- o ‘ ' . n .
ere: Ali= Q; and AEi = Zg.—l Eij - Ql
d B..=D. and B.. - T P,
- j1= Yy 8nd By5 = & E,. - D,
and t

‘ 1317 %13 ¥a) and ty, = 0 ¥,
Exercise: We have discussed g Capacitated TP problem in
a previous lecture. Formulate that problem as a STP
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A Primal Out-of-Kilter Algorithm
For the Transporbation Problem

Based on the earlier work of Balinski and Gomory (B-G)
(1), Graciano Sa developed a "variant'"which experimentally
proved to be 20% faster [4), His main contribution was that
of ignoring the concept of maintaining orthogonality within
each stage. He also allowed the algorithm to throw off-
Kilter an in-Kilter activity at any stage of the calculation.
This concept, usually termed "overshooting"; was first introd-
uced by Jewell [3]) when he gédneralized the out-of-Kilter method
to linear programs; but it was not generally practiced in pre-
vious out-of-Kilter methods for the transportation problem.
Sa introduced some concepts and invoked notions which, we feel,

are necessary to grasp before the general steps are outlined;
namely:

a) Bre akthrougff:

If a unique sequence of cells which may trade off flow;
without disturbing primal feasibility, is identified in the
labelling process, the sequence forms a loop starting and
ending in one cell and containing an even number of cells.

b)Nonbregkthrough:
is the case where the labelling procedure is unable to
label the "starred" row or column from which labelling started.

¢) Class Cells:

are the cells representing infeasible (non-conforming,
out—of-kllter) states. One attemps a corrective move by

-

x The concept of Breakthrough and Nonbreakthrough was first
1ntroduced by Fukerson [2

o
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adding flows. Such cells are given bys

(1,k) = {(i,k) l by <y + vy and xik<o}

d) Class B Cellss

are the cells representing non-orthogonal states.
One attempts to correct (conform, throw in kilter) the
flow by withdrawing flows. Such cells are given by

(1,0 = {(2,0)] tyrwy + vy end %370}

e) Class A (Class B) Loopss
If the first cell (k,P) in the loop is a cless

A cell (cless B cell) we call the loop a class A loop
(class B loop)e.

L)

f) The sets Jq, ;2,& Jy 9 I8

the following sets will be frequently formed and
searched during some stages of the solution:

3| = {(i,j) i labelled and j unlabelled}
Iy = {(1,3) i unlabelled and j labelled}
gy = {(1,3) | (1,§)€ 79y and t355u; + V5 }
I = {1, (1,3) € Iy and b3 <uy + vy §

6.1. General Steps of Sa's Primal Algorithm
Step l. Start with a dual pair (X), (U,V) such that (X)

is feasible and the pair satisfies the following
condition:

Z=ZZ(t =1 e -
i k ik i vk)xik ¢ (l)



e

Step 2, Check whether t,, - uy = vi po for all cells; if
so go to step 19.
Otherwise there exisls a column Pwith out=of=kilter entries.

Step 3. At any general stagef, Select (k,€) such that:

Wt - m%x (uy + vy = gy ) = q»o (2)
and concentrate on column l first till all ite cells

become conforming.

Step 4, Star row k and assign lebel k to column {
Step 5, Use the following set of rules for labelling

(L1) If column j has been labelled, label with
j all unlabelled rows i for which

X470 and By Uy + Vg (3)

(I2) If row i is labelled, label with i all un-
labelled columns j for which

tij =uy + Vg )

Cycle through the two rules till no more labelling
is possible; either of the following two cases arises:

(a) The row k receives a label; in this case
continue to Step 6

(b) The row k does not receive a label; in this
case go to Step 16

Step 6. There is a breakthrough and a loop can be uniquely
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defined., Calculate

(i,3) is even entry in a calss A loop

§ = nmin Xy 4 (5)
. or odd entry in a class B loop

Step 7. Update the flow as follows > :

Class A loops: Xyq = Xyt s (i,3) odd 7

Xijg = Xij - 5 (i,j) even

- @)

Class B loopss X548 = Xy 4 = g (i,3) odad

X348 = X540+ s (i,3) even ,

Step 8. ypaate the dual variable of column Land the

costs as follows: vy: = Vg = g (7)
(tie -u - vﬂ) g = (tit -, = ve) + q ¥i (8)

Step 9. Check whether 3 =85, § if so all entries in £ are
made conforming when updated as in Step 8 and the
stage is finished; return to Step 2. Otherwise

Step 10, If 8 <'Sz, this means that (8) "oversho ts"
and at least one out-of-kilter cell (t,l) such that

Xy 70 and (ttt"ut-vt) =q >0

'is introduced in column L. Cell (t,l) is a
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class B cell, so "star" column  and assign label ¢ to

row t.

S'tep i1,

Step 12,

Step 153.

Step 14,

Step 16.

Drop the existing labels and cycle through rules

(L1) and (I2) till no further labelling is possible.

Either of the following two cases arises:

(¢) The column £ receives a label; in this case
continue to Step 12.

(d) The column ¢ does not receive a label; go to
Step 16

There is a breakthrough,

- Calculate 8 as in (6)
- Update flows as in (7)

Check whether § = x93 if so cell(t,l) is made
conforming with the flow change. In any case
proceed to the next step:

Scan column ¢ for remaining class-B-cellsy If.

none. exists the stage is closed return to Step B
Otherwise °

- TR

If some cells of class B still exist, return
to Step 10

If there is a Nonbreakthrough (the starred row

or column is not labelled) define:
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\
miny (¢,, = u, = V, 0 if J, =
{ ji(ia h J)> o e (9
\
Y = - (tij -uy - vj) if 3, =9
Step 17. Update the dual vectors as follows:
W -y, - Wy if i is not labelled (10)

\4 ==vj + Y if j is not labelled

Update the costs as follows:

ij i j ij i

(byg = 5 = vde= (b0 = uy = V)= (5,5)€ &, }(11)
- g = VY (1,9€ 9,

(¢,., - lii - VJ.):: (tij

Step 18, If, upon updating a class A cell (k,l) is still non-con-
forming, go to Step 33 Otherwise go to Step 5.

Step 19. Terminate
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INSTRUCTIONS FOR USING GRACE
A PRIMAL OUT=-OF~KILTER TRANSPORATION CODE

In order to imitiate the code, you need to initiate it

with a primal feasible solution (obtaimed by HADY for example).

Both the X matrix and the U,V vectors are needed together with an

S matrix defined as follows:

5 1 if xij>°
1] =
o)

otherwise
Thei parameters and arrays are displayed as follows:

M: Number of sources

N: Number of destination
K(I): & vailability at source i
R(J): Demand at destination j

C(I,J): TP cost for route i,j
1 if the operation with GRACE is successful

KEY :{. e
=] otherwise

and is returned, via the subroutine argument to the
calling segment, It has to be initiated = 1 before
GRACE is called in the first place.,
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30
40
50
70

90

110

130
150

170
290

210
22¢

230
300

310
320
350

A SUBROUTINE FOR THE SOLUTION 1P THE TRANSPIRTATION PROBLEM
USING A MODTFIED VERSION OF THE BAI TNSKI=GOMCRY'S CUT="F=-KILTER

ALGIRITHM
SUBROUT INF GRACE( KFY)

INTEGER STAGF, AUXSTEP?

COMMON UCL10) o VIO ) o X(10910) o KILD)yRELO)$yCULO410)45(1C410)
COMMON  [TRAS(20) y LJBAS(20),IVBAS(20)
COMMUN LUCCLQ) oLV C(I1D)

COMMON MyNy INDLy INDyNN

STAGL=D

DN 70 [=1.M

IF(K(I))30,70,30

i) 50 J=1,4N

THIS(T4J))40,40,50
X(ITed)=ClIyJ)=UCL)=VI(J)

CUONT INUE

CINT INUE

WRITE(3,6)

CHECK WHETHER THE SOLUTION AT HAND IS CPTIMAL CR ANEw STAGF IS DUF

MIN3=0
MIN2 =0

NN 300 I=1,M

TE(K(1))110,300,110

DU 280 J=1,N

TF(S(Tsd) )130,130,170C

IF(MIN3=X(1,J))26C,2E0,150

MINS=X(T,d)

KK=1

L1=J

60 TO 280

AUX=C( 19 )=ULT)=V(J)

[F(AUX) 200,280,250

ViJ)=V(J)AAUX

Ny 220 I1=1,M

TF(S(I19d)) 210,210,220

X(T1ed)=X(I1,d)-AUX

CONT INUE ‘
G0 90 .
JE=AUX%X(1,J) ‘
IF(AIN2=JE) 2060, 26C, 2H0 (
MIN2=JF |
KRKL=1 '
LLl=Jd '
CONT INUF .

CONT INUF '
WRITF(3,11) '

[F(MIN3)320,310, 320
[F(MINZ) 320, 1460, 320
IF(MIN3)350,370,370
STLP2=0



370

390

410

430

450

470

490

510

5130
540

o

aEeNaNal

co

520

600
605
610

620
630

GO TN 390

STEP2=1

KK=KK1

L1=LL1

STAGE=5TAGFE4& I
ICL1=R(LL)
LMSTP=MX*[CL1
IFIN=-STAGF)410,44Cy430

WRITE( 35 3)STAGE,N
KFY==1

KETURN

NSTEP=0

BEGIN A FRESH STAGE , NI HANGUVERS,NRUP AL L

JT=1

WRITE(3,12)

DU 470 T=1,M

LUtT1=0

Ny 490 J=1,4N

Lv(J)=0

NSTEP=NSTEPAL
IF(LMSTP=-NSTEP)S51Cy530,530
WRITHEI3,4INSTEP,L 1yl MSTP

KLY=-1

RETURN

IF(STFP2)5604560, 540
LUCKK)=L1

cO) TO 690

ASSIGN LABEL KK TG COLUMN L1
LVIL1)=KK

START LABELLING

k=1
WRITH(3,173)

I1F COLUMN J “H4AS RELN LABFLLED, THEN LABEL

- 84 = COEILF

X(1yJ)o6TaD wHICH HAVE NOT YET sEEN LAGELIED

DO 670 J=1,4N
[FILVIJ))ADD,6T0, 600
IFISTEP2)6104,610,4 €605
IF(J-LL1)ol10,13CU,,610
LD 650 I=1,M

IFIS(Ted))BY0,050,620
IFILUCTI))6E3096304€50
IF(K(1))640,650, 640
[E=0

WITHE J)

101

LABELS

ALl

PAGE

CLR!

I HavING

(21
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640 LUll)=y
650 CUNT INLUIL

6T0 CONT INUL

IFITE)G9C 690,800
[ ROW 1 (1 oNLeKK) HAS BFEN LABFLLEDy THEN LABELL WITHOT) ALL COLUM
#NS J HAVING UCIIRVEJ) =Gl ,yd) WHICH HAVE NOT YET wWHEEN LABFLLED
690 TF=)
WRITHE(A,14)
PO 790 [=]14M

IFCLUCTIIITLIO 790, 710
710 THIK(TID)T20,790,720
720 THOI=KK)T45,735, 745
735 IF(STEPZ2)1240,124C0,745

745 DN TBC J=1,N

IF(C Ly d)=(ULTI)RV(U)))TB0O,yTH50, 780
750 IF(LVIJ)) To0, 760, 760
760 LV =1

le=1

Tl CLUNTINUE
790 CUNTINUE

IF(IE)IRV0,300,y580
SRR Y, NI BREAKTHROUGH, kOw KK IS NOT LABELLED,CASF 4 OCCURS

Aa00 ImM=32T767
ARITE(3,16)
i 380 I=1,M
TECL(T))R1ID, 480, H]O
Hl\) IF(K(l',hZ')'hd()'ﬂZ(l
R29 01 460 J=1,N
ITF(LVIJ))B4D,y 840, EGO
Bay AUX=C(T,d)=Ull)=V(J)
IF(AUX)n60y 860,845
BaS THIIM=AUX)HO6D,d860 4850
B850 IM=4UX
Bou CHNT INUF

840 CNTINUL

TH(IM=32T6T) 900,460, 900
B9ND [M==X(KK,l 1)

uenatTe THE Y*'S
WRITE(3,17)
900 0D 970 I=14M
[IF(k(]1))920,970,920
920 TF(LUlT)) 930,930,540
930 UlL)=ulL)=I™
G TN 970



940

944
950
960
970

- 08 = FILE

UPDATE THE X(I,J)'S FOR NONBASIC ENTRIES
DO 960 Jd=1,N

IF(S( I'J) )945'9‘05")(\0
TF(LV(J))G50,950, 960

XLy d)=X(1yJd)=1IM

CONTINUE

CONT INUE

UPDATE THE V'S
WRITE(3,18)

DN 1030 J=l,N

990V

1000
1005
1010
10290
1025

1030

1050

1055
1060

1090

1100
1110

1120

1140

1150

a

1170
1180

1190

[FILVIJ))990,9%0, 1000
VIJI=VIJIAIM
A0 TO 1030

UPDATE THF X(I,J)*S FUR NNNBASIC ENTKIES
DJ 1025 T=1,M

IF(S(I,J))1005410C5,1025
IF(LUCLI))ILIO10,101C,1025
IF(K(I))L1020,1025,1C20

X{IyJd)=X{1,J)&IM

CUNT INUE

CUNT INUE

101 PAGL

CHFCK I+ COLUMN L1 1S ELIGIBLFvTO START ANFw STEP

MIN3=0

wRITF(3,19)

MIN2=0

[FIS(KK,L1))1060,1060,1055

IF(C (KKl L) =(UIKK)I&AVIL1)))I106C,1060,1210
DO LL5C T=1,M

[F(K(I))1090,1150,1C90
[F(S(T4L1))1100,1100,1120
TF(X(IosLL)-MIN3)111C,1150,1150
MIN3=X(1,L1)

KK2=1

WwRITE(3,21)

Gi) TN 1150

AUX=C(I,LL)=-u(I)=VvIL])
IF(MIN2-(AUX%X(],L1)))1140,1150,1159
MIN2=AUX%X(TsL1)

KKl=1

CONT INUE

IF(MIN3)1170,1150,1190
[F(KK2-KK)1180,1210, 1189
KK=KK?2

WRITE(3,22)

GO TN 450

IF(MIN2)90,90,120C

883



1200

OO0

ale

1210
1220

1240

1260
1270
1280

1300

RS o)

1330
1340
1350
1360

1370

1400

1402
1405

1410

1420

-87—

STEP?2=1]
KK=KK ]
START A NEW STAGEF ¢DKOP LABELS

WRITE(3,206)
GO TO 450

COLUMN L1 PASSED 1EST
IF(JT)I450445041220
NSTEP=NSTFP&1
WRITE(3,27)

START ANEW STFPyMAINTAIN LABELLS

G TO 690

BREAKTHROUGH,ROW KK RECEIVES A LABFL.A LUGP TS UNIQELY DEFINED

IM==-(C(KKyLL)-U(KK)=VI(L]))
WRITE(3,28)

VILL)=VIL1)-1IM

DD 1280 I=1.M
IFIK(I)IL260,1280,1260
IF(SCILL1))1270,1270,1280
X(1,L1)=X(I,LL)&IM
CONTINUE

[1=KK
IM=32767
WRITE(3,29)
GO TO 1360

FVALUATE THE FLOW CHANGL

IN=LviJl)
IF(I1-KK)1360,134Cy1360
IF(3TEP2)1350,135Cy1410
[F(J1-L1)1360,141Cy1360
Jl=LU(Il)
IF(IM=-X(I1,J1))133C,1330,137¢C
IM=x(11,J1)

WRITE(3,31)

AU TN 1330

PLRFURM THE FLOW CHANGE
Il=LVv(J1l)

WRITE(3,32)
X(I1ed1d=X(I1lyJL)4&IM

CS(11,91)=1

IF(I1-KK)1410,1402,1410
IF(STEP2)1405,1405,1430
[F(JL1-L1)1410,1430,1410

Jl=LulIl)
IF(X(I1l,J1))1420,1420,1400
S(IlyJ1)=0
X(ILyJLl)=C(I1,y,d1)-U(IL)=-V(J])
WRITF(3,433)

G TO 1400

FTLE

101

PAGE

884



1430

l440)

1460

1465
1470
1450
1435
1490
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UPDATE DEMAND FOk COLUMN LY AND PRINT TABL I
ICLI=1CLL=IM

DN 1440 =1 ,M
WRITECR 20 0XCT 40 ) yd=]yN)
WRITE(3, 7)

DECTDE WHETHER TO START ANOTHFER STEP OR A NEW 5T AGI
JT=n
IFCICLL1)90,490,1050

FINAL CHECK BEFOKE TERMINATION

NO 1500 I=14M

DO 1500 J=1,4N

ITFIK(TI))I1465,41500,1465
IF(S(T4J))1480,14€60,1470

TFOCT o d)=(UCTI)IRVIJI)I)1I4B0,1500,1440
IF(S(T4J))1485,148%,1490
[IFIX(TI4J))1490,1500,1500
WRITE(3,49)]1,4

KtyY=-]

FFTURN
CONT INUF
RETURN

FORMAT(10X,16F6.0)
FORMAT( 10X, "NUMBER UF STAGES?' 3 I5,'EXCLEDS HBUUND' ,15)
FORMAT(LIOX, "NUMBER OF STEPS " IS5y*IN COLUMN® 15, "LXCFEDS
FORMAT(1IH])

FIxMAT(/7)

FURMAT(LIOX,'CELL [ =713," J =%13,"NON CONF ")

FAORMAT( 10Xy '] HAVE CHECKED INITIAL SOLUTIONY)

FORMAT( 10X, *I AM BEGINING ANEW STAGE AT450")

FURMAT( 10X, 'T WILL TRY TO LABEL RDWS AT 5S5kO')
FORMAT(10OX, ' WILL TKRY TO LABEL COLUMNS AT 5901)
FORMAT( 10X, "1 AM NUW AT 800°")

FIRMAT( 10X, '] HAVE JUST FINISHED 890%)

FOFMAT(L10OX, *HAVING FINISHED 970 [ WILL UPUATE TilE V 5")

FORKMAT(10X, *BLING AT 1050 IwlLl CHECK wHETHER LL wiLL STERY)

FORAAT( 10X, *STILL WITH L1 ARE GOING Th 1150V)

FORMAT (10X, LY IS NO GOND I AlLL GO TO 450 AND START STAGE®)

FORMAT (10X, ' T wiILL CHANGEF MY LABELLS AND G TD 450 %)

FORMAT( 10X, "WHAT A NASTY COLUMN L1 [ISWF KEFP LABELLS AND

FORMAT (10X, KK HAD ALABELL HA HA')
FUKMAT(10X,*'1 AM NOW AT 1300°')

PAGE

]

T 690GY)

FORMAT( 10X, *AT LAST | AM ABLE TO EVALUATE A FLOW CHANGE®)
FORMAT (10X, *AND OFF WE GO CHANGE FLOW PEU INEFD A RESTY)

FAORMAT(10X,* STILL LIMPING I AM GOING TO 1400'})

FND



