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INTRODUCTION

The objective of inventory management is to maintain optimum levels of
inventory consistent with customer demands and plant capacity. Management
must determine:

- What to order
- When to order
- How much to order

This is not an easy task, for there are many conflicting goals. Still
management must inevitably make a decision to order what it considers to be
economical.

The determination of an economic ordering quantity is commonly referred
to as "Lot-Sizing". Calculations of the size of an order yield to the total
cost as composed of the following elements:

- Ordering costs, including setup
- Inventory holding costs.

As a lot-sizing technique for minimizing the sum of ordering and
inventory costs, the author is going to handle here a new concept, which
Wwas Tirst developed by J.J. De Matteis® and presented here with some modi-
fications, based on some simple dimensions. By dividing the ordering and
setup costs by the inventory holding costs per pant pen time period, the
ordering costs are expressed using a nsw dimension which we will call (part-
periods). This value is used to determins 1ot size.

First of all, a simplified version is shown for demand sets that do not
vary widely between periods. For large variations in demand, significantly
gregter overall accuracy is achieved with look-ghead and look-back tests
which are also included. A detailed flow-chart for the accurate procedure
together with a FORTRAN II coded program are presented. An illustration is
also given.

To get the picture complete, two of the more important economic lot-sizing
algorithms are compared with the Part Pericd Algorithm.

x John J. De Matteis, Advancai systems Development Division, IBM; N.Y.




THE ALGORITHM:

The part-period concept is based on the following simple considerations:

- If one part (one unit) is held in inventory for one period,it incurs a
particular holding cost.

- If ome part is held for two periods, it incurs twice the holding cost.

- Two parts held for one period incur the same cost as one part held for
two periods.

- Two parts held for three periods incur the same as three parts held for
two periods or as one part held for six periods or as six parts held for
one period, etc. .

- If the number of parts held in inventory are multiplied by the number of
periods over which they are held, the dimension "part-period" is derived.
Expressing the ordering costs in this new dimension, a simple and effec-
tive lot-sizing technique is obtained. '

Now, let's see how can we do that. Simply, be dividing the ordering
costs by the inventory holding costs per part per period, ordering costs
are expressed in part periods.
If; for example:
The ordering cost, for any number of prices of a certain part, is
$50 & The inventory holding cost is $0.50 per unit pér period.
<. In this case we have a part period value of 50/0.50= 100

-  Once ordering costs for each part number are converted to part-periods,
this simple calculation need be done again only if there is a change in
material and labor costs, setup, inventory holding, etc.

THE SIMPLIFIED VERSION OF THE ALGORITHM (or PHASE I)

This version is very effective for gll except the most demanding circums-
tances, and also outperforms the Wagner-Whitin Algorithm in the short-horizon
environment (this point will be extensively discussed later on)

In order to see how does work proceed with this algorithm, assume:

- - The part-period value of a particular part number to be 100

- The demand by periods to be dly d2y.ceecocscss dp

-  No holding costs are incurred for items consumed in the period in which
they are ordered.

To determine the reorder point and reorder quantity, based on the previous
assumptions, we proceed as follows:
-  We compute the cumulative part-period values as follows:
(0) dg + (1) do + (2) d3 + (3) dly + ccoeces s
until this values exceeds the part-period value for this particular part
(which is 100 in our particular case)
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- The setup should be made in the period that causes cumulative value to
exceed 100

-  The reorder quantity is then the sum of the demands for the periods cover:
by the order. :

-  Concerning cost, the cost of inventory keeping alone is congidered if ther -
is no setup. If there is setup, obvicusly consider the cost of setup only
Computation of costs are not required for cur analysis here; but they are
included here for comparison with other algorithms later on.

An Illustrative Examples
Make the following assumptions:

- Setup cost = §$ 50
- Inventory holding cost = $ 0.5 per part per period
~ The part-period value for this Harte st dubse
- The demand for each period is as follows:
PERIOD P e R e 8 i
i
DEMAND 20 20 25 35 30 10 10 15 2

How can we proceed? (Please Refer to Table 1)

1. A setup is made in Period 1

2. The demand units for Peried 1 is consumed- in the same period in which
it is produced and will therefore incur no part-period costs.

3. The demand for Period 2, if ordered in Period 1, is held for one
period incurring a holding costs of 1x20 or 20 part-periods.
+. 20 is deducted from the 100 part-periods available for the items,
leaving a balance of 80 part-perdods.

‘h. In a eimilar manner, the demand for Period 3 is held two periods,
incurring a cost of (2x25) or 50 part-periods
This leaves a new balance of 30 part-periods.

5. For period L, the demand is held for three periods, incurring a cost
of (3x35) or 105 part-periods
T+ is obvious that those requirements outbalance the 30 available part-
periods, so we need a setup in Period L

6, The order quantity for the first setup (at Period 1) is to be enough
to cover the demand for periods 1 till the start of Period L (at least)
leading us to an order size of 65 items.

7. The demand for period 5 = 1 x 30 = 30 part-periods ( 100)



=y

1]

The demand for Period 6 = 2 x 10 = 20 part-periods
The demand for period 7 = 3 x 10 = 30 part-periods

the cumulative part-periods value = 80
10. If we try to satisfy the demand for Period 8, which is b x 15, we will

find the supply inadequate

This leagds to a third setup in period

11. The order quantity for the second setup (at Period 8) is to be enough
to cover the demand for Periods li £ill the start of Period 8 leading to
an order size of 85 items.

O

[pjcd) |

This simple example,beside serving as an illustrative tool to explain the
simplified version of the Part-Period Algorithm, it helps us to deduce two very
important remarks:

- This is a variable-order-quantity system
- And also a variable-order-point system
which provides the flexibility required for computing-economic lot sizes.

PART PERIOD| CUMULATIVE CUMULATIVE
PERIOD DEMAND VALUE PART PERIODS COST
1 20 0 0 50
2 20 20 20 60
3 25 50 70 85
b 35 105 175 135
5 30 : 30 30 150
6 10 ; 20 50 160
7 10 30 80 175
8 15 60 7140 225
S

TABIE T
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THE ACCURATE VERSION (or PHASE II & PHASE III)

This is a refined version of the algorithm which yields significantly
overall accuracy and reduces, or rather eliminates, the majority of the larger
errors that creep intc the simple version. This version 1s adaptable to the
cases of large fluctuation in demand.

The seeked accuracy is generally accomplished through the addition of three
steps, of calculation, per planning cycle.

What we do really is go through exactly the same procedure for the simpli-
fied version (or Phase I). However, once the decision to set up has been made,
wes
1. LOOK AHEAD at a minimum of “two periods following the tentative setup

period to determine whether we will be faced with a large demend in the

near future or not

Tn this case the psrt-pericd value for the setup period is compared with

the demsnd of each the perlods next to it (before next setup), if is less

than or equal to one of those demands, the setup decision is moved to the
corresponding pericd. If it is not less than or equal to the demand, the
original decision stands.

2. TLOOK BACK to see it the demand for the previous period is also very large.
Agein saying, the demand for the setup period is compared with the demand
of the previms perlod as follows:

If 2dg Kdg-1

The setup should be in the previous perilod, otherwlse the original decision
stands as 1t is.

We have to notice that if the LOOK-AHEAD test succeeds in moving the setup
decision one period ahead, the TOOK-BACK test should not be invoked.

The look-ahead and look-back tests help us to avoid the costly mistake of
remaining on one level with a mountain of demand at either or both sides.

If we take the previousiy presented as an illustration (see TABIE 1), we
should proceed as follows:
1. TFollow the PHASE I procedure to get the result as shown in TABIE 1
2. Make the look-ghzad test:

- There is a decision for setup at Period i, if we compare the part period
value for Period 4 with demands of Periods L to 7, we find that it is
not less than or equal to any of them
s. No improvement is possible in this case



3. Make the look—back‘test'
- For Period LL ]4 — ol Ll 2dh = 4110
=25
Yo zdh / d3
.~ No improvement is possible since the condition 2ds < dS—l is not
existing.

The final results are shown in the following table

PART PERLIOD|[ CUMULATIVE [ TENTETIVE TINAL

PERIOD |~ DEMAND VALUE PART PERIODS |CUMUL COSTS| CUMUL COST
il 20 0 0 50 50
2 20 20 20 60 60
3 25 50 70 85 85
N 35 105 175 135 135
5 " 30 30 30 150 150
0 10 20 50 160 160
7 10 e 30 80 175 175
'8 15 BO 140 225 225

REMARKS ¢

It is obvious that for a hoiizon equal to one part-period planning
cycle, PPA (Part Period Algorithm) is invariably optimal. For longer
horizons, PPA yields suboptimal results; its precision variance, however
is so low as to be of no consequence in a practical application.

ADVANTAGES OF PPA:

1. Tt is an open-ended algorithm; that is, it performs as well over most
horizons as over long horizonms.

2. It is highly accurate for demands with large varlations between
periods, as well as for those with very small variations; it is
particularly outstanding in the typ1Ca1 industrial envircnmentiwhere
the demand may be known for:only a maximum of six or seven months.

3. It is inexpensive and quick to maintain and implement.
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GENERAL CONSIDERATIONS FOR ZOT-SIZING TECHNIQUES:

A large number of economic lot - rising techniques are available to
management any onz or ccmbination of which may be incorporated in an inven -
tory control system.

In choosing a lot-rizing teschnique, the cost of applying the technique
and its performance for certaln demend characteristics are the major con-
siderations. It is accspbtable that low-cogt items are controlled by a tech-
nique different from that used for high-cost items. The factors to be con-
sidered when chooding a technlque, or combination of techniques, include :

1- The cost and time of applying the algorithms
2- The demand range, i.e&.the varlgbility of demend from one period to

another.
3- The availability of long-renge forecost and confidence in the accu-

racy of the forscosth.
Now we are going to discuss, briefly, two of the more important lot-
rizing algorithms and then compare them with PPA

THE WAGNER-WHITIN AIGORITTTM (1)

This algorithm is famcus for precucing exach solutions, for known de-
mands, over a horizen sjusl to the life of the item. Rather than to test
every combingtion of eltler ordering or nob ordering in each period, this
algorithm is able %o achleve the sams regulhbs in subetantially fewer steps.

Two imporbant conclasions resulted from repeated application of the
algorithms
1. The actual number of sbeps required varles with the nature of the
demend (i.e. fluchuaticn manmsr).
2. The ratio of the setup and the inventory holding costs
‘3. The number of pericds in the horizon.
For short horizona, spplication of this algorithm results in sdlutions
inferior to those obbalned through applylag PPA

WAGNER-WHITIN ALGORTIHM VS. PPA

< son with PPA are:

Drawbacks of WWA in eonpex
- Needs relatively lsrge nuirber of calculations in a typical environmeht

- Computationgl time exlremely ssnsitive to the frequency of setups
- Typically, from ten ‘o thirty times as many calculations are required
for the WWA as for FPPA

4]

(1) See H.M. Wagner and T.M. Whitin "Dynamic version of the economic lot
size model" Management Science 5, No. 1 (October 1958)
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THE IEAST UNIT COST ALr}ORITIm(l’

This algorithm tends to compute, for various order sizes the cost per
unit chargeable to sstup and to inventory holding and selects the minimum
value

For known demand in long horizon enviroment, applying this algerithm
results in a rise of total cost, over that obtained through the applica-
tion of PPA, equals 5%. While for an enviromment of wide variations in
demand the rise is 20%.

COMPARISON EETWEEN THE THREE ATGORITHMS:

An extensive analysls was performed by J.J. De Matties in his originsl
work. He proved that the PPA performs well in all industries, but is par-
ticularly well suited for industries whose demand forecast extends for a -
limited no. of psriods, and for thoss whose forecast is appreciably more
accurate in the near futurs than for the more distant future.

In the short-horizon envimnmernt, PPA outperforms other algorithms
previously refered to.

Considerably few coamputatlions are regulred by PPA in comparison with
other algorithms wlth coupeting performansce.

In the "kmown-demand, lonmg-horizon®™ environmeiit,setup and holding-cost
performance with PPA ig approximately half of one percant higher than
minimum cost.

‘COMPUTER PROGRAMMIN (s

A detailed flow-chart for the PPA algorithm was constructed and then
translated to a FORTRAN II ceded program, and are both included hereafter.

The glven example was used as test data. Also, two other examples are
presented to explzian the rols of lcok-Ahead and ILook-Back tests. The
results are all shown.

(1) For more details refer to FROINCOS, IBM reference no. E20-0280-1



FUTURE INTERESTS:

The PPA is a rather new concept which, *o the best of my forecast, will
be subjected to extensive analysis in the near future and this will lead
more additions and modifications. Modifications will be included as a re-
sult of field studies and actual applications. It also needs to be genera-
lized to include the multi-item inventory systems. Among the points of
interest, I think, are:

1. Case of constantly rising demand

2, Case of uncertain demand

3., Case of changing PFV

li. Cases of long planning horizons (20-30 periods)

T hope that I will have the time and opportunity to continue the sub-
ject. In such a case further analysis will be published in due time.
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START OF PHASE T

}

PUT

EVALUATE (D(D), 1= 1,N)
FC(I) = ©

NCPV (D)= 9999
NPPV (1)z 9999

}

3=

CPPY:0 |
ot
AK' 2 O
TS =

:RCI.

T=:1

AK-‘- HKQL

[

peyv (1)
PPV

CPY (1) .

AK % D(1)
CPPV4 PPV (1)
cPPv

I 3asvid 40 QN3

STARTING TRBLEAU
PUNCH D(1) 5Tz 15N
PUNCH PPV(T) 5 X< 14N
PUNCH CPV(T) ,T= |,N
PUNCH TCC (1) 412 1,8

C(1)z AR« DIMCINY
Ct = €C4 C(D)
Tee(1): CC

R S | ARz 1.

! 1
TS =1 cPev 0
CC= CC4 RC
TCCc(I) =cc
NCPV(T): D _
NPPY (1) 0 Chh L goh LI
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START OF PHASEL

y

Fc(i) = RC
Fs (1) = 1

L=1

IK=TS(L)
ANz Tk-1
o
LH=1k4 M
KKz 0

Ll = Lyt

NO AN DN € DL
YES
"
KK=0 KKz 1 AN - Aa s
1 k=1
Lz i, 1
:
Fs(L)=IR
e T« DIx) < DOUH) Fe(ar):z RC M=t
LK IR
y VES
[ FS{Lys N
fmASE 117 '
2 Fr({n)zRC
] e IK
1]
twp o PHASES I1 ¢ 113 i_ Lzt

i T-‘lKv‘
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AN

NO

LNz N

YES

L zTSs(L)

AKz 0
1l = LK

[

Az A1,

1221141

C(11)z AR DAL) #CINYV




Fc{13):0

h

Fec(T3) = ce+Fe(i) Fec (n‘)\: ccqc(m

r

cc=Fec (13)

PUNCH

FINAL
RESULTS

YES /73NN N0 IT: 1. |




PHASE 111
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FS(L)2 IK
FC(1)= RC

l

24D (IK) <D (AN)

FS(L) K A
FC{aN) : RC

J
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o000
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EIHENSIDNEIEC);TS(EC).PPV(BC)sCPVlBO).C(BOJ.TCCIBO},&CFN(EO)
CIMENS IONNPPV(2C),FC(2C),FS(3C) ,FCC(30)
500 REACIsN
5 READZs (C(1)sI=1,N)
REAC2sRCsCINV
PDRMAT(]CX;IGIF?.Z)IlC)olC(F?.Zl/lC!:lO(F7.2ll
FORMAT(12)

-

'START CF PFASE I

CO1C0I=1,sN

FC(I)=¢C

NCPV(I)=6¢¢S
10 NPPV(I)=5¢¢S

J=1
cPPV=C
CC=RC
AK=0
TS(1)=1

CO401=1,N
PPVII)=AK*C(I)
CPPV=CFPV+PPVII)
CPV(I)=CPPV
CLI)=AK*C[I)*CINV
IF(CPP\V=1CC.)2C,2C,2C
20 cc=cc+C(1I)
TCCL1)=CC
IF(I-N)zE,EC,5C
25 AK=AK+tl.
CCTO40
30 J=J+1
TS(J)=1
CC=CC+RC
TCC(I1)=CC
NCPVLI)=C
NPPVII)=C
IF(I-N)2E
35 CPpv=C
AK=1

0 5C,EC

40 CONTINLE

PUNCF STARTING TABLEAL
50 PUNCEFZ
PUNCF4
PUNCEE
PUNCK7
PUNCKE
CO E5 I=1,N
§5 PUNCFSsI,C(I)4PPVII),CPV(I),TCCII)
PUNCHZ
PUNCE11

ENC OF PFRASEI
START CF PFASE TwC

FC(1)=RC
FS(1)=1

CO150L=2,J
L1=L+1
IK=TS(L)
AN=IK=1
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M=1
LM=[K +M
KK=0
IF( IK=N)EC,10C,€C
60 ANC=AN*D(IK)
IF(ANC-C(LM))EE,€5,EC
65 AN=AN+1,
KK=1 :
IF(LM=N)TC,75,7C
70 1K=1K+1
€OTOED
75 FS(L)=N
FC(N)=RC
€OoTO15¢C :
80 IF(KK=1)€5,5C,5C
85 LM=LM+]
1F(ANC-DILM))€5,65,1CC
S0 FS(L)=IK
FC(IK)=RC
coTol2¢

START OF PFASE II1I

100 TC=2.*C(IK)
IN=AN
IF(TC-COIN))1CE,1C5,11C
105, FS(L)=1K=1
FC({IN)=RC
CCTO12¢%
110 FS(L)=IK
FC(IK)=RC

ENDC OF PRASE 111
125 JL=J-L
IF(JL=1)13C,135,1235
130 LN=N
COTO14C
135 LN=TS(L1)
140 AK=0
LK=1IK
CO14511=LK,sLN
CUIT)=AK*¥D(IL)*CINYV
145 AK=AK+1.
150 CONTINLE

ENDC OF PRASES I1 , 111
CC=0
CO1701J=1,N
IFIFCL1J))1€5,160Q0,1¢€E
160 FCC(IJ)=CCHC(IJ)
coT0117C
165 FCC(IJ)=CC+FC(IJ)
170 CC=frCC(1J)
PUNCE FINAL RESULTS
PUNCF3
PUNCH4
PUNCEE
PUNCET
PUNCHE
CO18CI=1,N
180 PUNCF9,IsC(I)sPPVII),CPVII),TCCI(I) FCC(I)
PUNCE2
PUNCE11
COTO5CC

3 FORM*'T (EC}-:::::-:::---azxsax;g:====::a:u------s-s---n-nq-.s-qq-cuq

x:::::-_szzz::a:::::::z:=w)
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4 FORMAT(Z€Xo11HPART PERICD 43 %l HCLMULATIVE 43X ,9FTENTATIVESXoEFFIN

XAL)
6 FORMAT (2Xy EFPERIQD s€X s6RDENANEC 320X o1 1FPART FERICC 94X 10FCLNULATIVE

X9 4Xs 10FCUMLLATIVE)
7 FORMAT(Z2EX,SHVALLE 1CXx ySHVALLE 48X ,4HCCST,10%,4HCCST)

8 FORMAT (EQkmmmmmmmemme—eee—n———- ceeessssssmmesasssssssssssssssesco-
Xmmmmmm e ——— e ———————)

9 FORMATE4Xs 1295X 9130 EXyFBa237XsF8e25XsFBa216XF8,2)

11 FORMAT(/) |
ENC
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CASE (1)

#####n###x#####n##an##ﬂuﬂ##n####ﬂ#ﬂn#######u######ﬂ######*#“ﬂ##ﬂ!l###l######*liﬂ

PART PERICC CUMULATIVE, TENTATIVE FINAL
PERIOD DEMAND PART PERICC CUMULATIVE CUMULATIVE
VALUE VALUE CCsT COST
1 20 0«00 0.00 50.00
2 20 20.00 20.00 60.00
3 25 5000 70.00 85.00
4 35 105.00 175.00 135.00
5 30 30.00 30.00 150.00
6 10 20.00 50.00 160.00
i 10 ' 30.00: 80.00 175.00

8 1 6000 140.00 225.00 '
###*#l###l#ﬂ#!################ﬂ#ﬂ#ﬁ######l#####ﬂ##!####ﬂ####ﬂ###lli#li#ﬂﬂlllllll

#ﬂ####################!#########f##############l#ﬂ!##ﬂ#ﬂ#ﬂ#ll#llﬂl]llﬂiﬁﬂllﬂliﬂi
RT

PERIOD CUMULATIVE,  TENTATIVE FINAL
PERIOD DEMAND : PART PERIOEC CUMULATIVE  CUMULATIVE
VALUE VALUE ceSsT - oSt
1 20 0.00 0.00 50.00 50.00
2 20 2000 20.00 60400 60.C0
3 25 50500 70.00 85,00 85.C0
4 35 105400 175.00 135.00 135.00
5 0 3000 30.00 150.00 150.00
6 10 30,00 50400 160.00 160.00
7 10 304 90 80,00 -115.00 175.00

8 : Ry ' 140, 225 22%.00
###ﬁ###ﬂ#######R##ﬂ####ﬂ###########################ﬂ##########ﬂ##ﬁ#ﬂ#ﬂﬂﬂ!*#lll#l
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CASE (2)

ﬁ#ﬂﬁ#########ﬂ##########ﬁﬁ#ﬁ#####ﬁ#ﬂ##############ﬁ################ﬂ#ﬂ#ﬂ#ﬂﬂﬂ#ﬁﬂ#

PART PERICC CUNMULATIVE TENTATIVE FINAL
PERIOD DEMAND PART PERICC CUNULATIVE CUMULATIVE
VALUE VALUE = GOST CCST
1 10 Daefl 0,00 100,400
2 =13 90,00 90.00 190.09
3 10 2000 110.00 260.00
4 90 90.00 90.00 380.00
5 19 20.00 110.09 480,00

#########################################ﬂ###ﬂ################ﬁ##ﬂ#ﬂ#######ﬁiﬂ##

BRUBARNUBRRARBRUN G ARGRRBGARHE R UNHREERARHRBRRHSRAHEHRURNARAUAHORNANAAAARANAAAN

PART PERICD CUNULATIVE, TENTATIVE FINAL
PERIDD DEMAND PART PERICC CUNULATIVE CUMULATIVE

VALUE VALUE CCST CCST

1 1n Je 0 Qe 10000 160 .CC

2 90 904750 90,0 10 .00 158.C¢C

3 10 20.C 110,393 250 .00 210 JGO

4 90 CIOMSH 99 .00 38N .00 210.C0

5 10 ZU-CO 11“00!:-’ "80.00 320.00

6 90 90. 01 90.00 570 .00 420.00

HEHHHRHRBBHARHB AR HRAA AR AN ARAH AN BH AR OR R RARRARRHRRARARARHAAANHAAH AR
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CASE (3)

ey ey e R R A R LR RS AR R R AL

PART PERICC CUMULATIVE,.  TENTATIVE FINAL
PERIOD DEMAND PART PERICC CUMULATIVE CUMULATIVE
VALUE VALUE CCsT cesT
1 10 0.00 0.00 100.00
2 29 20.00 20.00 120.00
3 49 80.00 100.00 200.00
4 10 30.00 130.00 300.00
5 20 20.00 20.00 320.C0
6 40 80.900 100.00 400#00

10 30.00 130.00 500.00 .
##########H###ﬂ####k###ﬂ#######ﬂ###ﬂﬂ####ﬂ######H####ﬂ############ﬂ#ﬁ#ﬂ###ﬂﬂ#ﬂ#ﬂ

#############nﬁu##########u###n##ﬂ##ﬂn#uﬂ#nu#ﬂ####u########ﬂ#ﬂﬂ####h#######ﬂhhs#

PART PERICE CUNULATIVE, TENTATIVE FINAL
PERIOD DEMAND PART PERICC CUMULATIVE ~ CUMULATIVE

VALUE VALUE CCsT COsST

1 10 0.00 0.00 100.00 100.C0

2 20 20400 20.00 120.00 120.C0

3 40 80.00 1u0.00 200.U0 200.C0

4 10 30.00 130.C0 300.09 230.00

5 20 20.00 20,00 320.00 330.0C

6 40 B0.00O 100.07 400.09 430.00

1y 10 30.00 130.00 500.00 430.00

#########################ﬂﬂ#####ﬁ##############ﬂﬂ#######ﬂ#########i#########ﬁﬂﬂ#



