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INTRODUCTION

To-day the area of linear programming can be already regarded as
theoretically resolved. In spite of this fact, serious difficulties may
arise in connection with its practical application. The fundamental re-—
ason of these is the cﬁmula?ion of the round-off errors arising during
the execution of the calculations. The biasement caused by the calculation

errors is increasing with the dimension of the problem.

The examination of this question is very important,because the solu-

tion of large scale problems is increasingly demanded in the practice.

The first chapter expounds the theoretical foundationg of the linear

programming.

Here the methods in question are divided into two groups, into the
go-called direct and indirect methods., chapter 2 deals with the first group,

while chapter 3 deals with the second one.

Among the direct methods the gimplex method and the method of the
effective directions are discussed. The different known variants of the
method of the effective directions can be discussed on the basis bf the
same principle by giving a suitably chosen normalizing condition. The

individual methods are distinguished according to the choice of this norma-
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Chapter Le

The Theoretical Foundations of the Linear Programmings

As it is known, any linear programming problem can be written

in the following forms:

B
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or in the corresponding standard forms:
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1f we introduce the s}ack variable 4=b — AX

then the problem (1.1) takes the following forms

A
X 2.8 =9
(1.2) Ax+0 =D
T T A
C'x+oUu > max

i

The dual problen of (1.1) takes the following forms

UF el
T
(1.3) uh > g
T
u b —=min .

We can formulate it also in the forms:

min‘fﬁ' 1_1._€Ld15



Where,

is the set of the feasible solutions of the dual problem, By introducing

the slack variable %L = WA =cF » the dual problew (1.3) can be formulat-

ed in the form

N
u>o0 , x 2 2
' T T
(1.4) ua -3 =
uTy + OT.g —>min

If there exists such g program X, € Lp, or resp, u, € Ld’ that for any

Iy T Ta T
0

xel , resp, u QLd the inequaliti_es SESE Ky 3 Tsp, whbsu b arg valid,

b
then we call the vector_fo resp. the vector_yo the optimal solution,

Now we turn oyp attention to the discuSSion of the fundamental

theorems of duality,

Theorem 1,1: (Symmetricity)
—==orem l,1:

conversely,

Theorem 1,2 (Weak duality)

T T
Sup {_g_}_cl_}_ceLp} < Inf Xu _b\gebdg

Theorem 1,3 (Strong duality)

The program_§O<ELp is an optimal solution, jif and only if there

exists g program EOQ;Ld, for



which, cT . g T
=~ Zo T -o

b
o D

It follows from theorem l.l, that the Uy of theorem 1.3 represents

an optimal solution of the dual problem , If the pair of vector (Eo A 30,)

is the optimal solution for the two dual problems, then the slack variables

are the followings:

[F=1

0=1—j-~ -—A}-CO

T i T
o T U A-c

%>
i

By means of these we can formulate

Theorem L.4: (Complementarity)

Theorem l.5% (Existance)

If both the sets Lp and Ld are non-empty, then the set of the optimal

points is also non-emptye

Theorem 1,63

The set of the optimal points is such a convex polyhedral, whose

extreme points are equivalent to the optimal extreme points of Lp.



Chapter 2
Direct Methods

2el. _The Greneral Simplex Methods .

The begt known method for solving the linear programming problems
the
is,simplex method. This is a method based on the elementary basis trang-
formation, Nauely, applying the simplex method to solve a linear progra-

mming problem is as much as looking for such a basis over a sequence of

elementary basis transformations, which directly gives the solution of the
the problem. The way of the realization will be discussed taken. Now we

make some fundamental remarks in connection with the set Lp.

As it is known, under the conditions formulated in chapter 1 the set
Lp is a convex polyhedral, whose points are the feasible solutions of the
inequality system
X >0

—_—

Ax <b

By introducing the slack variable @ » 1t can be written also in the come

plete form, as in (1.2)

¢

s>
\%
Te)

X

\%

>
]
o

Ax o+
we associate with this the following coefficient matrix

[A+E]

Relying upon thege we shall introduce the concept of the basic.solution,
which is of fundamental importance, The solution goe;Lp is said to be a

basic solution, if the coefficient vectors belonging to the positive come



ponents of the vector-pair (go ' u

u, = b - g_go) are linearly independent,

Relying on the new concept we formulate some important theorems,

Theorem 2,1¢

1 Lp;# ® , then there exists a basic solution, too,

Theorem 2,23

To every basic solution of Lp corresponds an extreme point, and to

every extreme point of Lp corresponds a basic solution.

Theorem 2,3%%

The number of the basic solutions, i.e. the number of the extreme

points is finite,

Now, relying on the‘foregoing we can already formulate the basic
idea of the simplex method. We choose one of the extreme points of Lp’
then from this we go to a better neighbeuring extreme point wit! the help
of one step of elementary basis transformation, Then we repeat this
procedure as many times as necessary.
It follows from the previous theorems that under the given conditions we
obtain an optimal extreme point in a finite number of steps. This extreme poink

according to theorem (1.6), represents an optimal solution for problem (1.1).

We shall associate the following tableau with the pair of dual problems

of (1.1) and (1.3,

(2.1,1)

=
(=
|

lo
lo




We call this tableau the simplex tableau and regard it as the representa-

\:\»)o
tion of the following relations.

As known, the components of u represent the basic variables, and
the components of x the non-basic variables with respect to fhe prinal
problem, while the reversed place is due to the dual problem, So, from the
two relations (2.1.2) and (2.1.3) we obtain the pseudo-basic solutions, by

writing o in place of the non~basic variables,

Let us consider the partitioning of the matrix A

Ar Ay LIP)

A

=21 LA

22

Where ﬁll is a non—singluar_block of order r o Applying this partition

we can write the tableau (2.1,1) as:

XT XT

e E
(241.%) u | A A by
By | Ay Aoy | Ps

7 7
g &l




then by performing the corresponding basis transformation we obtain the

tableau
AT T
L) X

' -1 -1 -1

(2.1.5) 1| A2 3 %15 Lo by

U e S W S Bl dor
Yo | Aoy Ay ApmAn A4, bom Aoy Ay By
o1 T T -1 T -1

-G Ay Cp =C1 A7 Ay |Gy Ay By

This tableau represents the formulass

-1 n —l -

o Xyt Ay By o+ Ay dyo Xy = Ay By
(2els6)
A —1 N "'1 -l
Up = Agy Ay Uy + (Bppmhyy Ay Ap) X, =Dy =y ATy

with respect to the primal problem, and the formulass

T AT -1 T & Pl
| TUp ot Xy Agg = By Ay Ap) = =00 A
(2.1‘?) T l
AT AP T ] TPl
“Xp + Xy Ajy Ay + WA mAy, A A )=Co-CT AT Ay,

with respect to the dual problem,

In the tableau (2.1l.5), the basic variables of the piimal problem are re=-
presented by the components ofz(zi’ga)t’ and the basic variables of the dual
problem by the components of (Ei ’ §£)°' Accordingly the pseudo-basic solu=-
tions take the form:

1

o A-- b )
(2:148) X = st ’ Aﬁ: {b -4, ALy ]
- . -27%21 211 =1
. T T ,-1 T AT T T T ]
(2.1.9) u —[91 A7 00 ] r X -[9 1 8o + 8y Ay i“12]



The value of the objective function for both pgeudo-basic solutions is

T -1
C) Ay bye
If in the last column of the tableau (2.1l.5) there is at 1least one o

among the components of the vector

o

-1
1

bols Ao ik iaD

b= Ay Ay By

then we say, that degeneracy occured in the primal problem. And if o

-1 T
~cy Apy,C; - 1 A -12]

then we speak about the degeneracy of the dual problem. In this case the

can be found among the components of the vector[

corresponding pseudo=-basic sdlutions are considered to be degenerate solu-
tions. If a simplex tableau gives such a pgeudo~-basic solution with respect
to the primal problem, which is at the same time a feasible solution, too,
then we call this simplex tableau a primal feasible tableau. The dual

feasible tableau can be defined in a similar way,

Theorem 2,43

If the simplex tableau is both primal and dual feasible, then the

tableau gives an optimal solution.

Two basic variants of the simplex method are distinguished: the
primal simplex method and the dual simplex method. The basic idea for the
first is, that we approach the optimum through a sequence of primal feasible
tableaus, and for the second this approach is made through a sequence of

dual feasible tableaus,



2.2, The Revised Simplex Methods

To present this method first from the constants of the problem (l.1)
resp. (le.2) we shall construct the matrixs

(2.2.1) L, = A E b

¢’ o o

Which is the matrix of the initial data, to which belongs the basis

determined by the matrix:

1=
lo

1o
'_l

The simplex method can be characterized in such a way, that we ex-

change the column vectors of the block (E 7y in the basis by suitably chosen

T

i
column vectors of the block ¢ A (of the m&trix L
{QA}

Let us assume, that at the sth step, §0 takes the forms

D °

i
<

(|

In this basis_gO becomess

-1
I"—s T g =0

-Es represents the sth simplex tableau. From the definition of éo and Bs we

can give Ls in a more detailed forms

I
lo
o
lo

(202024) ES =

Q
i
e
lo
>
i
1o
1
e
o
1o



Relying on this result, it can be seen, that any element of Ls can be

calculated eagily from the initial data, if we know the matﬁix_§~1

Namely, Knowing _Q"l we can perform the sth simplex iteration in such a
way, that we do not determine every element of the matrix_gs, only those

which are needed,

In the case of the primal simplex method we can arrange this in

the following way:

1, We determine the vector_Qflp,

2. We determine the vector-g?gfl. If_dT 2"1:5 gT, ve turn to step 4.

3. We choose the largest positive dlement of the vector -QT D"l

Let it be the kih element. Then we choose the pivot element in
the colunn vector le_gk and turn to the r:xt iteration,

k., On the basis of the formula (C' =-d’ Qfl f)gi we determine oneafter
the other the elements of this vector, but we stop at the first
positive element, Let it be the kth element. Then we determine
the vector_2~l_§ S from its components we choose the pivot
element, then we turn to the next iteration.

5e Lf g? - gT 2-1 ASQT, then és represents an optimal tableau.

In the case of the dual simplex method we proceed according to the
following:
l. We detarmine the vector [§T~ QT‘Qulé, ~§? Qul].
2o We determine successively the components of the vector_g_%p,
but we stop at the first negative component. Let it be the

jth component. We determine the row vectoriie? Qflé, g? Emi] o



b 0 &

choose the pivot element from its components, then we go to the next
iteration.

3w 12 ljl

b 2 o0, then_&s represents an optimal tableau. As it can be seen,
in the way described above really only a small part of the elements of

—Es has to be determined,.

This is an important circumstance from the point of view of occupying
the storage capacity., From (2.2.,2.) it can be seen, that we obtain the data

to be determined directly from the initial data, This fact can help in de=-
creasing the round-off errors. Here, a serious difficulty arises. Namely,
in some way the inverse of D must be determined. Of course it could be de-
termined by the help of the general simplex method, but this would hardly be
helpful in our problem caused by the round-off errors. According to the ex-
perience, however, it is possible to achieve considerable improvement, if we

apply the so=-called product form for the determination of the inverse.

2+3. Problems with Speciai Structures

The methods diséussed before apply generally to the solution of any
linear programming problem. Yet the special structure of the given problem
may involve certain possibilities for simplification. In the following we

want to exploit this possibility in convection with the following problem:

X622 1 X9 20 geveey X, >0

p

z{_l + e 00 +K x éb

C o=-o " -1 -p-pY 0
(243014)
oy a fiél
A x b
Zp-p J-p
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A possible economic interpretation of this problem makes easier the
understanding of the sequence of ideas to be applied. Let us assume, that
the centre of a certain economic unit controls the work of p different
sectors. Besides it has to be taken into consideration that the centre has
only the resources given by the vector Eo at its disposal, while the re-
gsources determined by the vectors Ql,.;.,gpifall‘within the competence of
the respective sectors. The matrices Eo’ 51""'§p contain the ﬁechnical
coefficients for the central resources, which the matrices 51""’§p are
the technical coefficients for the sector resources. The components of
the vectors 90’ 91""’9p show the per unit efficiency of the central,resp.
sactor activities. According to this, b3 gives information on the level of
the central activities, while §1,...,§P én that of the seqtor activities.,

If the number of the componénts of the vectors Po’ bl,...,gp are the scalars
mos ml,...,mp, then the number of'the central constraints is me and the number

of the sector constraints is m1+....*mp = me - The complete coefficients matrix

belonging to the problem (2.3.1) takes the form.

Ky Ky oeeen K

1=

2 _}?ml \?{é’ ]
(20302) .o

'

| ~Mg
|

|

l

|

|

|

Where the symbols Em ’-Em ,...,_iEm represent identity matrices of order
) 1 p

mo, mng..’mPO



= U5

So the complete problem can be written in the forms:

N A
E,200 Xy 20yeeeny X 201 20, /ﬁlzg,--.,gpasz
A
K, %, * gl Xy + oeee gp gp + U =_po
(24343). N
Ay ki =03
N

A op = b
“p-p p T p

T T | T T AP T

"\
u_ s max

A
Co¥o + Cq%y + oo + L 0" u +o El+'f°+2 p

In the solution of the problem we shall proceed according to the
revised simplex method. According to the arguments set forth in point
2;2, fhe determination of the inverse of the matrix D. The special structure
bf.the problem now to be considered provides certain possibilities for
simplification. To exploit these possibilities we can rely upon the ideas
applied by DANTZIG to develop the so-called generalized upper bounding (GUB)

technique.

The column vectors of D are chosen from among the column vectors of
the coefficient matrix (2.3.2.). Accordingly-~by a possible rearrangement of
the columns-the following construction can be given for the matrix_g in

questions

D: K K. o-ocoK
- =ls ~ps

(2.3.!4) A

Here the column vectors of__IgoS are chosen from the column vectors of[Ko, Eﬂné]

s while the column vectors of the blocks,
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BN and

A,
—is

are from the column vectors of the block

— =

Kis ! 0
24 ! o

A, Bos
=k o emi

L

Eih

—ih

( % 2112!"5)P>

(i=1s2s"~9p>

The matrix D can be written also in the more concise form:

(2:345) »aD sk K X

ke
5
|

Where '
By =[l{-ls’°".’ l{;pss)
Ky =[Eppeeees Xon]
I~ =
=S “-Als
- A
_ “ps
and - 7
by 4y, \

Moreover, if we use also the symbols

IN
{K , K = K
—08 -9 =8

and
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then we obtain the formula

e >

(20306) P_ - s

5>
n

| &
t=g

~
We shall call the variables belonging to the column vectors of the block Ks
A

the key basic variables, while the variables belonging to the block gh
the auxiliary basic variables. From the foregoing
follows, that such a partition of the basic variables is always re- Ah

S

alizable in the given problem, The following statement; are obvious, toos

a) Every auxiliary basic variable is a sector variable.

b) Beside the central variables there may be also sector variables among the
key basic variables.

¢) The number of the key basic variables is M while the number of the

auxiliary basic variables is My + eee mp.

The inverse of D is

| =i -1 -1 =1
(2.3.7) D7 =| K KT K A
N RS § -1 N =l -1
Where
(2.3.8) R T
' . "-Es LN A‘s

By knowingléil and Efl ; it is really simple to determine the inverse matrix
Efl, which takes a prominent part in the arrangement of the reviseo simplex
method. Notice has to be taken of only that in every iteration step the key
basic variables must be separated from the auxiliary basic variables. First the
auxiliary basic variables have to be marked, then the key basic variables. The

auxiliary basic variables are marked out simply in such a way, that from

among the sector variables, we choose ml+...+mp basic variables. The remaining

basic variables are the key basic variables.
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2.4, On the Method of the Effective Directions:

We can formulate the problem (l.1) in the forms

(2.4.1) é'X<b'

where A' = |~E and b' =0

According to these,
L :}X A"ng’%
p — — g— —
We define the set of the feasible directions belonging to point
2o € byt

R:{E\ .g:}i-_o’ }EELP’E{'_#EO%

We normalize the vector r<R is a sense., We mention three special cases:

(Q is non=singlar )

The program_§o€:Lp satisfies the constraints of (2.4.1) partly in
the form of equalities and partly as strict inequalities. So we can apply
such partition

A" =] Ay , respe bt =[b, |
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for A' and b', where
(20402) él }—CO :El

and

(2.4.3) A, x, <hb,

We shall say , that for % the (2.4.,2) represents the active restrictions,

and (2;4.3) the non=-active restrictions,.

Theorem 2.5:

The set of the feasible directions belonging to_§0 is equivalent to

the set of the mometrivial solutions of the inequality system

A r o

A3
We shall define the set of the effective directions belonging to X, m
the following way.

(2;4.4;). R = EE |z €R, fo So g

An important property of the effective directions is expressed by:

Theorem £:6:

N
If goe,R, then there is a scalar ')b > 0, such that for any o<\ S’ko
there hold

El =§O+150Q1b

and

T T
Cx, <& x4
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A point_ggS Q_Lp, to which does not belong any effective direction,

is called a stationary point.

Theorem 2.7:

If X, € Lp is a stationary point, then it is optimal at the same time.

2.5. The Determination of the Effective Directions:

In the following we suppose, that we are at the kih iteration. Accordingly
a point X € Lp is given, and we know also the matrix Al of the active con=-
straints corresponding to_gk, Then we determine the effective direction_fk
belonging to this'ﬁk in such a way, that we solve the problem,

(2.5:1) max thg' T QR} "
where the elements of R are the feasible directions belonging to Xy o Hence

the elements of R are also the nondbivial solutions of the inequality system

A, r <o
These solutions are normalized in some way. Therefore, as we have already
mentioned, the problem (2.5.1) surely has an optimal solution, which we denote
by e It is also known, that in case of_g?;k:>o Iy is really an effective
direction, but if ET fk:go, then there does not belong any effective direc-
tion to Ko
Then according to the way we normalize the elements of R, we come to

different variants of the problem (2.5.1). In the following these variants

will be discussed, -
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I, First we apply the relationlz\:l. Then the equivalent of (2.5.1)

is the problem

& Tep
(205.2) 12[ - .].
T

Cr == max

This is aparticular non-linear programming problem, which can be
reduced to a quadratic programming problem of known type. And if there are

no active restrictions, i.e. %y iz an inner point of Lp, the problem (2.5.2)

2] =1

reduces to the problem

max %QTE

whose tivial solution is the vector

II. Computationally it is much more advantageous to apply the

restriction

~d% X .S

for normalization. The problem to be solved is then the linear programming

problem,
él rs @
(2:5a3) ~lsr g1
T

, °
(24544) A



If_yk is its optimal so}uti@n, then gk;¥k~} represents an optimal
solution for the problem (2.5.3). NanUWlly_gk is an effective direction only
in case of g?;k > 0.

If it happens that there is no active constraint, then the problem (2.5.4)
can be solved also in a trivial way. Namely, it can be easily seen, that then

the vector Vi 0 whose 1th component is given by

AP
2 ife; C
7 9 =3 _>Q
e, ¥y =
=ik p
o s if gy C <o

is an optimal solution. The corresponding effective direction T can be given

by the formula_fk :_yk”l‘

III. This variant can be characterized in such a way, that the elements
of R are normalized by the restriction [Q rl:l, where Q is a non-gingular

matrix, We impose, that @ should take the form

=%

(845:5) Q = 1
s
_In connegtion wiwl:h_f\::L we must require, that the row vectors of_él form
a linearly independent system, Asg reléting to B, for the ftime being we reéuire
only that Q be invertable. (Léter we shall solve our problem with specially
chosen matrices B).

Then we have to solve the following problems:

él <o
(2-506> lQ_ljl: l
QTEf“*ﬁ>max



For the sake of this we define the vector

s ¢t =y a2 )

Where the number of the components of y is equal to the number of the
active' constraints, and 2 has as many components as the number of the row
vectors of B.

Then from y we construct the vector y; whose ith component is given by
T 1
e; ¥ if ey

. ¥y < 0°
(20508) g

(@ -
£ 22
leg

0 y if > ©

Then we define the vector s, which plays an important part in our rew
agonings

¢
8 =|y

(24549)

2

This vector g has remarkable propérties.

Theorem ¢ «3°

If s = 0, then X, is an optimal point.

Theorem 2.9

If 80, then the vector r, = T%Tu gﬁ%g is an effective direction, and

at the same time is an optimal solution of the problem (2¢5.6)

Now we can give the following procedure for the determination of the

effective direction gks



m 7
1. On the basis of (2.5.7) we determine the vector|y , 2?] .

2. According to (2.5.8) we construct the vector yuiggm Ve then we write
T
J.

is an optimal soelution,

the 1estor §? z[i? .

{ee

3. If 8§ = o0, then x

k
T o . :
be If,s;ﬁa, then r = *g) Q@ 8 1ls the wanted effesctive direchion.
L oo & b

Agreat advantage of the presented procedure ig, that ik shows a direct
possibility for the determinaticn of the effective directions. But it has
the disadvantage, that in case of larga zcale problems the inversion of Q
may give rise to severe difficulties, since the crder of Q is equal to the
number of the unknowns. But thess difficulties can be decreased considerably
by suitably choosing the matrix B,

IVe. An it is known, the matrix ﬁl can be transformed by the usual simplex
transformation intc the form

(2.5.100 & =¢\B .2} =lc, cp]

Where C is a non=singular block of crder r. On the basis ef—this-the bhasig
of this the choice
(205.11) §£ {99 }I}l]

Where d is the number of the row vectors of B. Than

5
z gci
and as it is eary to verify,
I, T - | §
LR R
i
0 Eq}
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So, with the partitioning o' m[_ci y ©

J
Lot o ~9§2]

Therefore,

!

(=]
= 3
i
‘_ﬂ

and

&3
]

D.

K¢

T T
€5 ™ By

On this basis it is easy to construct the vectors Yy and

gt o jT 5 E?}' If $=0, then x, is an pptimal point, otherwise
o . .
whgrg -]

(2.5.13) P = - T

is the wanted effective direction., This gk can be written also in the form

n N
L

where _1C y

This resolution of £k is justified by the fact, that the vector ik’ whose

determination is relatively simple, has an important property 3

o

Theorem 2,10

If z o0, then t, is an effective direction,



On this basis the following procedure can be constructeds

l. We perform the factorization A =C Er"g-] of the matrix A

l.
2s We determine the vector d=2c, - Qi Sye
3« If z g0, then_}k = Xﬁfgﬂ] 2 is an effective direction.
= 5
%o If Z = o, then we determine the vector y ;-Ei-g and from it we

construct the vector y,

5. If y = o, then Ean is an ophimal solution,
v = C_-l i
—_ y is an effective direction.

by 1If y'#:_g, then n, =

-

V. We get a more complicated case than the previous one, if for

él :[Q ’ QQ]

we give the matrix B in the form

B =0, By

in this case the relation

(2.5.14) A B = o

holds, which means, that the row vector space of B is the ortahogonal

complement of the row vector space of A,. Under this choice

1
¢ oo
Q= .
"—9 =d
and



where § =B + DD = st

So, according to (2.5.7) = depending on the partition cP 2[6{% s GE:Sm
=i s o -

T . IR R R & B
y “[(§2"919)§ D"+ €y]c

and

. T .
(245415) & = (65, =6 D
By using this last relation, y can be written in the form

(2.5.16) yT w2 (ZT DT + c§ ) gfl

Similarly as before, we can apply the resolution

(2.5.17)

-—k + tk
where in this case . B

n =[5, ~ps™ 0% |- Ty

§-l DT
and.,

£, = =D 51z

Zx 2 2
By

where we form the vector y from y. Also here jfk has a similar progerty, that

Theoren '2.;11:

If z 40, then iﬁk is an effective direction,
Then we can formulate a similar procedure, as in case IV3
1_. We perform the factorization _&1 = C [Fl:r ’ _1?]

2, We determine the vector ET = CQE - gi 2) _§_“l

. 3. If 240 4 then b, = =D _Sj'l z as an effective direction.

By



4o If 2z = 0, then we determine the vector y on the basis of the relation

_le » and then the vector y,.

5e If y=o0, then Xy is an cptimal solution,

§=~1 ~1 E«l ,v:
-1
DT

6, If y'ig, then the vector n = Er‘ - D

Som

ith

is an effective direction,
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Chapter 3

The Indirect Methods

3,1, The Principle of Decompositions

We shall examine the following problems

5120 ’2.{229’ vee 9 X >0

- __.p/
K, Xy + KS¥n + eoee # E{P §p\<}20
(Bl AE < by
ks < b,
A x b
Zptp < -p
CTx o+ nTx + + mT K e MEK
£ %) + Cpfp ¥ ecee ¥ Zp oy ;

It can be considered as a special case of the problem (2.3.1) with (gozg.)

If the number of the components of the vectors po,gl,pz,..., Pp are mo,ml,mz,...mp,
then the number of the central constraints in Moy while the number of the sector

constraints is ml + My + eee 4 mp = Mo

At the same time let us assume, that the vectors gl,ga,...tgp showing
the level of the sector activities contain nl,nz,...,nP components. The matrix
K. is of type m e Ny and the matrix éi is of type Mes Ny where i=l,2yee09Pe
Then the problem (3,1,1) is such a linear progranming problem, where the number

of the unknowns is n1+n2+..e+nPs and the number of the constraints is

mo+m1+m2+...+mp. We suppose, that the set



(Bule) Ty = {E | 2522 0 Ay % SE»:E (i=lyevsyp)

s

of the so-called sector programs is non-empty and bounded., The principle
of the decomposition introduced by DANTZIG and WOLFE, is based on the
fact that under the given conditions the set of the sector programs can be

ek

written also in the form (3.1.3) L, m}xikxg = Py Vs 3&,? 0, {Pyi . l}‘
(i=19240004D)

Where_}ji is the matrix constru@tedAfrum the vectors cerresponding to the
exteme peints of Li’ and yi is the frequency vector. If we apply the rela=-
tion (3¢143) to the problem (3.1.1), then we obtain the following- trang=

formed version of this problems

Viz 8, Y:>0000y V >0

p
(K1) ¥y o+ (BpPo) Vo ¢ wew + (RP) V. <l
T
4 —Vl % 1
T
L -y2 =1
(3.1.4) 15y =1
(CTP) V. & (T p) v, 4 + (. P a
21717 ~1 F M2 Zpl Tt e Cp opr— —eeilles

It can be easily seen, that the two problems are equivalent to each

other in the following sense:

Theorem 3.1

If the vector systen (y§, y;,...,hyg) represents an optimal solution

for the problem (3.l.4.), then the vector system (gg,_ggoa..{§;) is an
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optimal solution of the problem (3.1.1) where

(iﬁlgagoco,P>

Now we formulate the dual pair of (3.1¢4)

§29 9 yIQEl! yae El goee ype El

| g 08 TRET 25 5
T T T
(341.5) S KBy + Vol 2 C, Py
T T T
st K P +y 150G P
> —pD Tp=2Z pp
sT b + + ’ 2] 3
= =0 * y‘l ya ceoe °F LYP mimn

The components of S can be interpréted as the shadow prices of the central
resources, while the scalars yi, ya,...,yp represent the efficiency bound of

the sectors.

Now, in the tth iteration step , such a reduced versions

X o e
Vi30 s Vp30peeens Vp 0

4! 4 A A ; n n
(KyPy) ¥y + (152"132) Vo o+ oot (KPEP) Vv <b

p S <o
}.Tﬁl =
(31.6) Ty, e
Ty = 1
- -p

mio s % feasiip basid. Ay D
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of the problem (3.l.4) is given., Here the column vectors of_gi form a

subset of the colunmn vectors of_fi and consequently the components

N
of_yi are similarly a subset of the components of Xi'

Let the optimal solution of (3.1.6) be the vector system .

A A A bt
(Xlt’ Vipseees ypt), and the corresponding optimal solution of the dual of

(341.6) be the vector system (§t’ Yigo yat,...,ypt). According to the

strong duality theorem

; il T A A AN

% .
(361.7) =8y Byt Ygy + Yoy 4 oeee 4 Ypte

An important relation with respect to the two solution systems is express=

ed by

Theorem 3,23

s <§t’ Yigo ;.., ypt) is a feasible solution of the problem (3.1.5),

ﬁhen the vector system (Elt’ §2t,...,§pf), where

A

A B
Xig =Py Vi o (i=1,25000,p)
represents an optimal solution for the problem (3.1.1).
This criterium cannot be utilized directly, since the problem (3.1.5)

is not available, we know only a reduced version of ite But the indirect

application of the criterium is possible. Therefore, let us construct the so-



called sector problem:

. D> 0
iy =
(3.1.8) ;A—i Ei \<}.:).i (il’:l’E,ooo,p>
2, = (GT - ST K.) X | 08
g5 SR T DA e mere. B
Let git be an optimal basic solution of the problem (3.1.8), and let
| | Dadp s i A
gy = (G ~ 8y Ky) Xy

Knowing the values Zit there is already a simple way for the examination

of the criterium.

Theorem 36548

It zit‘s:yit holds true for every possible i, then the criterium

formulated iﬁ theorem 3,2 is satisfied.

If it happens that the criterium Zitisyit does not hold for all i, then
N
the reduced problem must be extended further, that the matrix qut, §i+1

N
represents a suitable extension of the matrix‘g.t. «After the execution of

it

this extension we can obtain such a new reduced problem,

Now we can formulate the algoerithm:
0.0n the basis of the foregokng we construct an initial reduced problem, This

is the problem (3.1.6) for the step t = o



w BB s

le We solve the reduced problem corresponding to (3,1.6)
A n o .
Let the vector system (ylt, Snii th3 Sy Tigoeees ypt) be a solution.
2e We solve ore after the other the sector problems corresponding to (3.,1.8)
N A
We denote the solution by the symbol (git ’ Zit)’ where Eit is in any case
a basic solution, If for some i, Zit> yit’ then we replace the matrix
A A N .
P, by the matrix [gi , }it}, and writing t+l in place of t return to

step 1.%

Be If Zits:yit for all i, then the vector system (Xlt’ ceey Xpt)’ where

A A

;Xit :—Pi -Y-i‘t 9 (i:l,agoit’p)

represents an optimal solution for the original problem. STOP.

3.2. The Relaxation Procedures

The main point of the relaxation is that in the calculations we perimt
a part of the constraints to be vielated. We judge by the solution of the re-

duced problem obtained in this way whether we have already get the optimal

# Of course we could proceed also in such a way, that we would solve every
A

sector problem, and extend the matrix Ei in every case when Zit> yit'



solution, If the optimality does not come true, then we repeat the

calculations with a new set of the relaxed constraints and so on. By a
suitable organization of the relaxation we can reach to the optimal solution

of the whole problem in a finite number of steps, if it exists.

In the following we shall present a relaxation procedure, such that
applies the relaxation exclusively for the non-negativity constraints. This

procedure is due to ROSEN.

Let us consider the problem given by (3.1.1). If we take into considera-

tion the complete form of the sector problems

(3.2.1.) Ee Y. ::b. (izl,Z,...”p)

where . ' '
B, = [A.,, E ]and ¥ :[YLT, u?} ;
=i =it =my =3 =i =i
and in addition, we apply also the notations

/

N - o eT T
L3 m[gi ’ 9] and G, @XQi s O }

a

then we can write our problem in the following ways

;51129_’ gazg’ooo, Ep; 8]

/ / 7
I'gl _:\[l + ;Igz !2‘1” ceoeset %p :Yp \g‘—o
(3:2:2) B
5, 3 = By
B, ¥, = by
Tl =
Spdp T2

;T ', 4
€LVt Yot eee %€
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From the construction corresponding to (3.2.1) it follows, that the row
vectors for each of the matrices Ei form a linearly independent system.
We suppose that the set of the feasible sector programs is nonwempty and

bounded.

Now let us assume, that by a possible reawpangement of the columns

every matrix Ei can be partitioned in the way

[Eil’ -512] (i=14250004p)
where the block_§il is non-singular, so that also the relation
(3.2.3) b, =BT b, >0
i =i 7 =il ~i -

be valid. This means, that Xbi} represents such a feasible basic solution
‘ 0

on the set of the sector programs, where does not occur the degeneracy,

Then in accordance with the.partition of gj we apply the following further

T .7 p

Iy “[Xil ’ E’igJ
/7

K, =k ’_Kiz]

/
E [Cll . 12]

On this basis we can also formulate our problem

partitionss

in the foilowing forms

Ji112 O 21223’--'93/'1312 O yp o
o Xy1 a3 * Bp Jgp * ene t ¥y + Eolin b,
(3.2.%) By1 33 + By ¥yp ‘ = by
: b
§plXpl ¥ BpZ.sz -p
CT T T

11 Y11 + C.12 Yoo 4 eee + gplzpl +Cp sz——7>max



But from the assumption concerning Ej follows, that

C A A
(30205) }il = P—i —Piz Xia 1313200009}?)’
where
A =]
Bio=Bi1 g2

So by using these relations (3.2.4) can be rewritten as:

L1529 veeer Xpp20
o A ' A )

A . AT '

212 12 + eee + gpa EPB + O< > max

we call this problem the reduced problem belonging to the method, where,

N N
. Ko =Ko = Kjy Byp
N N N
(30207) EO :}10 = “Ig‘ll __}_)l “~ se00 -.*I-’{p] ;hp
A P oA
Cio®.Cyp = 41 Bi2
T A T A
A = Lyq by + eee + Ly By

Now we assume also, that the reduced p:oblem.(3.2,6) has an optimal
basic solution . Let the vector system (yiz ’ gga,,...,ygz) be such an optimal
basic solution. On this basis, taking into consideration the relation (54245) 4

we can construct the vectors of the form

o RPNy Sl o
(3.2.8)  ¥y51 =P = B0 ¥4 (i=1,29000,0)



o Gl =

It is clear, that the vector system

., 3° ° o
g Tygeeans Jpy ¥ o

ig an optimal solution of the problem

>0

Z1o 200w Xgn'2

£ nday, * Sygrdyget s Balyslealon s By

4
Bii¥11 * Byp X35 )

Zorip o Ypp sy

T T T T
+§12 112+...+gplgpl + §p2 sz ——> max

1

Cinedry

which is the relazed form of (3.2.4)

Theorem: 3e4s

If the vectorlzgl defined by (3.2.8) is non~negative for all i, then
0 0 0 0 '
the vector system lel ’.XlZ""’Epl N Epz) represents an optimal solution

for the original problem.

If the condition gzlz,g does not hold, then we modify the reduced

problem (3.2.9) in such a way, that we replace one of the components of Yi2

-for which the corresponding component of Y;Z is positive by a component of X.l
= -1

for which the corresponding component Of:¥gl fgf which the corresponding

o . 3
component of yil is negative,
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Chapter &4

The Parametric Programming

We deal orly with the case, when the given constants are linear
functions of a single parameter t. We turn our attention first of all to the
case, when only the components of the vectors b and ¢, but not those of the
coefficient matrix A are depending on t. The more genersl case,kwhen even

i

the elements of A depend on t is discussed later.

4,1, The Reduced Problems:

Let us consider the following problems

X220
Axgcb+tp (p+2)
(4e1.1) T P
(C" + tq") x—max (q=0)

We suppose that in case of t=o this problem has an optimal solution.

The following complete problem

(4.1.2) A}g-f- _Ll:

(C"+tq)x+0 u—smnmax

is equivalent to (4.1.1)

By introducing the notations

E = é_ E» bl and H © 0

—

CT oT o qT bT

we associate the coefficient matrix

with (4.1.2)0
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According to the condition t=o the problem has an optimal solution, that
is for the coefficient matrix L(o) = L.

Let us suppose, that the basis matrix

- B = [Q o
(4ol.) at 1J

is belonging to this optimal solution, where the column vectors of the

blockI:Q } are chosen from among the column vectors of
T 1o
a (

the block [ A E

T i
C 4

Now we shall examine, for which values t>o0 remains the given basis optimal,

Therefore we construct the matrix

(4.1.5)  B(t) =B + t B

where

|
I
o
o

Here the column vectors of the block ;g;} are the corresponding column

T
vectors of the block [} 07 of the*matrix H. so
T TJ
d L2/
(4e1.7) B(t) =l D 0
(@ + 1) 1

It is easy to verify, that

A A
B(t) =B+t BB =3 (E+t B
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and
Bl () = (-t B) BT
It is also clear, that
B™H(H) ™t ¢
(he1.8) ~(af + 2Dt L

—

The matrix L(t) in the basis corresponding to B(t) takes the form

1

(5.1.9) B R(b). L(b) = (B = $B) B™F (L + % H)

This by means of (4.1.8), and on the basis of the basis of the definition

of E_and H, can be written also in the form:
N S - )
(4.1.10) B."(t)e B(E) = D " A D D (bt p)

c-a"p Met (g = D A)-(a atrT D™ = (a 44T D7 (betp)

The corresponding tableau is optimal for every t , for which the following

relations are valide

7 (8) =0+ tDH P o
yhy 0) = a0 aT 4 w07 = gD 50"
(4.1,11) ¥ £
. ‘zga (t) - é? 2 1 & % E?P 1 % _QT

To obtain these formulas, we construct the initial matrix

N — -

(4.1.12) C, =L Pl=| A E b | P
|

qT o gT 9'1' -

= e g e L N
T T |

q 0 @ 5ol




and the corresponding basis matrix

BB G]=[D o ! o
—_— -~ —_— = l —
_ﬁT 1 dT 1 ‘ o]
s -8
|
%T o 1
L. )
Since
B A gyt gl pigstiheoaglagipskasd g o
oy
AT S SO R N I
r -2 AT &1 T
= -r'D O . ¢k
S
therefore
' ~Mal A - -
(4.1.13) C, =8¢ =B L 7'
9‘_f.xz__ic\g*%-1,£ _E‘T 5L
7t A ot D T B
|
¢f-a” p7a a7 R R
T ol f I l| =F 7L,
= e g =

Since in (441,11) yp(t) is the solution of the primal problem, while yg(t) =
[?gl(t) ’ ygét)].represents the solution of the dual problem, therefore for

the examination of the optimality two constants must be determined

(4e1.14)
% :Supitc\g (%) > 9}
(4.1.15) by = Supit \gd(t) > _Og
Then, if % = min 1? (¢ E
’ e -~
A 2

That t represents the maximal value of the parameter + , for which the formulas

of (4elell) still yield an optimal solution.



4,2, The Extension of the Examinatjons:

Now we shall consider the following problem:

(4.2.1.) (A + tM) x <b + tp

Applying the notations introduced in point (4.1), we can write, that

1= B I
¢ o o
B=f o P
T T
q 4 9

and
POESRES:

We suppose that we know a factorization of H, that

H = G.R
where the number of columns of G, resp. the number of rows of R is equal
to the rank of H., We suppose also, that in case t=o0, there exists an

optimal solution for our problem, and the matrix B gives an optimal basise
- This means that the simplex tableau corresponding to the relation §fl L is

optimal. Now to the matrix_&ﬁt) we construct the corresponding matrix

A
B(t) =B+ %3
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A
Where B can be written also in the form

[ >
i
N
L ]
l0 >

So we have

&>

 (4e2420) B(t) =B + t G

The inverse of_§(t) can be written in the form

(4.2.3.) ) =t -t 5t ekt R 7
where
o 5 .

(ho2.t) K=E+%tRB &

In the basis determined by B(t), L(t) takes the form §fl(t). L(t)
then

g ) , ) ) ) "

(4.2.5) BH6)y L(8) = B o+t 370 ekt (R B 1)

——

From the nurmeical point of view the first step is the factorization
of H according to the given relation H=G.R. Then we construct the initial

tableau

(4.2.6) B Q
for which the basis matrix

(40207) E =

|
o

(= >
|t=



.4 =

By means of these we get the matrix

— o] -1 -

1 N
¢ =C, = B L G
2T =1 = P =

oW

(4e248) B~

e

2o >

N
RRE L =

Which already contains the necessary data for the numerical determination
of the matrix Eﬁl (t). L(t), we need the determination of the inverse

of K and for this we need theminimal polynomial of the matrix

B ¢

15>

(40209) g,. =
Let this minimal polynomial is

e Y

m(l) S Xy A # ees +X g

Knowing m(\) the function containing the seme coefficients can be

written as:

6 ’ y o], Vi
If we introduce the notation
% o ol L
Fk - 1 +D<Y\'-1 +O(“'-2 t’ + oee + D{kﬂ‘“l t (k':-'o,l,..."v\"l)

then the inverse of K can be given in the form

(ho2.11) K :“ﬁ%’?ﬂ)" (r 1°Q° + T L dh

S rd

1 v =1
= §lEy Ty W8

=
i}
o



Where by definition

t°=1  and Q° = E

Then we introduce the following notations:

N
t =1t + €
AN
B(t):_l?l
A
E(t)=£1
By these ~ N
B(t) =B +€B=B + ¢GR

and,
L) =Ly + €H=L) + < @

: .
So for t=t, the matrix corresponding to (4.2.6) must be

(4e2.13) Ly G

R °

and this must be examined in the basis belonging to the matrix corresponding

b6  CheBaT)
B 0

|>
l|l.=.1

So we get the matrix

At -1 - -l -1
Sy %\ 8 L &= El Iy -El G
A ] AT |
R E - -
E R 0 |R-RB'L, -RB]'G



N
Which has the same meaning as the matrix Gy defined in the previous point.

)

Then in commection with the matrix gl we come to the matrix ga exactly in

theway as in point 4.1,



1)

2)

3)

4)

5)

6)

7)

8)

9)

1 0)

10y

12)
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