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INTRODUCTION

Inventories appear on the Balance sheets as an asset. That
is among those things of monetary value an enterprise owns. Yet
they are viewed by many businessmen as an apparently necessary
drain on resources. They tie in capital, occupy space and their
keeping and handling costs money. Yet they could be considered
as productive of earnings as other types of capital investment.

Magee,(l) in one of his articles describes inventories as
follows:

"They serve as the lubrication and springing for a produc-
tion distribution system, keeping it from burning" out or
breakirg down under external shocks. They help to absorb the
effects of errors in forecasting demsnd, to permit more effective
use of facilities and staff in the face of fluctuations in sales,
and to isolate one part of the system from the next in order to
pernit each to work more effectively,"

Inventory situations are fundamentelly aiike, each involving
some aspect of cost, service, and usage. The objective in any
given situation is to make that set of decisions which will
minimize total costs and provide an acceptable or economical
level of service at the expected demand or usage rate.

Thus whether it is the case of raw materials, inventory,
finished goods inventory, hotels, airlines or railroad reserva-
tions, etc.,"thé problem is usually solved oa an item basis where
it is required that the following information be determined and
also continually reviewed for each ifiem:

l. Appropriate costs

2. Expected service level or demand

3, Permissible incidence of stock shortages

4, Forecast of usage

5. Replenishment characteristic e.g. lead time.

(1) John F. Magee, "Guides to Inventory Policy", Harvard
Business Review, May-Jdune, 1956 p 58

CamScanner 2 Wigo d>guuooll


https://v3.camscanner.com/user/download

afe

In general effective inventory control requires the
determination of how much to carry in order to have enough so
that demand can be met, but not so much that the cost of inven-
tory becomes excessive relative to demand., Thus the right level
of inventory ( the optimal inventory), is that which results
in minimizing the total ofs

l. Cost of acquiring inventory

2, Cost of carrying inventory

3. Cost of demand lost or deferred owing to inventory
shortage.

Most of the inventory situations are concerned with studying
the maintainel inventoxy that realizes a minimum cost, and establ-
ishing order points and order quantities for each inventory item
which satisfy those cost and service criteria.

Anticipation Stocks:

There exist situations in which the anticipation of stocks
is of more importance than the other factors considered, In these
cases forecasting the optimum number of stock to be maintained
overshadows the other factors e.g. number and quantity of orders,
their location in time, etco

These could be generalized under those cases where sales are
highly seasonal, and the cost of obsolescence or having stock
left over at the end of a season is great, andlrepresents a lot

of money.
Examples of these situations are the following:
1, Retail merchants, who deal with seasonal style items such as

summer dresses, bathing suits, winter coats. ... etc.
2. Manufacturers of highly seasonal goods ‘such.as textiles,

soft.beverages, «...... ebc,
3 Hotels, airlines and railroads and other similar services

which have seasonal swings.

CamScanner 2 Wigo d>guuooll


https://v3.camscanner.com/user/download

-3 -

4o Manufacturers of complex equipments such as industrial ma-
chinery, some home appliances, automobiles, aircrafts, and
components.

De Manufacturers or merchants running special seasonal deals
or sales such as specially labelled packages for certain
specified seasons.

and others.

In all these cases, the right forecast of the optimal inventory
stock is of paramount importance because if it is too high,
serious losses are faced with through write-offs or even destruc-—
tion of the leftovers after the season. On the other hand, a too
low estimate will cause loss of profit that could have been made,
besides the loss of customers' good will.

These could be divided into two mein categories according to
their being influenced by:

1. The "crash®™ or short-peak season problem, e€.g8., highly
styled seasonal goods.
2. The "seasonal swing" characteristics of sales, €.8.,
automobiles, furniture, etce.
This paper is only concerned with the crash or short-peak season

problems,

The "Crash'" Problem:

Deals with the determination of true optimal amount of highly
seasonal goods with whickh the enterprise cen expect on the average
to break even on the last unit produced or purchased.

So, in the *crash®™ type of problem, menagement must balance
the riske of not having enough stocks to f£ill demand and thus
losing profit, against the risks of having too much on hand and
consequently losing because' of obsolescence, write—off or even
storage expense until the next selling season.

The classical newsboy problem could go as a good illustration
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case for the approach to that type of problem, and two-way
decisions could be made. But it must be considered as a special
case, since the season's length is known and precisej; also that

he makes his decision very frequently and, therefore, has more
chance to arrive at the nearest accurate forecast cor determination
of his optimum balancing point.

The Classical Newsboy Cases:

A newsboy has on the average 10 customers a day who are
willing to buy papers costing 5¢ each. The newsboy makes a profit
of 3¢ on each paper he sells, and loses 1lc on each paper he takes
out but fails to sell, It is supposed that he has kept records,
and that 40% of the time he can sell at least 10 papers and 20%
of the time he can sell at least 12 papers.

If the newsboy does not know how many papers he will actually
sell in any given day but every day takes out 10 papers, he has
a 40% chance of selling all the papers and making 3¢ each, and a
60% chance of not selling all papers and losing l¢ on each not
sold. He can expect the tenth paper to produce, on the average
evertime, a profit of

3¢ X 40% - 1l¢ X 60% = 0.6¢

On the other hand, if he takes 12 papers every night, he can
expectthe twelfth paper to produce on the average overtime, a
loss ?f

3¢ X 20% - 1l¢ X 80% =-0.2¢

It would not, the"refore9 be worth his while to take out 12
papers., As a matter of fact he would probably make the greatest
total profit by taking 1l regularly, since he could expect on the
average overtime, to do slightly better than break even on the
eleventh paper where

3¢ X 30% - 1¢ X 70% = 0.2¢
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Mathematical Formulation:

In most of those problems, where the basic elements are
the same - balancing the costs and lost profit opportunities of
demand exceeding available stock against the costs and losses of
having available unused stock or capacity - the relation between
the optimum quantity of stock and the different profits or losses
per unit could be arrived at by the use of the expected value
method, provided that the distribution density function of order

or demand is known.

Example:

An item to be sold during the summer season brings a net
profit of m piastres for each unit sold and a net loss of n piastres
for each unit left unsold when the season ends. If the distribu-
vion of order volume v may be approximated by the density [funclion;

£ (v) ( 0<V'\/\f),

and we want to determine the optimum number of units x to be
stocked in order to maximize the expected value P of the profit r.

Solution:

First put down the two forms of profit functions that
exist depending upon whether v is less or greater than x.

Thus we get:
P(x) = mv-n (x=v) = (n+n) v-nx (v<&x)
P (x) = mx (v>x)

Hence the expected value of the profit is

v
P (x) = JX [(m-i-n) v - nx] £ (v) dv + 3{ mx-F(v) dv

[
If we rewrite jV mx f (v) dv as

::x[l— f( £ (v) dv]
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the expected value becomes

X
7 (X) =mx + (m+n) ]; (v=x) £ (v) dv
Differentiating this function with respect to x, we obtain

SI’(X)
> X

n+ () (xx) £ () - (mm) | £(v) av

m - (m+n) F (x)

I

Hence, the maximum average profit is reached if x is so chosen
that

F(x) = mn = unit profit
m+ n unit profit + unit loss

If m = 10 P.T. and n = 20 P.T, , then x must be chosen so that
the area under ¥ (v) to its lett will equal 1/3.

In the case where a company also loses customers® good
will besides the loss in sales in the case of lack of several items,
this is bigger the greater the ﬂﬁmber items of that could not be
supplied, putting it a constant for simplicity we get

(x) = jc[_(m +1n) -nx J £ (v) av + f'[mx - a (v—-x)]f (v) dv

evl|

where a is the loss to company for each item not available to a
customer.,

Differentiating this function with respect to X, We obtain

m+ a
F(X) =

m+ a+n
Therefore, tor the best strategy add the loss per item due to good
will to the margin ot profit per item in order to determine an
effective margin of profit.
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Short-cut Incremental Methads

Schlaiferca) arrived at the same results as those of the
general approach to those problems. He calls his method the
short-cut . Incremental Method, for locating the last unit to add
to the decision quantity. It is based on finding the highest
value of j for which the incremental expected profit of stocking is
positive. It is assumed that the incremental profit is also positive
for all lower values.

‘s

Thus, if the cumulative distribution function of the demand
is known or preassigned to the different events, the steps of
the method are:

l. Determine the values of and k. by analyzing the
" incremental cash flows which result from stocking and

either selling or failing to sell "one more unit".

2. Compute the "critical ratio". kbl (kp + kn )

3. From the values already assigned to p (Z) , compute p
(z<j) for j=1, 2, 3, etc., until the last value of
J has been found for which p (Z< j) is less that
the critical ratio.

Thus, in our model where the c.d.f. of demand is normal
the value of j could be found from the standard corresponding ¢
tables.

This short-cut incremental method is applicable only when
the conditional profits EP and knyare the same for every unit
which might be added-

(2) Robert schlaifer, "Probability and statistics for Business
Decisions" (New York: Mc Grow-Hill 1959) PP. 69 - 76

-
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The Forecasting Method for Management of Seasonal Style-Good

Inventories:
The management of seasonal style-goods inventories differs

from the management of other inventories in one important char-
acteristic, namely, that the "sudden death" of the nighly styled
and highly seasonal merchandise is involved. The cost of obso-
lescence, i.e., of having stock left ovep at the end of the season,
overshadows all other costs of carrying inventories. As for varioug

reasons other than obsolescence, e.g., spoilage, wear and tear,
the merchandise cannot be stored for a subsequent season, and

has to be disposed of at a lower price. Sometimes even the sell-
ing price after the end of a season is so reduced that the out-of-
pocket loss per unit to the manufacturers or distributor is
greater than the profit per unit, had the item been sold during
the regular selling season.

In general, the problem of the case of seasonal style-goods
inventories lies in the balancing of the risk of not having gtock
against the loss of having too much left over.

Herz and Schaffir's Model:

Hertz and Schaffir (3) destribe a forecasting method
they developed to assist a textile manufacturere in controlling
finished stocks of style goods. Their aim was to establish an
inventory policy similar to that known for highly seasonal goods
which are sold at one price during the season, and dispcsed of at
a lower price at the end of the season.

They balancéd the cost and lost profit opportunities
of demand exceediqg available stock, against those costs and
losses of having available unused stock, keeping the prices
fixed, while selecting them (if possible) so as to get an
appropriate value for the probability of selling their marginal
unit of stock.

(3)Operations Research Vol. VIII, No. 1 (January- February,
1960) pp 45 - 52.
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They then adopted the normal curve as a predictor to
cunmulative sales, and used the sales data as basis for the .
determination of the duration and timing of the selling seasons.
Together with the line ratio concept for forecasting total
sales for the season at different probability levels, they tried
to trace the demand distribution normal curve.

They then made the necessary corrections tor the estimated
relations they used, mostly on emperical basis.

The Model

- Hertz and Schaftir based their model on the following
assumptionss-

- The price at which the item will be oftfered for sale is
established in advance, and remains falrly stable throughout
the selling season.

— The sales of a line Jj, follow a growth curve pattern which
can be approximated by a cumulative normal curve of mean

uj and wvariance vj.

— The timing of the season is known (u and v given).

- The ending dates of the season can be fixed very accurately
since in that particular case they are tied to retail
selling seasons that culminate at Easter and Christmas.

_ A "geason" for a line is defined as beginning or "opening"
in the week in which sales for the line to date reach 5
percent of season total, and ending (or "closing") in the
week when sales to date reach 95 percent.

A— PE— |
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Categorization into lines:

Fabrics are grouped into lines that are defined as including

all items manufactured for sale in a single distribution channel ,
in the same price range, for the same functional end use, Thus,
men's flannel shirting material sold in the range of 1.50 tO

2.00 per yard would be considered as one line, They would be
of different colour but of the same particular designi all are
offered for sale jointly (as a sample, collection or display)
and exhibit the same seasonality pattern,

Determination of the sales pattern's parameterss

Since the season for a line is from the week it reaches 5
percent of seasonal total, to the week where sales to date
reach 95 percent of season total.

Also, since the sales of a line follow the normal curve,
the season is thus fixed as starting in week (u - 2v) of the
lines sales normal curve, reaching its peak sales in week u
and ending in week (u + 2v).

Thus if the season opens at time O when 5 percent of total
expected sales have been realized then

E——:—r—g w (0.05) = l.6’+5>

hence

Vo o8 1.645

and if the season's length is known, u would be its mid point
and vits stardard. dediation could be calculated from that formula.

Calculation of net expected return or (cost):

For each unit of an item placed in inventory at  a given fiime,

%km” its net expected return or cost is calculated from

the formula: e v /
S BB O ¢+ (1=F) @
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where

Pikw is the probability that the k th unit of item i will be
sold by the end of the regular selling season. This probability
is reevaluated at each week (w) in which this evaluation is made.

ci = the unit profit for the ith item if sold during the

regular selling season and found from

(Pi = selling price, T variable
cost)

/

Cé is the unit profit or loss based upon the reduced price Pi
and r; - To maximize the expected profit, additional units will
be added te stock as long as €4, is positive i.e. e, 20

1Kw
i o /
or o < Pikw Gi + (1 -P. ) C
from which 7/ 5
'Gi(l"Plkw) Cs Piyw
s/
or - Cl + C P:LkW <C PikW
P ] /
hence = Cié( Ci - Ci ) Pikw
rd
and Piew> G
C7 - C.
i 1

This could be expressed in terms as

Profit (or loss) per
unit sold after end

Probability of of season

selling k or = Profit (or loss per Lost profit per unit
more units unit sold after end + of Unsatisfied
of season Demand During Season
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Example (1)
Putting loss of having a unit excess stock = 1.00 and loss

in profit resulting from being short in unit ¥ .50

then p - - 3 1.00

2
ikw —% 1.00 - .50 ~ 3

Therefore stock should be set at a level which will allow sales
to exceed stock two times out of three. That means that the
best policy to adopt, is to set inventory at a level that will
permit total demand to be greater than the amount stocked twice
as frequently as total demand is less than the amount stocked.

This could be represented graphically as follows:

f(unit sales)

/ﬂ Unit Sales

, Optimum No.
Example: (2)of units to be placed in stock.

2557

For a 10 weeks season, u would be 5 and v = %—%Eg = 3.04

From the normal growth curve, the expected values for each
week during seasons of various lengths can be obtained.
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Calculation of forecasting ratio g :-

Given u and v, values for the forecasting ratio g:
(fraction of cumulated sales up to week w to total season sales)
are obtained from tables of the normal distribution
- 1 W
&y =¥ 271 ooj exp- [— (w - u)2/ 2v] dt
The week w must be located in time with respect to the beginning
and end of the season.

Example:
To obtain cumulative sales at the end of the 6th week in a
10 week season

gz = _%TEEE = 0.33 from tables = 63 per cent of total
sales.

A
Obtaining S. the forecast of the total expected sales:
-

A forecast gi’ of total sales for the season for a specified
item is obtained by dividing sales to date Siw by the appropriate
forecasting ratio:

Thus in our example if we put the actual cumulative sales to date
equal to 6,400 units at the end of the 6th week

estimated total sales would be

6400

= 10,160 units
0.63
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Determination of probability limits for the deviation from
the assumed sales pattern:

These forecasts of the total sales for the season have an
important limitation. They fail to make allowance for the fact
that cumulative sales at any given time will not represent the
exact proportion of total sales indicated by the normal growth
curve. And there will be a distribution of "actual' cumulative
sales about expected cumulative sales.

Therefore the forecast ratio has to be adjusted so that the
chance of having either too little or too much stock at the end
of the season will be such that cost is minimized.

In other words, the forecast ratio used must be chosen so
that the expected frequency with which actual sales will exceed
stock will be equal to the probability that the k th item will
be sold by the end of the season.

Thus assuming that g;, has a normel distribution around its
mean and & is the standard deviation of this distribution, then
we first calculate éiw in the adjusted forecast ratio from the
equation:

~ _ x :
Biw = & h 6;1

G:J was determined from historical sales data for different
lines and with different Ilengths ' of  seasons.
For a line of m items, it is given by
{ i=m
2 L ¥ \2
© m Z By = By )
i=1
Further: the forecast ratio used must be such that the expected
frequency .with which actual sgles will exceed stock will be
equal to Pikw i.e. The total season sales Si will be equal to
or greater than forecast with probability &

N
where (X = P [Si>/ Siw]

)
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This figure is used to determine the number of standard
deviation units to be added or subtracted from tvhe forecast ratio
obtained for the week from the normal growth curve

The adjusted ratio is then divided into the total cumulative
sales to obtain the correct total season's sales.

-

A study of the coefficient of variation showed that it is
very high at the beginning of the season, and decreases
repidly after about one third of the season passed. Thus the
estimates of total season sales based on that model become
increasingly accurate from mid season on, at which time the
manufacturer is still in a good position to adjust his inven-
tories, and manufacturing schedules.

lx = reciprocal of the fraction of cumulative sales
g
w expected coefE of variation
1 N : s o
( 3 )= relative variation from week to week ?
&t
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The coefficient of wvariation curve showing the relationship
ofGTg'to w in the shown chart could also be read as the relation
betweenijg“and the n the week of the season if the scale (fraction
of the season) is used.

The Authors remarked that as expected, high volume items
exhibit significantly lLess variation than small sellers. Also
that they did not think that the use of other growtn pattern
curves than the normal would yield consistently reduced variances
from actual sales data. Yet they could not predict the nature
of the deviation of some of the individual lines from the normal
curve pattern.

Example:x
Assume a torecast of sales is required for an item at the

end of the 6th week and that the season is fixed by 10 weeks,
given the following data:

1. $1.5 is the unit profit of an item sold during the season
$0.5 is the unit profit of an item sold after the seuson
2. the distribution of forecast ratios is approximately normal,

and the standard deviation of the torecast ratio in week

o

3, Cumulative sales made through the 6th week are 640 units
from 1. we calculate such that

-_ —0.50 = L
Py xw 020 = 1.3 = Y.as

EMathematical Models and Methods in Marketing by Frank Bass and
others (Irwin 1Y61)
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Expected sales for the total season was calculated before
by dividing the cumulative sales to date by the unadjusted
forecast ratio (0.63) and was found to be

640 : :
0.63 = 1,016 units
)
B .
s ) al
- —
0 P
B 0
Q
> 2
ol /
& H 77 .
" 0.53 0.63 Forecastratis: = 1,016 1,210 uni®ts sale
Ad justed Unad justed or kxpected total torecast of
forecast expected forecast season's sales -sales an of
ratio for ratio as of Week 6 as of Week 6 Week 6 to be
week 6 ~covered by
stock

To: obtain the adjusted forecast ratio for the 6th week

‘g- L pre=s °
from tables  _ ggpon - 516(0.25) - 0.63
, 015
or 8ig (9‘25); = 0.63 - 0.15 x 0.674

= 0.53

hence we obtain the adjusted forecast of sales as of the 6th week

from
640

0.53
The graph shows that to allow demand to exceed stocks not more than
one time in four, the true forecast ratio must not exceed the
ad justed forecast ratio more than three times out of four.

= 1,210
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Adjustment for the error in the estimate of the Length of the
Seasons

A1l the forecasts and probabilities we got up till now
were based upon the assumption that the timing of the season
is known. The unadjusted forecast ratio on which we practically
based all our procedures were obtained from an assumed cumulative
normal curve, and the parameters of this normal curve were easily
calculated once the length of the season was known.

In practice however it is impossible to determine with
certainty when 5 per cent of the season's gsales have been
realized. The uncertainty with which the stage of the season
any line has reached will exist during the entire season but
decreases as the season advances. |

Although in this particular case the ending dates of the
seasons are tied to retail selling seasons that culminate at
Easter and Christmas, yet the starting point of any season may
occur over a wide period of time.

Determination of the length of the season:

Knowing the cumulative sales %o &ate for each of twhe
preceding weeks and the end point of the season, the Authors
developed a method for the determination of the stage of the
season any given line has reached. With the aim to obtain n
the length of the season, and the total sales of the season,
they first drew the standard straight lines representing the
ratio of sales to date divided by total season sales, based on
the assumption that sales will follow a normal growth curve
reaching Y5 per cent of total season sales in a known week.

They assumed their season to vary between 15 weeks and 40 weeks.
They then calculated the weekly ratio of sales to date to various
assumed levels of the total season sales. The series of ratios
that most nearly fits the normal growth curve is the one obtained
by using the most nearly correct forecast of total season's sales.
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From the figure it is obvious that the best estimate has the
corresponding plotted points most closely the straight line
approaching 95 per cent point in the end-of-season week. It is
also obvious that too low an estimate will cause the points to
diverge upwards (representing a higher ratio) and too high an
estimate will make them diverge downwards.

In the figure the best estimate appears to be at about 1,200

units. The corresponding estimate of the length of the season is

2/ weeks.
The authors state that in the acvual application of the
system, a tabular version of this method was provided.

Combination of the variances of the Sales Forecasts:

To account for the error in the estimation of the net
expected return on a specific unit to be put into inventory, a

certain number of.variances has to be added.

Since the error is caused mainly due to the uncertsainty
relating to the estimated length of season, the variance for
g§ the "forecasting ratio" estimator must be obtained. The
rest of the error is due to random fluctuations that are not
related to the uncertain length of season and a separate

variance for that must be obtained.

Then the total variance attributable to both random
occurrances is obtained by adding the two variances {the distrib-
ution of the sum of independent variables has a variance equal
to the sum of the variances of the corresponding industrial

variables).
2 the variance of the unadjusted sales forecast due

Thus 6' :
This is

to error in length of season n in Week w is obtained.
then used for the determination of G;x the variance of the

nw
unadjusted forecast ratio due exclu51vely to uncertainly in the

true length of season. Then addlng(j”xw to the previously used

Q
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for the determlnatlon orfimﬁ the variance of the unsdjurted
forecant ratlo due exelusively Lo uncoertsinty in the uguu Lenpth
of season. Then adding G;? o the previouply used G@' piven Vhie
n-w

total varlance of the salem forecant.

a. Detorminatlon ofﬁﬁhd the variance of the unsdjusted pmp) e

Lforecant duo to error in length of pepson n in wesk ws

The authors pointed out that they gol LU emplrically Trom
the deviatlons betwoeen actuul and estimatoed lenglhe of resson
for various lines. With the end of seamon daete given, thelr
method has given an estimate of the length of sesson that ig
within 2-3 weeks during the last 1£-20 weeks of the seasson for
90 per cent of the cases studled.

Also they found that bhe'value«ﬂ?ezwz during the critical

middle third of the season 1g& on the order of 1 - 1.5 weeke or
4-6 per cent of the length of en average season of 25 weeks.

b. Determination ofégéﬁ the varience of the unasdjusted

forecast ratio due exclusively to uncertainty in the
true length of a season:

N
We know that Siw = Siw

_dw By = cumulative sales
% W through week w
o .
this could be written as fw = forecast of totazl
i pales made up to weelk 7
. £ _ a
Biw = By Siw o, = unadjusted forecast

ratio for week w

In any week Siw can be treated as a random varisble. By
selecting a particular gx, the value of this random variasble ism
determined by the current value of Biw’

By a the theorem in probability theory, that states 'the
. varianceé of a constant times a random variable is equal to the
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square of the constant times the variance of the random
variable", G =y is calculated as follows:

2
On¥y ~ 8\5; de%

where G'Iiwz is the wvariance of the variable Siw the weeks

unad justed forecast. v
¢. As mentioned betore the total variance 6'552 is obtained

w »
from Ghe summation of the two variances as follows:

2 2 e
G/WI = @, + G,

The standard .deviation 6‘;_* is then used in place of

CJ;: in the previous equation

~ _ % n G
giwo(“gw'l'%(w

Combining it with an appropriate value of Pikw’ ad justed
estimates of the total sales may be obtained which lead to

optimum stock levels.

Conclusion:

This model is very interesting, and the method used in it ¥
for sales forecasting is different than the chemical one.

The authors use the balancing formula's of the cost and
exceeds of both cases when inventory_ exceeds sales and when
sales exceeds inventory, to arrive at the probability of the
optimum situation. Yet instead of applying this probability with
a normal cumulative curve of demand as the others do, they assume
cumulative sales to follow the normal curve, although without any
evidence to it being so. They then take the forecast ratio for
a line obtained in any week during the season as an estimator of
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of the performance of the items in that line. Thus the

estimated total sales for an item may be obtained as seen,

with the corrections then made for the error of both the
uncertainty of length of reason (which they assumed to be known)
and the error due to other characteristics of the operation.

As for the pair of variances the authors got empirically and
the question is whether there would be a way to overcome this,
since the model is supposed %o be used to help manageuent to
forecast total selling, and those corrections are made Irom pPas G

experience.

Further the application of such models in industry, to meet®
the special problem of highly seasonal goods, management
organization should be set up so as to provide positively for
coordination among long-range inventory plannihg and production
scheduling. For sometimes from the scanty experience galned in
early season selling, enough information._can be develpped so that
estimates of total season sales and resulting production plans

can be adusted.
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