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a8 _ CHAPTER 1 _-=‘
The tien Problem

l, The Transportation Methed Qf i’ ‘zar Programming

The transportation-problem is a very special cass
of linear programming. It is of particuler interest because
of its applicability in ecoromics and of its simplicity in
combuiations. The transpertation problem is originated and
solved by F.L, Hitchcock several years' before the general
concept of 11aear programing was formulatedm This problem
has. numerous industrisl snd economie applicatiocns which heve
nothing to do with trensportation, buté the name, which it :
took from i%z original formulation, is still used. The mos} .-
remarkable characteristic eof this preblem ia that wheras
linear programming problems require high speed computers,
the transportation problem is frequeuily best solv d menusw
1ly.

To be femiliar with the problem, it is bet er t¢ in-
troduce the following example.

Let us consider the fallowing problem, The ELNASR T.V.
Company has two plants, one in Alexandria with &2 capacity of
100 T.V. sets per month and one-in Cairo with a capacity ef

, 200 T.V. sets per month. The company has four regions as.its .
markets for the sets, Alex., Cairo, Delta and Upper Egypty
the maximum nyubers of sets to be sald in these regiong are
75, 100, 200 and 30 per month respectively. The profit.pey
unii differs according to the place of production and the
region .r which a set is sold due to differencemids:uebtgs -
transportaiion charges snd gther direat coats; these profitn
are given by * 12 following tablei



Profits per unit (per piaster)
Region of Sales
Alex, Cairoc Delta Upper Egypt
Alex. | 80 0 20 20
place : o
of Cairo | 116 114 76 . 148
production

It is assumed that only variable costs are cslculated.
The company may leave its productive cepacity at both plan-
ts partly or, wholly unused and it may leave demand in.any
country unsatisfied without any gosts. The problem now is:
How should it allocate the productive capacity of the two
plants over the four markets in order to maximize total
profits on T.V. sets?

A problem of such a small size can easily be solved
by checking all possible ellocations or just those that
look promising. Eyen for problems that are only slightly
larger this is notrpractical because of the number of
different #llocations that are possible. It is therefore
necessary to develop a more systematic prodedure.
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First, the problem will be formulated in terms of

equations, Let us indicate thé number of sets produced
'~ the Alex. plant for the Alex, market with x,,, for

..e Cairo market by X, ¢ for the Delta magket by X3
and for the Upper Egypt market by X1 40 Biﬂiia;ly for
the Cairo plant by Xy1v Xpoe Xo3 and Toy respectively,

Further, let the unused capacity of the Alex, plant be
xlo_andAthe unused capaecity of the Cairc plant Eaqe

Since total preductiﬁn ef a plant plms its unused capa-
city must be equal to its capacity, the following equaw
tions are v@lid: :

. e TS gl b ;
By+ 3, Wy =100, o,
il J=1 i .
[ G i
‘530 + 5 %3 = 200, : (1)b
T 3=l : : :

Also, let us denote the unsatisfied demands on the

_u#oug garkata by,xbl, o209 xbjjand Xou 0 respectively.
- 8ince in each region sales from both sources plus un-=

éati@fiéd'dgnand must equal maximum dénand, the followe
ing.eguatigns_arﬂ v&lids

 Er S e iy
B+ S Ky =120 (),

i=] .



%3+ 5 %; ='wo (2.
i=L

| 2

X+ s X, =30 (@),
e

Let us add the first set of equations, we get

2
20+ >, ®o = 300 : (L)
i=1
Where
_ E
o = P ;E;‘ *13
d=] J=1

In the same way, the second set of equations can
be added, which result in

;; %y = 305 (2,

Since the lé@st equation can be obtained from the

two sets of equations, cne of the equations of the
whole equation system is dependent on the other
equations,

The equation system can be put into a partié
cularly convenient form by arranging all x-varia-
bles in a rectangular array or tableaus

o Fn R Xz XKy
x Floc 2 -
%0 B %5, B, ¥,

x X . :
20 "1 % E; X,



s 9
‘ The Hast equation Ea}e with the first set of eqpationg
(1) a¢ (1), state that the sum of the elements of the three
rows should be constant and equal to 305, 100 and 200, respe
The equations (1)c and (2)a ,...,(ajd,state that the sum of

the elements of the five columns should be constant and
~ equal’ to 300, 75, 100, 100 and 30, resp. This representa-

'tion 0L the equations simplifies the sdluﬁion of the problem
to a great extent,

As a starting pcint of the method, we consider the par-
ticular solution in which the sntire productive capacity is
left unused and in which no sales are made in any market.
This mgans

i

%, =100, X, = 200, |
X1 i %2 - 100! 803 = 100:'1-:04 = 303 (3)

all other variables are equal .to zerc, This sc .ution can
be put into tableau form as foilows:

0 75 100 100 ' 3o
100 0 0 0 0 , 7
200 0 CEACPATE D 0 (4)

As defined in memo 488, we @istipguish in this

solution as wellllas in the solutions we shall consider g
later, two kinds of variables, firstly basic variables
which may have non-zero values and non-basic variables °
which only have zero values, In (4) the basic variables
are those with nonzero values given in (3) and 350

which happen: "o be zero; the nonbasic variables are all
variables not in the first column and in the first row,



In any bagic solution, the number of basic variﬁbleg is
euual to the number of rows plus the number of columns minus
one, which is equal to the number of independent equa-
tions on which the tableau was based,

Now, let us consider the total profits, which are
equal to the sum of profits per unit times the number
of units sold over the various regions and plants,
Hence, of £ is total profits, we have the objective
function ' '

§ - 80 xl+0-xs.12+.20 ’.Elsafzo x

. il e Uk
% x %
s116 X, + 144 x,, + 76 Xy 4 1487 %)

This function may be indicated in & more convenient
manner by only writing dewn the coefficients A% . B
rectangular tableau, since the meaning'df the coef=
‘"ficients will be clear from their position, this is.

0 0 0 0 0 :
o 80 © 20 20 (6)
0 116 144 76. 148

If the solution given in (4) is substitutéq‘in
the objective function(5), the value of ¥ is zero,
since all basic variables of (4) have zero coefficiam
88 in (5)3; the nonbasic variables are zero, so that
terms in nonbasic variables cannot coptribute anything
to the objective function (i.e. the solution at the
origin)., Proceeding from (#), an improved solution

will be sought which is done by increasing one of the
nonbasic variables. Let us take the nonbasig wariap.

X
sles “ou

1 i ]



If * y =8 th’ére should be changes in the basic

ciables of so;utloq.i@ “4n order to keep the sums of
the elements of rows hd columens constant. ©Since the

~u of the elements of the last column of (4) should
-smain constant, wem‘ﬁé‘iﬁ Teplace %,, = 30 by %, = 30-

Then, to keep the sum of the elements in the first row
constant we should have instead of,f,!oo =0 +Byo=A o

Since the sum in the first column should be kept constant,
we change xfzfo = 200 into ¥,, =90-A; by the last change

the sum in the last row is also constapt. The following
solution is obfained |
: P

A 75 :100 ‘%80 30-A ,
100 7 © 0 0 0 ' (7)
200-4A 0 0- 0 A ~ e

We have introduced a non tbasic variable'at a
nonzero value A gni have determined the changes
necegsary in the basic variables in order that the
original set of equations (1) and (2) are still
satisfied. The effect on the objective function of
this change is only reflected in the coefficient«_!zq,

j.e., 148, since all basic variables have zero valu@p
in the objective function. ¥For any nonbasic variable
of (4), the same reasoning is valid. In general, in-
troduction of a nombasic variable at a nonzerc value

A causes changes in the basic variablesj the effect on -
the objegtive function of the changing solution is.
given by ‘the coefficient of the nonbasic variable only
since the basic variables have zerc coefficients. Let
us therefore select as the variable to be increased the
the nonbasic variable with the largest positive coeffi-
cient in the objective function.




According to tableau (6) this is 324. G b

Tableau (7) gives the changed soiution_izAtgrms
of the value of 324 i.e«c A . The value of £is for

this solution 148A and since prulits should be magi-
mized, A should be made as large as possible, without,
however, making any variable of the solution negative, °
From (7) it is obvious that the maximum value of A is
50, for which value we find for the solution

30 75 108 1D o
100 0 0 6 0 (8)

170 0 0 0 2.

We now have obtained another basic solution in which
24 in a basic variable which replaced ;04 6364 now is

a nonbasic variable).

This solution should be improved in the sage way aé the
previous solution (4) was improved. To find an improv-
ed solution for (4), the objective function (5) was
used which had zero coefficients for the basic waria=-
bles of (4)., For the new solution in (8), however, the
objective function (5) has a coefficient 148 for the
pasic variable 324, It is therefore desirable to chan-

ge the objective function in such a way that it has a
zero coefficient for 354; the coefficient for !b4 may

become nonzerc since ¥b4 is not a basic variable in

the new solution. This change in the objective func-
tioi may be achieved by subtracting 148 times equation
(aad, iﬂeﬂ V

: TP

X o
OIS TR

s =720



from the objective function (5). The result is

P 188,30 = 0 '%O + 0 ..%1 + 0%2 + 0 A%B-e-lII-B .Q!M_

+ 0 .33_0 +80 .'il + 0 ‘ﬁ.2 + 20 !-15— 128 3,7-14

X b 4 X X y: 3
+ 0 =20 +116 oy LI, 4 '?6..23 + 0 ol

It is obvious that this amounts to subtracting 148 from

the elements of the last column of (6), so that we have
in tableau form

0 0 0 0 148

0 80 0 20 -128 (9)
0 116 144 76 0

This form of the objective functicn has the property.
that it has zero for the basic variables of the solu-
tion in (8), so that it can be used for improvir this
solution.

Since, we wish to imprave the solution, we select
the nonbasic variable with the largest positive coeffi=-

cient in (9), which is _..3.‘22 with a coefficient of 144,

Putting x, =A and adjusting the other basic variables

to keep the sums of elements of rows and columns constant
from (8) we find :

30 +A 75 100-A 100 0 |
100 0 0 0 0 (10)
170-A  © A 0 20

The wovimum value .which A can take without making any
basic ve: iahle negative is 100, so that the next sdlu-

Wom 18: 4150 95 9 1000 L
100 50 B 4 0 (11)
70 < 0 106+ 0, 30



. 1B o

-

22

x
“02 (2 nowlis a nonbasic variable).

5,

The. adgustmenf -in the ebjective function necessary

%o make the coefficient of !%2 zero is obtained by sub-

tracting 144 times equation (2)ys i.e.s
gouy o o AR, |

from the objective fdpction impridd by (9)., The result
is ' :

0 0 <4 D SlA8
o 80  -la4 20 128 (12)
o 116 0o 76 0 i

The left hand side of the equation of the objective
function is now

£ -148 % 30 - 1a4 X 100 = ﬁ-alB 840

Which implies th&b, gince, as before, the right hand
"side is zero for the basic soliation of (11) that

™

£ = 18,840,

Next, the solution (11) should be Improved by

selecting the nombasic verisble with %he 1arseﬁt
positive coafficlent in the corresponding form of
the objective g:wen by (12} Hence we put S

21
after adjusting 4he basic ¥ariables for this we find

EWTRETI S TG _
100 0 o 0 0 (13)
70-A B 100 0 30

The maximum value of A is found %o be 709 for this
value the solution iss : .

In this solution % is a basic variable, which reptaced .



200 5 0 100 0
100 0 0 0 0 (14)
0 70 100 0 30

: b 4 P .
il thiq solution 21 has replaced S0 @8 2 basic varia-

ble.
Now, the eb;jéé'ti&éﬁfuﬁé'tlp:& should be adjusted.

In order to reduce the coefficient of X, to zero, 116

times equation (1), is subtracted from the objective

function having the coefficients given in (12), The
resulting coefficients are ' :

0 0 =144 0 --148

0 80 ~144 20 =128 (15)
=;16 0 -116 =40 ~116

In this tableau .21 has a zero coefficient, but now
the coefficients of the basic variables !-'.22 and 1“24
are nonzero., Hence 116 times the equations (2) o, and
(2)0 are addedto the objective function equation which

results in an equation having as coefficients

/

kgl -28 0 -32

¢ 89 =28 20 =12 (1e6)
=116 0 0 =40 0

s For simplicity, we perform the ad justment of the
coefflcients of the objective function in the following
way: Tableau (12) is the tableau to be transformed.
Let us circle the coefficients of its basic variables,

: x X x= ey TN X -X o
which are 007 “01° -~ 03" 10° ‘21° 2 and Syt Sub
tracting 116 from the last row is indicated by a minus

Lsign within brackets in front of the elements in the
last row, It is then observed that the circled coeffi=



~Hence 116 is added %o the thizd and fifth columns which
is indicated by a plus within brackets in front of the
elements concerned. The following tabieau is- obtained:

© @ (-1 (4)-148
80, ¢ (e)-lmn 20 @)-128° (17
(20 (19 DO G D@ -
It is observed that now all basic variables have zere

coefficients; so that the indicated subtractions and
additions may be performed, which results in (16),

The problem can be solved in this manner, but

before any further steps are taken a more convenient
table will be indicated. It was priited out in memo

488 that the basic varigbles of a solution always have
zero coefficients in the corresponding formulation of
the objective function, On the other hand, nonbasic
variables which may have nonzero coefficients have zero
velues in any basic solution, I% .s therefore poBsible

to combine in one tableau values of basic v&f&aﬁ@dgeand
coefficients of nonbasic variebles; an element of such a
tableau is the value of & variable if this variable is
basic (the values of basic variables are circled) and is
a coefficient of the objective function if the variable
is nonbasice Tableau O ¢f the following table combines
in this way the tableaux (4) and (6)y Tebleau 1 combines
the tableaux (8) and (9), Tableau 2 combines the tableaux
(11) and (12) snd Bableau 3 combines the tableaux (14) and
(16), The A’s within brackets behind an element refer to
the new basic varisble and the corresponding changes if-
the basic variables of the cworrent solution; the plus and
minug signs within brackets in front of an element have
been used for the adjustment of the coefficlents of the
objective funstion as dercribed before.



O —

Tableay - | Alex Cairo Delta "' " U.EBg se
unse Deme @ @ @ ("3 a(*h
0 Alex 80 0 v :
cai 116 Wy 5 (-1 148(a)
unse Deme ) (= 08 @ - 18
1 Alex 80 (=) 9 - 20 - 128
cai 116 (=)144(8) 7% -
v 0 T o @ e
o B0 )M a0 (4)-128
Gai Gnla) 9 @t ® 6o
wscbem. €% (0) (KB -2 6 (3= 32
N TE N (=8) . (=) 8O(A) (=)=28 % 20 (=)= 12
cat | -1 ®( Wy  W-s0 ()
o - 8D (+)-108 W0 (+)-112
4  Alex b @ =4) a) (+)-108 29." W
cai (=3=36  (IH=2) @) =) sot Y @ (9.
uns.Dem,  QTH(A) (+) 80 .~ wud G ) ==t
5 aex (=) (29-8 (@) (}-68 (=) 20 /4) (-)-352
Cai = 76 (e)h0 7 (39
uns_‘;.l)'eﬁ v @ 1 -60_ - 68 5 - 73
6  Alex 4 ket - 88 25) -T2
. @ G

=20

-7

We shall proceed using thess combined tableaux. In'..tableau 3

the largest positive element which is not circled is 80, corsespending

with X1 Hence %, is fha new basic variable, after the adjustmentis

rd

of Tableau 4 =y ke written down accordingly. .

}n the basic variables of the current solution, it is found th=d X5
/ leaves the bisis and that A = 5.. ‘The valuss of the bem/ic variables

The coefficients of the

objective function sre transformed by subtractions and additions of the



t Tt

coefficient of the new basic variable, 80, First o minus is pub
in front of the elements of the second column, The first ‘elem_n_t-,

®  of this column is circled, but the Eas_ic variab;.e‘ -cqncegned, L
is becoming nonbasic. The thied element of this column, 70, is ‘
eircled, so that it refers %o & value of a basic variable, Hemge

a plus is put ir front of the elémqnts in the third row. Now, tyo
cirded elements, 100 and 30, have a gign which should be néutralised,
this is done by pytting minus signs in front of the alenents'i_‘l_;m‘

third and fifth columns. The adjustment can be perforged as usuale

In Tableau 4 the largest positive element which is not ci.re:l.gg
is 4}0, so that X3 should become basic. Phe ehanges J.‘n‘;;;a ‘basic -
variables are found in the same way as hefores Ths laav basic
variable turas ocut to be %o and A= 70, Im Taﬁaeau %0 X 1} 13 tbe
nevw basic variable and x,, is the leaving. basic variable; Tq’blcau 6

ds -thsn found directly.

In Tableau 6, there is no menbasic variable with a positive

coafficent so that it does not pay to increase any mgnbasic vtriable;

: "'“"snxca the coeff;a;ants of. nm’...fasie variables are.all masatjnm* myﬁ o ;

increase in value of these variables, each one separately or amy :

number of them in linear coumbinations wonld decrease the ohjective.
function. All nopbasic valiables are geros. Hence the values ef
basic variables given by the basic sclution of Tableau 6 constitute

the optimal solution., This solition is 3

3003300!9 30}= e B



zZ;, = 0 & "4113. = 25‘ o ‘f ‘

1
$his means that, the production of x@?ux@plut abeyld therefore
..ssighed to Alexs and Delta markets, apd the production of Caire
plaut should be assigned %o pm’nolta ang,\ U’pp_ef Bgypt markeis. !h;gré
is an unsatisfied demand on the nqg;, market of 5o

In the optimal tableau , the coefficients of the objeetive

function are importent as the valuss of the basic :1W¢
0 cb.h ‘s interpreted

For exampele, the coeffi.e:.enf of ‘21 ’ U.l‘li.clt ig = : :
as the loss that would happé:i per @it if Cairo - mede sbts to be sold
in Alexandris. The avefficients of X, 30d X, a0 be interpreted in
the seme manner; they ar_d equal to the loss of leaving & u_nﬁ éf produce
tive capacity unused in Alex. and Cairocs . In a similar way, the i -
coefficients of x5, » 302 » Xg3 and Xy, can be mto:?rfgiot} as_the
fioss incurred if a unit of Alex, Cairo, Delta or Upper Bgypt demand

is left unsatisfied or als the pfotit te be made on additional ﬁpits of
demand. o A
The value of the objective function may either be computed at
each step of the method 'by adding the increase or it may be compRied

for the optimal so].ut:lonmj, The last 6omputaﬁion can be performed in

two ways, Firstly, the values of the basic variables may bs multiplied

with their coefficients and the resulting products added. The yalue of

the objective function for the solution of Tableau 6 is them found es



followss

§ =

80.75 + 20,25 + 4,100 + 76.70 + P4B.30 =

30.660 Vot

]

Alternatively, ve may mBltiply tha available capacity ef each
plant and the maximum demsand in each cougw.y oy the values that eam -

5

be ascribed to them which are givem by the coefficients in the

optimal tgb}eam of Lhse variables X109 ° 320 7,, x% P xoa g '!E , and

o & For pur example this is
P .= 20,100 + 96,200 + 60,75 + 68.100 + @.100 « - 72:30
= 30.660 . : | i

The method which bas been described is usually called the

transportation methed of linear prggraming. Someiimes , it is called

v
.

the sifiplex transportation method.
A company has plants in. &4, B and C and warehouses in b o I1I and
IIIo In A , Baend G it hes & ; 4 snd 2 units avdileble of a certain
commodity, while in I ; II and III , 1 , 6 and 3 units of this commodity
are rezmﬂ'l_ﬁ. The traasport costs per unit from-any ;imt_fto,‘tq'_-- siodes
varehouse are given in t_lie following tables ; " ;
Warehouses :
I b e A S B e . ,_E_:(_“-Fr'_ L
» : 1 il 111 Availabilities |
: 14§ 6 8 - 3 Sy T
Plasts] B | 2 3 i & & 7
c 2 5 6 2 4
( Costs per unit ) i
“Requirement: L. © 3 !




¥Which transportation program mininiges total transportation costs?

This problem may be formulated in a mathematical model as

follws,

) I

be the quantity transkorted from A to I x,, the guantity

Lat 3*;11

transported from A to II; and so onglg"' The problem is ther %o ninimige

total transport cofits

& =6xn':a= -Bxla + }xu
-foZl,*}gzzé 1-23

+ 2;51+ 5;,2 & 6;’3

The soluticn shonld satisfy the coanstraints

il

3

E—: xu = & 9
i=1

.322 Bl =% 4
i=1 " :
S i e
i=1 .

%J_ Xip = 1 9 .
i=1 g E

,;?’\ xia SE 6 2

o

,,,_
il B
f

5

L]

W

-«

1)

125 35

2)a

@)y

(2)g.



In the problem of tha pr*jpus sectlon, w2 maximi ged m
objeciive function whereas it is min:mipd here, ~ This 1s$.iti‘m L
vhich is easily chanmged, iastead of msnmimg a function we w
naxiniﬂ minus tha.t ;.unctmno Another imporaant d:i,rferma is ﬁr
ths problem of the previous seciioh centqinad. the variaﬁles xo'3 »
Xy ¢ w0 o Fgg which could be used as a starting solution of tl\g
problem because their coefficients in the objective fm?ieﬁ were
gorge In the c].alss.{cal 'transp@xfta_tian problem M suck phvtﬁs :

starting solution is &vailable. " ' ' g . i

!
The variables x5 ;s X537 ¢ ese o 130 ds mot oqcnr in the

preblen as formulated in (1) and (2) but oye may i.wluda them in the
formulation as artificial variables, except for xoo which is ﬁonmsat!,m

Hence the problem may be reformulated as followss

|

Minimjge £ = Oy +. 0%y + Oxp * Ox,,
RN+ S0 200 08 my
+,':'a§°.*2‘121+ L i -

gty Al TSR il G)
- subject to the censtraints 7

o * Ty v X ¥y = 20, ®)a
Bo tEy b Ey roxmy = A A&D
Bt WY T n Byt Ae 8N

. Tt Mgt By R : f“')&



T Mok % e v m Wity ®2e
. IRV TH . AR, T AR [4x
X ¥ T t Ty t Xy = 6o ®)e
o et S i T “?5"

%o1 » Mg Ty vEp e g e Ty =0k

. | A1l varisbles sho#ild be moniegative, The contraints (4)a and
(4)e are added as explained in Ssction l. Bxzcept minimising the objece
tive famction ( instead of maximigation) and the constraint (4)a, the
formulation of the problem is the same as in the preyiess ssctions |
Hence, we can put the problem im a transporte®ion tablesu formas,
circling basic variables, Tableau O of the following table gives this
tableaﬁ in which the variables given in (4)k axe basies

-

o SIS VLI > T e YR N
. G - SEOEERR " v AT W 3
;e A ?cl} 8(3) 3
B ; g 30G) 1(1;
* c 9 X 5 . 6@)
0 (%‘ B .é( ) . -
1 & : =i Y ; !
( B - A g&fﬁ) Q(ﬁ}
¢ ¢ () 5 X~
0 . f#)=2 {#)-6
2 i (ﬁ) (+) & (=8)  (+)=3()
B 5 () (8) (+.>%(—A)
¢ =0 (=5 () C
0 (=)1 =B
L b $ifl B AW
’ jc @=3 WO ()6 ) ($A=2)
"o 10 5 8
b A § g % 8 é’
B 5 ' é ?
B iR D £
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The solution of Tableau O obviously cgoes not satisfy G e
Since the simplex transportation method needs a fegsible solution
to start with, first a feasible solution uust be ge.prated. This
may be done using the gorthawest corner ru?s which is explained as
‘folowsr The walues of basic variables accuwuing to Tableau 0 are

© Qr ® @ (8)
@1 879

Wl e.p 0 \

@ g -0 B0

Bow, a soclution should be generated in which no variable in
row a.nd| column 0 except X5 has a mengero val .. Begiuning in the
worth = west cormer of that part of the tableau yhere basic variables
are allowed, we assign as many units as posible %o X140 The folloﬁ.ng
solution results from this

POOIE
o o o |®

5 1 S (6)
e
0
0

0
@ .
0
0

In the usual procedure is followed, now the coefficients of the
objective function should be adjusted. However, it is in this qpso more
efficient first to generate a feasible solution and then adjust the
objective function accordingly in one stepe -

Since in (6) tne quantify required in (I) is eﬁausted, but the
available quantity in A is not, x,, should be made as large as ﬂﬁ%l,o

The result is v 2 /

¢2)

®

co@o

o0 @@
e oo|®

®© € o




How, the quantity available at A is 'ex'hanstod., Since we
started to reduce the required quantivy in (II), we go on with this 'y
making Xyp 88 large as posisible. The result is

@ 8. B ® (8)
0 @ ® o
@ 2 @ 0
@1 8 R

The reuired quantity in (I1) is exbausted but the qnaﬁtﬁ,
available ig B is not, so that 123 is nado as largo ns ponibm. the
result is

Pl v @ $9)
o | ®.0 o

A E S e Ll
@1 o 0 @

Since now the required qua.n'!@»it,y in (II1) shtmﬂ.d be raducsd, the
value of r.j; is made as barge as possibles Tr: reswlt is

o o .9 (10)
aE T
5 i 2 @ ®

@ ko o @

In the jest step the new basic varisble was Toy ka the basic
variabls becoming monbasic we may select eikher %3 OF x30 nis
means that X0 OF Xpy remains & basic variable but hes a yalue z‘rg,

After obtaining a basic feasible selwfion to the problem we now
move to the adjustment of- the objecth‘e funct:l.on. The coefficients we
have imitially are ;

(11)

(+] 0
©) ® 3
0 @ @
o 5 ®.

‘mw@@



oo @2

Now, the coefficients of basic varisbles are circled,  x,, is
¢ ~~n as a basiec variabls with valuesero instead of ;}0 or ’0}"
From each row or column a guantity should be subtracted in such a way
that the circled elements are 3sro ; the amount to be subtrécted .
will be the coefficent of X0 * xjﬂ " ’01 s X0 and ‘0} with a minus
sign, Disregarding the other tableau elements.for a moment, and
reducing the cosfficient of x,, to zero, we get ,

- e (12)
o] o :
o 3 1
0 é

Subtracting 8 from columm 2, we find

% 8 0 - {13)
o 0 [+
¢ =5 1
0o 6

The coefficient of %, is reduced tc zero by adding 5 to the
elements of row 2, which results ia

ol ol A (%)
5. 0
) 5 o
] 6

In order to reduce ths coefficiesmts of sy te sero, we subtract
6 from the elements in column 3, This results in )

R as)

>
0

o R



All basic variables baving zere coefficisavz, ~» now determine
the ethor cesfficients by adding the margimal mmmbsr of each row ew
columm of (15) to the elements of eash vrow and columns of (11)3 The
o2 i

0| % B b 0 | 6. 8 o6 (16)
0 | 6506 8408 3406 S e e 1
5 | 2056 3¢5-8 1456 = 5 i* g T

f 2+0-6 5+B-8 6406 0 Jr oy I =3 0

These are the cost ceefficients corresponding with tin bas'i.c
solution of (10) in which 0 is taken &5 a basic variable, (lﬁ) and
(16) can be cmh:mpd te give Tableau 1 of the table,

How, we can proceed as indicated in ths last section, noticing
that we do net take' into the basis any of the variables %py ¢ Xgp o zmg

%50 and ;}0 § further it shogld be remsmbered that .the ebjective

function 1s minimized instead of meximized, so that the fonbasic variable
with the most mgative cesfficient should bs selected as the new basic
variable, Hence 331 o ¥hich bas a cosfficent of & , is selected. Afbor
the necessary adjustments are made for the variablss of the current basic
®0lution , x, is found as ‘the basic variable becoming Mpnbasic and [

is put at 1, The coefficients of the objective function are adjmsted by
adding 4 to the coefficients of column 1, ;

The following two s‘teps ars similar and resuit in Tablean } a.nd
Tableau 4, The solution of Tableau 4 is optimal since mna ‘of tﬁa
coefficients of nenbasic variables is negative, which mmns that ne
decrease in the objective functien can take place,

-

Again, the coefficients of monbasic var.tablo%an be interpreted
as the loss that would happemed if in deviation from thes optimal selution
the monbasic variable wowld be given a unit wvalus., The coefficients o
of %5 ¢ Ko 20d T be interpreted as nm__i;hs costs of any s



additional unit available in A, B and C and the coefficients of 301

X and S zdous the costs of any additional unit required inl ,
il and I1I, .

Bxcercise 1:

The Shell company has refimeries in latterdan. sonthanptm
and Yokohama; the monthly input of crude oil of these refineries i 15,
10 and 10 thousand ton, respectively. The crude oil is supplied by three
comntries, Kuwait, Lhibya and Vemezuela ; the available quantities are
2%, 6 and 11 thousand to*a' manth, respectively. Variable cosis
(inclusive transportation costs) per unit supplied by a given couniiy
to a given refinery are as followss

tterdam Sontbm Yoxohama

Euwait 20 18 25
Libya 2 1 33

Venezuela| 17 17 s %0

a) Construtttihe -athmtical model of this poblem:s
t) ¥hat is the optimal snpplg schedule for the refineries 1

Txcercise 2 3

A company has pla#®ts in A,B and C and warehouses in I , II ,IIX
and I¥ » Of a certain product, 5,10 and 12 units are available in A,
B and C, respectively, and 8,7,5 and 7 units are required in I, II, IIX
and IV . Tramsport costs per unit are given by the following tables fy

I II IIX w

! 3 9 3 - 4
B | W 19 6 19
c 8 10 24 9

a) !oml&ﬁ tha problom
b) Use the shp.:.e* transportation method to determine the sapply
program with minir-= costie



) hesignment FProblem
Let us consid.er & company vi.n,s. a pumber of jobs taa be fille"

and the same number of people who ahq;ld £i11 these johs. 7@! oaah
person it is known how well he does ¢n each jobt by means of ' a
performance coefficisunt whmh mey b the monetary gain for the cmpanyg
For instance, 'ot there be four jobs and four persons and let the
coefficlents of the gain of the various puy..«s8 filling the jobs be
given by the following tables X

Jobs )
1 2 F

Pemsong

F W N e
> A A W

P I O
Wi B
W o

Hence, if persen 1 £ills jeb L,, the gain ig &, if he. tuls job ;,
the gain is 2, if he :m,ls jeb 3, the gain is O, and 20 ong '

How, let us ma.ieatg persen 1 £illi Job 1l as X4 ® and'
person L not filling job 1 as !ll 2 0, person 1 filling jc. 2 as xn =
1 and the seme person, not £illing job 2 as Xy = 0. We ase #is that 1% is
not pessible that a paraen partly £ills one job and part” lnotimr. The .

problon may then he fomﬁlated as follows. Maximige

£ =2 & 311 f 2; ﬁs f B XI, "'.5 SB*‘ . o‘o *“hs ® ; ri.l) w

Sabject te ‘ g

Zk__ J %
b. 4 & A
1.‘ -]

i=l j At

51/ =y 21 )

i=1 B (3_)

& i

35 By = L s

< -

g=7 W -

4 & :

ot } ] %3 = °
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(1]
|
©

; g \( (3)
s \
: |
i

M-&- EN-P EM#’
i
&i
0
2
L]

i p i J
x = 1 Iy
i=1 -
*13 2 9 s (1 2 1,c003%713= 3‘;‘-‘355373) )

xij =y ¢] er ’:ﬂ ( i= 1;95\.‘;@4 $ i= 1..:&‘_#) (5) s
=TT e ik R

The constraipts (2) demote that each person can take . only ome
job and those of (3) dencte that the same job can be done only oncee i
The constraints (#) and (5) reflect that no ;]ob can be per:l.'omd it
a negative level and that each person has to restrict himself to one
JObe '

Bxcept the conmstrainks (5) o the problem is an integer progiemm-
ing problem apd the fact that this is a maximizstion problem instead’ of
a minimization problem this is a tran-sportation problem of & somewhat
special structure, since what may be interpreted as required and available
quantities are all l. However, the difference between a maximigation
preblem and a minimisation problem can be trsmsforned from one inta the
other by a multiplication by =l. Furthermore, it can be prov'ed that the
solution of a tranaportation problem with lnnilable and requirod



quantities that are int:sgersg haé &luqsintregew 78 8. This mssns
that any-sehwtden of ‘the problen (1) 4o (4) without (5) will always -
satisfy (5). Hemse the method of solving tke tva@rtatm pmhlu
¢ . " applied alse here to the sssigument pr@blem, ; \

1
| ‘|



Chapter 2

Enteger Programming

A, Intredfetion
If we consider the L.P. problem
max g = 5 8%
Sf-'t"\ AK £ h 1] 1

X .;5 0 2
y v 'Ll
Or. by adding the slack variables x Xl 9 °00 v Rpoo i we obtaia .

the equations forms
il i A Tl T Rodas e Balh s MR T {

x

Bbe i a1 Pl T Bl BT Yma B et hinhe
x =, & = 8 X, = 8 :
¥ o ; =3 o’ f i
ném ném, ntBel 1 N 2 :2 amns an-u.n' 2
- s |(1)
xj eI § (J = lyeosBy nel Lycory u!’l.)_? e

If, in addition to ’the constraints in (1), we require that
all the original variables x (J = 1;...,0) must bs integers, thea the
problan is called an mtage!j linear progrmming prbb.‘ul ( or !u-iotly,an

integer program). This problem :Ljs suggestad. by R.lg Goi'ort "

b4

1) Gomory, R,E.. vy A].gorithm for Integer Solutioms to Linear Prograla,

Princeton IBM Math. Mes. Peport, Nov. 1958,
also in R.L. Grawes ar! P. Wolfe (eds.) , Recent advancos in llnthoqatical

N.Y., 1963.

Programming, McGraw- Hill,
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The dots in the figure represent lattice puints with integer

compon@nts, Those lattice points within QABCD are then feasible
so 1tlons to the integsr program. - Since optimum solutions to a linear
program always occur on-the boundary of its solution space and hons
of  homwlary peinits oun &£BCD are with integer components, they are
r sn feasible sohiions of the integer program. Suppose that the

...2le region of the limear program is rest¥icted to the convex
hull of its feasible lattice poinis inside the feasible region. This
convex hull is OBFGH (the shaded area). This shaded area cabh bs thought
of as a feasible region of some other liBear program. Ia fact, if the
linear program that defines the feasible region Olﬂ\ch\is restricted by -
more constraints such as RR' as shown ih the figure, then the modified
limear program can havs as a feasible region the shaded area. This .
now feasible region shown in the shaded area has two important featuress: .
First, it contains every feasible point with intsger componenis of the
original limsar program (since it is the comvex hull of those poimts).
Second, all the extreme points of this new feasibls region have integer
canj: amt;;. Therefore any basic optimum solution of the modified limear
program has integer components and it is also the optimum solution to
the originel integer program.

Thu .s the integer programming algorithms are just a methods of
systematically generatimg additional comstrainis to cui the feasible
region down to the convex hull ef its integer feasible poiais,

As soon as this is done we can solve ibe modified limear program
by any known methed, and its basic optimum soMiion will sutomatically be
an integer solwtion. The integer algorithm presemted bhere will bave the
following propertiess
l. @Gedmerated constraints never exclude from the new feasible region an

integer feasible point of the original integer program.

2, In & finite number of steps, enowgh copstraints will be gemerated
to cut the feasible region of the original lissar program so that
the optimum solution of the modifisd limsar program bhas integer
compone ats. 3



.-

3. The generated constraints ( or hyperplanes ) .a:: through at least

one integer point, although not necessarily am integer point inside
the convex hull.

4, E¥ach new constraint will reduce the feasible region of the origimal

linear program. A& tbis point, it should be considered that befors
he feasible region of the oFiginal linear prdgram is cut to its

convex hull, we may already obtain the optimum solution to the
original integer program. Also, since the optimum integer solution
cex be defined as the intersection of n hyperplanes, these z hyperp-
lanes are actually the only ones that are really nesded; some of thase
may be canstraints of the original problem.

ﬂem,“we introduce a triviel equabdens x4 = -7(nxﬂ?“(§ 5 1yseeyl)
as part of the constraints of (1) and them write the integer program in
a matrix form as
z =4(-x) @)

where x is a column vector with xb, Xyo sooy Xyy Z g 9 ooy n+§ as

Components, *
A is a matrix of (m-kn-a-l))((nd- 1) .
(=x ) is the vector with its compoments (1, - xl ’ = %2"“" =X.) o

where X 9Xyeeees x, are the nonbasic variables in the starting
tableax,

The integer program alsg ¢ad be put in the form of the following tableaus

i -.xl evo .xn
» SRR 4 .9“ - e *on F
Xy - Yo ll e
X = >
n
phi o . 8 | Ea e
n+ 1 nel,0 | n¥l,l 2 © %pel,n
: : :
Toed = i an*l.l;u Syl 2 e




We shall use 8. ( 3§ = 0,1, 500y 8) %o denote the columm vector
vith all its compone &s in the jih.column.of the cu‘nht tablean end
j (£ 20,1000 0tm3j =0 1lyeceon) the coefficients in the 4 th row
and J th column of the tablepus We shall assume that all a iy 9T®
integers in the starting tableau. This irrlies that the slack v‘riﬁhl
ooy v ccee Xpoo should also be nonpogatim ~u5BEeT S,

R.E. Gomory ( in * &¥ glgorithm for _Integér Solutions to Linear
?rogra-é, "Princeton IBM M@th, Res. Peport, Now. 1958 ; and 1a_'torron in
R.L. Graves and P. Wolfe (eds.), Recent Advances in !atl_n-at_,tcal.'
rogramming, Megraw WHill, New ¥rk, 1963) described the following
algorit bm for solving integer programs,

2._ . (s} ' 1 it _ _
This algoritha first treats the integer program as & linead
program and solves it by the simplex method. At the end of the comme
: s - ) iath s
tation, 'we have aiOf)' 0 (i = lieee,mtm) and 1?32 R {j: 1."_’.._)’

iz ’ib’\ O and are all integers, then .. iz is obvionsly also tho
optimum solution to the .'mtogor program, as the integer coutuilts
were neslcctod in obtaining the selition. If 859 2 >3 0 ut not all -
integers, we add a constraint im additien to (1). :

_ We shall begin our method by considering the pure integer
programping problem ( ILP): ;
' Maximize 2 = €

' x G)
; s-tg : Ax = b; ; o)h
x = 0, :
:'.j integer, J = 1,2,0ee4n S G)cr

The problem with the imteger constwaints (3) o deleted shall be
called the . ‘ated linear programming problem. The basic idea in the
algorithm. is i, followimg: Given an intogor Ireg-auhg problem, :
solys the relatec i problems Xf the optimal solution contelas qal]f Mow
valued variablu. cleai"v, it must be the optilal Iu' qo].:tun. 3!

~



some variablés in the optimal L P solution are not integers; a new
constraint is added to the problem, and the new related L P 'p;-ehlem

is solved. Again, we check to see if ths optimal solution to this

nev L P problem satisfies the integer reguirements; if so, it is the
optimal solution fuv the origipal I L P problsm, If, on the other
hand, some of ile variables are again not ntegers, then another

nevy constraint is added, and th§ process is repeated uatil ons of the

- rplated L P problems is foumd to dave an all imteger eptimal solution,
The first sumch all infoper solutiom obtained is the optimal solutien
for the original probleme .

b

In order for the abeve procos; te bt vau.d, the new comstraimt
which is added at each step must possess: the follmdng propcrtisg.,
%) Bvery feasible integer soluticn to the coririmal problem: musp alse
be a feasible solution to the new problem resulting frew the addition
“of the censtraint, 1,8., the addition of ths new const®aint -_‘ats
not eliminate any of the integer solutions from the set of feasible
solutions, thus ensuring that the optimal intmgpr solubtion will mt
be made infeasible. : -

ii) The optimal, solution to the L P probler solved at mh rhiep; nmst
becone 1n£casib1,* after the new constraint is added. This
property is necéssaxy because if the addition of “the constraint
did not eliminate the optimal L P golution, the latter would algoe
be optimal for the new L P problsm: Since we already know the
former optimal L P solution is mot an all-=integer solutien, rmthing
will have been gained by adding a constraint in which this solution
is not sxcluded.

st fi

Bach of the constraints added in the above manner are called
cutting plane constraicts, because they are hyperplanes which cut off a
porticn of the convex set of feasible solutions for the related L P '
problem. Trerefore, this method is called, Gomory's cutting plame
methode



Now, let ws investigate the nature of the particular cubting
plame comstraints devised by Gomory for solving the pure integer
Propscmming problem (3). For simplicity, essume that the optimal
sclution to the related- L P problem contains the first m columns
[ in the basis. Hence, & can be partitioned inte two submatrices

,;B % B._] s wilere B contains the first m columns of A (the basis
matrix ) and R contains the remaining (n = m) columns of A. The
corresponding optimal solution is x = [x; 0 % 1 ' where x; =0,
Now, since A x = b , we have

[ . 2] 2la v

%
& -
: i &)

B x; + R x: = b
Premultiplying equation (4) by 37! gives

# =3 # =1

X 2P "R) = B b

s ) L
or . ‘ (3 )
g 4, Kty L R

Since R consists of the columms of A, we can express equation (5)
in terms of fhe edumns of the simplex tableau; namely, leiting

-33 = B ‘j and Bml : N

we have

*
IB

"
d

- Z g% ' ®)
TN

where

N ={ 3/ s, 1isa cloumn of n}
= { y- / x.  is nonbasis(

Suppose now that the r th basic variable of "cg is not an integer,
From (6) , we see that

b

3

Rd
B4

o (7)

Foy B Py = x
i Je= R



In the current solution, all x, , JeN | are &u.0, @md so ¥_
|

3 <)
iz vot an integer. Let us express %}a# the sum of its integer part
wd i%s fractienal part. Let w o De the integer { or whole ) part of

ym.{ (1.8, the greatest integsr less tham or squul to ggm ) and let
f;w ha the remainisg fracticmal part. Thus,
j\.m = Um + tl‘@ (8)&
w2 0 : (8,
0 4-23;34 1 (8)c
s_inilarly., we rsprasent ﬂzoﬁ' r% s Sele ags
gl s ety ikt 94 (9)
rcj rs 6 x‘.j a
0 < Try < | (9),,
If we sebstitute equations (8), amd (9)_ iato equation (7), we
obtain B = Y Ly - ;ﬁ; ('rfﬁ + 1’? ) =,
ey

R T L R S I O
g RS R g Ry YO

Now, if we wish to modify the current solutios so that the
new solation iz all= intsger, then at least one of the curreatly
mombasic r5 ( J¢N) must bewome positive ( simce there is & unique solution
with all these x4 = O, and it is x: ) In such an all isteger solution,
the first term in equation (10) ‘ will be an integer, since each x, must be
L is an integer by deﬂnition, Thug, the new - i o
value of X, can be expressed by

an’ int\e ger, and each



Moreover, we also desire Xp e to be an integer; if this is teo
be attained, them the quantity ( £ - >, f"':'l %, ) must be an
SN il

integer. Since each f ”532 0 and each x'j 2 @8, 1t is clear that

£ X 2B
2 rj = £

E = I
Hence, the quantity ( 2 frj xa ) censists of ome
positive quantity, S tr" X, 4 subtracted fyem a pogitive quantity

s
£ o0 Which is less than one ( by definition, see squation (B)c ) .
The entire quantity ( £ - z £ . x. ), therefore, carnot be a
5 BN it B
3 GEN
positive integer, If it is to be an integer, then, it must be a
negative integer ( or Zeid):

:Ero - 2 fr§ xigo (11)
JEN

The inequality (11) is the cutting plame comstraint derived by
Gomorye Noticing that, it satisfies the two properties (i) amd (ii).

Up to now, we have not considered how to determine the cutting
plameconstraint if more than one basis variable is not an integer. In
the familiar technigue tae x_ whose fractional part f_ is the largest
is used to obtain the comstraiamt (11). However, there are maany other
possible ways to select the cutting plane constraint: :

Gonol'-y proved that yith the proper choice for the cutting plane
constraint at each step, the algorithm con'urgosn to the optimal

= raem—

1) Hadley, G.; l{nnlinear and Dynamic Programming.
Reading, Mass., iddison-Wesley, 1964, ’



integer solution im a finite Bumber of iteratioms, Hadley mentionsd
alse that it is met necessary to have more thau (m»+1) censtraiats

at one time in the related L P problem; that is, ueder certain
comdfitions, it iz ,.ssible to drop constrainis previously added, seo
that ths total sumber of censtraints neve 2vceeds ( ¢ 1 )_,_,_

When we add the constraint (11 ) to the optimal tablean for the
related 1 P problen, the resulting problem is solved by the simpiex
nathod,

| LBmpié3
Consider the f{ollowing problea
Maximize 2 = e C.

Sets s B ARy
6x, + 2x, <9 (12),
oo B9
2 oo X integer

T

Y
1]




The optimal solution to the related L P problem occurs at _
(% » %) = (% . 0 ) The optimal simplex tableau is the following
table ( where xy and x, are the slack variables added to the constraints
(12}a and (12)b respectively as usual)s

Basis b LU T &
X3, = % | 3/2 1 (a2 /6

o

5/2 0 10/6 | 1 [=1/6

"
ot

B

Z 3/2 0 8/6 | 0 /6

Since, both %py and Xp, are moninteger, we may use either in

the calculation of cutting plame (11). Arbitrarily, we choose %53,

From the table, we see that y ©r = %- 5
Y = 31- and 330 = 3 =1"’é]"'_‘? Thus (11) becomes
2
b-[Encda]co

R v 'S 3 (13)
However, since % is the slack variable for (12)b , we have

% = 9 = 6 % = 2 %, (%)
Substitution of (M) into (13) Pields
2‘2"9'6‘1“2‘223
19.9 :
: % <1 (15)
Now, the semstraints(13) and (15) are equivalenmt, so that
we can graph this constraint, (13), in terms of %y and X,» the
cutting plamg constraint (15) is shown in the figure, and the

optimal solution to $his mew related L P Problem dccurs at ( X, X)=
= (1,0) , which is the required integer solution.



P SR

Howsver, suppose instead that we had ehwsen to calculate the
.utting plam eonstraint based en Xpo o From the table, we see that :

yzgg;—"", yaslé’,andgaeag’gﬂ.tm fzasg"

fz- = %- ( since ;%i must be wmon-negative, and Ty = -%- 8 =l ¢

g Jo Zbe new comstraint wowld then have besn

& W
d-ltn *E a0
or
bx, + 5% 23 (18)

Again, we eliminate x by substitetin: squation () iumto
(16), yielding
4&*5&9"6_&1“2&&)23
or 2% + X < 17 : €17)

Ihf (17) is added to the erigimal problem, instead of (15), the resulting
LP preblem has an optinal seltiom eof ( X 0 % ) = (%- > Y

which is net all intcgor. ZThus, ths choics of gemstraints to be

added affects the e€fficiency ef the algoritlm. Unfortunately, there is no
apriori method of detsraining the best cheice of a cutting plan
comstraint.

The final topic we wish to discuss in'this chepter is brench aad
bound methods. In this section, ws shell study Dakin®s mthnd,n ilhich
is a medificatiomn of the original branch and bound algerithm proposed’
by land and Doig®’, This methed 1s the most effective techuique for
solving integer progxami.ng problems, moreover, it is the basic

1) Dakin, R.J5 A tree - search algorithm for mized integer programing
problems., Cempwber Jourual, 9, 1966.

2)  Land, A.H., and Deig, &.; An avtomatic methed of solving discrete
programming problma. Econometrica, 28, 1960, -



approach of computer programs for solving integer: programming proble. ..
The method can be used for either pure oFf mixed integer programming

problsms. In gemeral, suppose we hawe to solve the problem

Maximize 2 = c%x
Sete AxX = b,
x > 0,
x! integer, € 3

where I is the set of subscripts for those variables required te be
integergy if I = { 1.2.....:1} ¢ the problem is a pure integer
programning problem. The outlime of the algorithm is as followss

1l $olve the related L P problu, If all %2 , Je I , are integers,
we have obtained the desired optimal solutiong If at least one x"j
je I, is non - integer , go to step 2.

2. Select one of the mon-integer x:l » 3€7 . GSuppose

ol - : L. 3
x,‘ '3 + 3 )
where w. j is an integer and
0 < 2,< 1 @)

Any feasible integer solution must therefom satisfy either ;é.s vy

L By
individually, to the comstraint set, and solue the resulting

+ 1. e add each of these constraints,

twyp related LP problens,

2+ For each of the two solutions found in step 23

;. a) I the solution is a feamible integer solutiom, compare its .
objeciive function value with the best feasible integer solution
found thus far. Save the better of the two, Select another
mon = integer x._! e J€ 1 , if any exists, and return to Step 2,



b) If the resulting L P problém has no feasible solution, select

another non - integer x 3% 3€ % ,1¢ any exists, and return

c) If the solution is not a feasible ‘nteger soiu_tion, repeat
the process of Step 2 on the consirént set for this related
LP probhm:

“s The algorithm terminates when all_possiﬁili‘tos have been exhausted
in Step 3,

The algorithm generates a tree of ao]-.ut-i.'e'nis‘a; shown in the
following figure




Before going further describing the algoerithm in mere detail,
w. . ~fere to illustrate it with -an example,

Fooles
‘Cofisider the follewing préblem
Maxini %@ 2 = X v %

Sotbe e
k 8:1 + 63 x, £ 273

4;1-31'2..{910

xl,xa?;éi

Xy o0 Xy intogor_,

A

(63:3%)

\

The tree of solutions generated by the preocedure below is
given ia the folleowing figure:



_outli e

3
p g

We begin by solving the related L P problem. (Step 1 of our

) which yields Z =l%27- '1_1 =

(labeled 1 in the troe of solutian,s), Since

integer, we can choose ei ther ‘variable

8‘%09 23

Arbitrarily, we ,select Xy + yieldin

aad x, Z 6, t02a amil 2B respectively,

& . o ‘%

“llu.i-_thor x, Rer x, is

teo bif-in implementation of .’

g the two branches Hg s
The constraints thus



imposed to 2 B have no feasible solution, hence, ne further branches
from this one are necessary. A% 2 Ay, ve find the 'optimal. solution for

the rilat.d.LPproblem te be 2 = % 911359 o :%_. S8ince

x, is the only non=integer valued variab we form the two branches
xz £ 3 amdx > > & genmerated from2 A te 3 A and 3 B respectively.

Upon solving the relatud LP probloms corrdspending to 3 A and 3 B,
we f£ind that neitier xiolds an integer solution and that 3 A yields a
larger valus of l_, Therefore, we shall proceed to bramch om 34, since
+ has a better potential for yielding the ultimats optimal imteger
Vsoluti.on. At 3 Ag oaly X is not integer -a'aluojd.9 g0 that thae twe
hranch.s genarated from this point have the cons’raints =z 1:-_: & aad
x, > 5 respectively on 4 A and 4B, Upon sc.wing the related L P
problems corresponding to these points, we fimd that there is no
feasible solution at 4 B ; and that 4 A yislds a feawible isteger

solution, %2 = 7 , X = & , x, = 3. Hence, no further branching

is necessary from either of these poigjtzs,, ¢ thesy are both cminal
points. ; : &

Now, we nus_ﬁ search the tree to see if there are - y other points
which might lead to a better integer solution tham the cae just obtained,
"!h.‘-only poss:lbi}ity is 3B, but for this point, 2 = 5% o This value 3
is /an upper bownd on any possible feasible integer selutions for the
constraints imposed at this poimt, and since we have already feund
a better integer solution, we mow know that it must be the optimal
integer solution, Hence, the algorithm terminates.

In the second step of the above procedure, we arbitrarily chose te
brasch oa"i:l (dc8., the two bramch constraints were x, < 5 and x, > 6).

If,instend, we had bramched on X,0 We would have gumerated the tree of
solutions givn in the follewing figure:
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2 [, 3 2= g2
i , 2
x1= 1 xlg El-
= &
Xy= 3 12
P
34
Z2=7
x, = &
32 = 3
Prog;m: :

1) Solve the following problems by the citting plame method, the
brasch and bound method sud then illustrafe it graphically,

&) lHaximige 2 = x = xi

ol

fabe 2‘1 * ﬁ_-‘:‘ég,

2.:1 tﬁxz-é. 21

b

. O S T R



xl,xa intogar?
b) maxiniws 2 = 32x, + L x
Sete 2:1-312?-9
1‘:1 + ?xég__SZ
ne% > 0
% xz intcgor_.
¢) Meximime P = x
m xli’&xzéla
215 Sw t 2k glb
e i
2 % 70

2) Solve by a braach and bound methods
' Ma;ximize 2 = X * %

ll_q.t_e ‘ :;1 k4 282 < 12
5% ¢ 2K< 30
s ] z 0

I-l o xa mt.g.!’!
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Chapter 3

Linear Programming Model§

(1) Prove the convexity of the followin: “unctionms:

.’ Al e ax‘i-,'

b) ¥ ‘f*%*‘-z‘*xg+211-312*3-

e) v = 3% +4‘x1 X5 = 2:2 “ sz.

(2) Consider the following problem:

; 2 2
() Pi:pdm {xli-zz f x1+12;1. .xls-:""

/

»

2 2 "y !
3x) + bx, $}6, 203 ?\0;

a) 1Is P a Convex Problem?

B) Get a geometrial interpretation of the probles: P and Cind @ selition?

c) Apply local kubn -~ Tucker conditioas? il
Solution:
T=0" Convex?
Let )\ = xsy
A

L) = o

Ylax + (- adx) € « Plx) + Q-v)  Plxy)



b)

the

o

-

(2, + 2 £ % ( a}‘ + c?ﬁ

e

RAS - y 7
B 0w o G4 P IR
1 +742 1 + 2 i R ;
2 R 21- 21 f’g.e]éﬁ["" 1 f 21 4+ coe ‘11'
a2
+ ‘}2 o ;Az + i
1 21 i
2
D 2 n &
% L B sl b o Culita sy
2e 21 = 2t

1.8 & = X% is Convex :

2 2 2
y = X) ¢+ 2x1x2 + x5 + 2x1 - 3%, + 8 Let (f=(xey)” + 2x - 3y + 8

since the condition of comwvepeity is:
(% *1+ (1-v) %) S POX) + U= ) # (X))

ns

! 2
X, + X ¥ + ¥o) (x. + %5)° $(y, + ¥,)
bl .5 48 Bl 2l Gk ]
5 + i e Tt i + 81 < (xl +
+2x, - 3By, +8 +(x, +y )2 + 2x, - 3y, + 8
1~ Tty 2 * % 2 2

91

)2




2 22 2
(x, + 3, + %, +7,) < 2(x, + ¥7,)° ¢ 26:2 +3,)

'é

(x, + !1)2 +2(x; +3;) (x; +35) ¢ (x; ¢ {)2 < 2x, ¢ 11)2 + 2x, + 12)2.

[(xl +3,) - (x+ ’2)] . > 0

i.e. it is convex.

e) yv = 31? + 4z, x, - Exg + 8 Xy ? y= x> Cx + _p? x} i
'7,1 Pix) : g positive semidefinit®(x) (Convs)
= ‘ - - S
e ) Ii - O xk . : i ¢ =1
( positive definite3 (P(x) (eokt.Convex, )
/3 2\
g n {
i }
2 2
i - 2
L ety R gramnt
o M. | S ¥ %
= 2 G
2 (3
D ~D D i
3. 48 T T TN
i x, : ’bxa’?zl i xl’a x,
3 i
is "

IA} == 40 => A/not p.s.d,(.g, y/not convex.

IN

(2) min{ xf +xg _," nex 21, x <%, 3:?. f\"rr:-‘-‘; 36 ,

= 2y x $WY]

-

a) to prove the convexity?

a

2 A
l'(x):xl + xamminl



- 52 -

2 2
— - @
"i ::21(1 ,Dxez 2,ﬁx12=0 &
e | ¥ i S

= i = I = \
° X, 2 DXy DXy ~ XX,

i.e. [Af positive definite

then F (x) is Convex ( the objective function).

Now,let

't.l. =1 - xl - x2 £0

E5 vl L gl

b i T el [ ] ) ¥ = &

- X 2
o 0! '
i i 2] is a'positive semidefinite

0 0

r - - <
let 2™ % L
2 4 -
Vi < Bt | 0
jo 0 ‘ . |
| positive semidefinite, i.c.
! 0 0 {
£,(x) _is convex.
let
2 2
‘3 = le + Ll-xz — 36 5_; 0



" P'is a convex problaum.

b’) gem. Interpr.

From the Fig. :we find by
trial and errey the solu-

tions

M=k, R) 0D =

which gives ° P(x) = -g—

C) Local Kuhn-Tucker Conditions;:
g(x, Uy =0
2’ E (x5 u) =
2%, w50, W F
% (x) = F(x) + u, “‘1 (x) +

it

R

= (2:;1 - ¢ 32 +6 u'rj

R R

=53 =

0

8 >4 de{’.:_-g(x) is Convex.

i?
L
;'3 b
’.—""\

X Yl yix'30 w0

u, Sé(x) + ug 3(x)

2 2
xl‘-n- X5 + Uy (1 -xl-—xa) + uy (xl-l) + ug C}xfoh-xg

Xy 2xaéu1f8i|3x2)

- %), (3:? + 412 - 36))

'J; \ R

- 36)



e R
L . . % o £ LIk,
| <o I U U, + g ug o e b
u w,
2 1 2 6 i
or s - + X €T Ny = o (1)
v ¢
3u 3u
e e e o L
Jﬁ 24 4
“"‘5“""‘" = 1 * 1.1.3 =0 (})
16 4 16 4
. ,A,31§.‘ £
e B Co R X O
16 4 16
from (1, 3, &) we found:
[ -4
'U.l = (0 § ""% o 0)
By substitute @ in (2) is verified.
o }f"c-,é .(;{”o.. u") & B " ‘ "
b 2
H o sw)= (0, 3) 20
T
$ (‘Ko 3 u°) = (o y Oy - 512 )S 0
“w
i o :
o shel giialen b o <o gl
()
0.

ise. the Losal Kuhp-Tucker conditions are satisfied,




{3) Solve the following linear programming problem
2x -~ ¥y &3
X +2y< &
-x + y< 0
min X =y o= F—

Or, the problem is converted to:

2x - ¥y + 2 P
X + 2y + %2 =4
-X + ¥ +§3 = 0
min x- ¥y
4 v " % By
s 1 -1 0 0 0
0 3, 2 -1 1 0 0
0 4 O SRR 0 1 0. 2
Z -
0 1 0 0
£ 0 0 0 0
0
- | 4 [ 0 0
&
0 ® 1 0 1 o
0 3, 3 0 -2
-1 y -1 1 1
zll +1 -1 -1
2 f 0 0 +1




Then, we found the solution as follows:

min

P g
N

e -
]

N e e - T

S
'w
fi

(4) BSolve the following linear programming probl:m:

| Max (,xl. - X5 +2x4 + 235 + 2x6

= Xp ¥ Xy ¥ X5 2x,, -2x. £ -2
: L

Xy -X, * xg -41:6 L |

2x2 +2x4 + X £ 2

3, # X ~X, +X. =5x, € =1
il i W R PR

Solution:

The previous problem is equivaleat %9 s

xy - X 1-' xg -4x6 +¥, =-1
2x2 ¥2x4 E + Xg + y3 Bt g
3x, Wy =X g -516 +y, =-1
Or Xy x.2 ~*q +2x, #2xg - vy, + § =2

-Xy ¥, g +4x6 I ,2 =1



2x2

-3:2 - x3 + xq_' -x.s +5x6-y4 +5

with

+2x 4

-57 -

*Xg + ¥3

Cj)zzlq-&21-%:4-1-#1:21-213—4::41-2x5-11x6+y1+.y.2+yh

Basis x; X, X3 X, Xg 36! V1 Y Y3 Y4 1 % 23 K

E 1 = s &% A8 8 o 11 0.8l 2
-2-1001-14_'0-5'500 A S A
s .28 2 0 3} &% 20 |9 e el 3

B 0 =3 11 -1(5)] 0 o' 68 -1-10 0 1 1
%) a8 -2 2.8 6-9 06 & Joa el @

T e T B e T -4
L YTV 8550) -1 0 o W Al B
S | @4/5 1/5-1/50 | 0 -1 O0+4/5 {0 1-4/5| 1/5
y5 0 13/51/59/5 /50 | © 0 1 1/5 |0 o0-15| 95
¥, 0 =3/51/51/5-1/51 | 0 0 0 -1/5 |0 o0 15| 15
=2 1 1/5+2/58/512/5¢ | 0 0 O 2/5 |0 0-2/5 | 2/5
-9 digasl s aame 1 1 2 12" -axle Yo L oas
%) 13/12 0 -8/121912 5/120|~1 1412 0 +&4/12 | 1-1/12 -4/12 19/12
x,~ 5/12 1  4/12 1/12 1/120{ 0 5/12 0 14/12 | 0 1/12 -4/12] 1/12
y5 13/12 0 ~8/1219/12 5/120| 0 13/12 1 -8/12 | 0-13/12 8/12 19/12
Xg=3/12 © 0 3/12-3/121{0-3/120 0 |0 312 o0 | 342
sz 13/12 0 4/1219/1229/120|0 1/12 0 4/12 |0 -1/12 -4/12]-5/12
-¢ 13/12 0 8/12J9/74-5/120 {1 -1/12 1 -16/12 |0 13/12 16/12|-19/12




So this method will not help us in getting the solution and we
have to ,1ook for another method. Getting the dual and trying to solvo

tha di»;f;.'.“, ag follows:

(&) ¥ : ;xl b x, +2%, + 2%5 + 2x¢) (1)
ey + Xy X3 ~2Xy -2Xe -2 vy
x) =X, ¥ Xg --il—xs < -1 u,
2x2 +2x4 +X¢ _45 2 u3
3%, +X3 =X, +Xg =5x¢ <& -1 / oy

X 2 0’ i::]-g so0eo 960

e e D is: Min (-—Zul Ry + 2u3 - u4)

Babe - Lt __-_e_-_ua ; =1

uy +2u3 4+ 3u ,2/> =1

ul‘ ! LR Y = 0]

-2u1 -u, + 2u3 g Z e

u2 + .u4 = 2

_2u1 -ll»u2 + Uy =5u, > 2

ui:“:;o, i=1,2,3,40

o " -u1+u2- ‘ ¥ —yl"l-’l.—_l
- uy -243 - 3u4 + Vo =1

uy + 0, =y3 + 2, =0



- 59 -

-;iul-azq-an}-n#-y#-r:%:z
u, +u, -y5  : 5'_ = 2
-2u1 ", + u3,-5u4 “Tg ¢ g). =2

ui; LY ,jg 0, .l\!.'.? 0, 1=1,...,4, j=1,...,6. &= 1.0.-;5.

(f—?:ﬁ-ul+3§2-3u3+4u4+;1+13+y#+,5+36-
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- gLie

2y 5g -

5y

-

=1

=1

g

75.

5 5

>

-

-

Basis

%

«lil
-l

.13
=11

=0

kol

=7
w]

=l
-fl

Rl
i3

-l
-1
=2
-1

&

-z
/Y
-
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-

Since (= (j+them there is a permissable solution with 5 = 0,8 = lyese 5
v on yath -3

and theﬁ e ha__v'e.:

3

B v u1- .“2 ug oWy " % Yo ¥y Yy % O K

u | O 1 0 1 0 0 -l B 0 0 2

v, o Lo TR I 1 o T -2 21

uy - O R Pl 0 (8 o:'|. o
g - AR Tk e RS SR R - 1 10
& vy - % 14 0 0 1 0 1 g -~ 0 X

3, i © g8 0 0 Bl LAk vt e -3 16

Leilg 5 316 0 o " g 7 2 | -18

But, since we minimizing % and we have non - negative coefts in the last row

so this is the opetimum solution ands

‘Ll.l::o y1=l
u2=2 y2=21
113:10 y3=0

¥5=0




-3 -

1 =
=Xy * X, * '72 : S
-211 " Xy 3x3 + y3 = 123 Xg0 yj, 8y :j_' 0.
Q-2 = §x) - 2x, - 5x3 + ¥,
ﬁ .
Basis | x‘1 i x, . x3 g 1:1 72 33 87 K
2, 1 2 @ -] o g 1 2
Y - 1 e % o 1 0 0 + 5
13 -2 1 ] -3 ° 1 0 12
-;:T' 3 Fyil e 0 0 T 0 0
«pq .. <1 2 -THIT 1 o 0 0 -2
o 11 <us o 0 /5 | 2/5
v, | =1 R | e 1 0 0 5
vy 1 -5 115 0 | -3/5 0 1 3/5 | 66/5
) z =1 0 __‘.5315'“_ 0 0 = | -2
-@| o 0 0 j o 0 0 1 0




_Bas.is X, X, x3 ¥, Yo y}_ 23 '
%y 15 © 2 R T T 0 | /5
v, = 1 0 0 1 0 5
Y5 S U e Lo e i ] | e6s5
- :-I 2 -1 0 EEE . S 2

. |

Like problem number 4, we have to look for anofher method as:

~ (5) Max (-3x%;

= Xy = 5x3)
Sele xl + 2x2 + 5x3 :/> i
xl'— x2 2 =5
-2X; + X, - 3:1:3 < 12

xi? 0, i=1'2,30

OR x1+2x2+5x3-yl+11=2
~Xy X5 + 9, =5
..2x1+ :c2-3x3+3r3 =12;xi,yj,=120.
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Basis z x, 2 2 ¥y s Vs l'i E
%4 1 2 @ I -1 0 0 1 2
Yo =1 1 0 F 0 ‘1 O 0 5

3 _:2 1 -3 o ~._6 : L i i, 12
-5 -3 wdiv S e .8 .0 W
-G -1 ety e o .| -2

.—x3 1/5 2/5 1 Bas g gl 1/; Y,
Y, -l i 0 0 H 0 0, 5
Vs ~7/5 11/5 0 -3/5. 0 1 '_ 3/5 66/5{
-8 -2 1 L L 0 "0 - U "-2
-cp 0 0 o e o 1 0
5 /5 @ 1 s W 5 8
¥, ~1 1 o) 0 1 0 5 |
¥5 ~7/5 e - 88 s 8 1| eers B
- % =2 T 0 -l ﬂ 07 2 E*’*"*
% i 1/2 n 5/2 ;1/2. 0 o 1
¥, : 4312 90 -_5_‘/2_; 1/2‘ i o #

I ~5/2 0 _-i'l/é 3, S 1 1
5 ~5/2 - "0 ~5/2 ] '-'J':lz "Q o e
i e e




- 66=

‘Then
Xl = 0 51
- xz = 1 y2
s = -1
é
(6) Max (xl - 12 & 2131‘) 1
B.:t. le g 5}{2 + x3 = 3
X, - 21{2 - x3 =1
311 s sz = Ll'
xiZ’ Q)’ i=1,2,3.
OR
Nax (x; - X, + 2x3) i
Sute 2x) = 3X, 4 Xz +Y) =

xi L YJBOD gC?: 8

n

il

il

6x, + 10x



Bas.s Xy X, x3 A yl Yo y3 K

mql II!I +10

-50 _ 0 -2 0 6 0 -2
;;1 | 0 0 1 1 ol 0
x, s s g 6 R
xq i e a -1 73| 1/3
R i R~ R e ps | -1 | -2
—?7 0 0 Q ] 0 2 0

We get an unfeasibility bec@use »¢ redundancy. 8o, we have:



§6)  Max (xl - X, * 2x3)!
Sot-
. 2:1 o 3:2.§ x3 =‘3
X, = 2x2 - x3 =1
3x1 - 5x2 =4 v X;Z 0, 1=1,24,3

But the third @q equals the addition of the first two.

‘e” s The problem becomes:

Max ,(xl - X, ¢ 2x3)!

s.te
2x1 - 3x2=+ x3 + yl =3
x1-2x2—x3.+y2=1, X; 2 0y Y. 20

':‘.:7=4-3x1+5x2
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: 1
Basis x) x, g : ¥, Y, K
L]
¥ 2 -3 1 0 3
Yo @ -2 -1 (4] i i i
o 1 o) - 2‘ 0 o l 0.
v, 0 1 @ i 1 -2 ; 1
;
Xy | 3 -2 -1 ¢ 1 ; X
B T
o ¢ 0 -1 ‘ -3 I e, 3 -1
Xy 0 1/3 3 1/3 —2/3 |1y
% 1 -5/3 0 1/3 V3| 4
2 0 [’ 0 & -1 1 -
i d
-4 0 0 0 1 1 9455
; c T : § so
Xy 0 1/3 1 7 . L
x, 1 | 4573 . 0 | &y
. 0 0 0 -2

fRrgiatnee ¢

But the 3ms% row is zero , so the solution is:

.7
3

X-L:
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3 (?) Ma; (3x) = 6x, o, ¢ 2xg) !

T
X, + ,xﬁ'f X3 % 2%y, -bxg £ 2
Xy - Xyt X —416 5;
2x + 2% + Xg 2 2

OR |
| X; + X, 4 x3 + 2::4 -6x6 +y, = 2
% " - - Xy *Xg u4x6_+ ¥, =  §
2x2 +2x4 . + Xt 33 = 2

2x1 + 3x2 + x3 +3i4 + x5 -1516+ Vi = 5

xi Fl yj 2 Gy i:lg.o.'.sg j:l,-..;q‘a



o

17

p 4

14

~6

Basi

£
3

-

w3

-15

-1

12 -

o

19 -

17
28

-24

-34

I3
Yy

4

Since the last row is non-positive =p the optimum,

=51

andlk

Whowes ©m o



(8) Max (3x) - 2x, + 2k5 + 2x,) = P
s.t.:‘%ﬁ?l- X, + X+ x, < 2
.—3x1¥2x2-2;c3- x, < 1
...2;;1 +r-'2x2 " x} - R = 2 ’ xi;O,-i::l,...,lh
LR ; "
OR min ;
g )
&2!1..{ ‘u, +'2u3_)"'-‘~" =D
‘-2u1 A 3u'2'9-_- 2u3 -_?3
- uy * Zué-? 21;}2,-:2 =
L ul,-auz- u33._2__.
: b “2"‘.. B2 S » U520, 3=1,2,3.
i Y- 2u, - 3“%_»"‘ 2u3 _‘§1+ 011 -3
U - 2uy - 2u; 45 =2 k
P 2u2_‘_- us = -?3. 1-). oLz = 2
2

L O R TR I 2

H

’ ui'Ti )ql?' 0.

i g

P=7- bu, + 6u, ¢ 4113 *‘i + TJ*‘T‘, .
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We did not get a feasible point. Thus, we move to.

(8) Max (3x1 - 2%, + 2%

8e%, 2x1.— X, # X3+ X
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“J%y + =Xy 3
—2xl - 2x2 -

»
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r ¥
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xi _>, o' i=1'¢.'4.

g
Max(}xl - 2x. + 2x3 + 2x4)

s°t°2x1----x2+ Xz 4 X, +Y¥; =2
-3x1 - 2x2 - 2x3 - X+ ¥, = 1

_2x1 + 2x2 - x3 - X 4 y3 I Xy z 0, yj >0
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is another maximal point wdths
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y1.~=0
¥p = 3
y3=l|-



9. Find the value of )\ which minimize W20.

]
]
e

f(x) sx & 3 +
2x = 3y + 4Z -« u

ox L ¥ =l SE 4 RR

W IA
= O W

-x + ¥y - Z—?\u ;x,y.z.u,‘);o.
OR 2x = 3y + 42 ~u+ = 3

3+ y - 3% +2u+‘§=0

X + ¥y~ 2 =Au —f-:-"L—l .
Lm.(f"’Z+ .-,,—3-2x+33r-‘tz+u-’l+1+x-y+2+)u+'§’

_4-x+2y-32+(l+A)u+Y =

Basta| x s y: 3 % I, AT T N
R T O ) 1 o 3
18] it i i el o | o 0 o
Aol ‘=1 1 =1 )&l 6 -1 (¢ 1 1
-f BN O R S 0 0 0 0
4| 1 2 3] 14 |100 ~ 3 0 0 <4 Min,
2 |2/ 3w 1 -UAL.0 ¢ [ 14 - 0 | AT
T, |84 =54 o0 5/4) B 0 1 34 0 9/4
wln @ oo alm  a|m
-f 2/ 4+ O -3/% 0 0| =-1/4 0 -3 /4
-Lp | 2/% =V % Pl B8 1 434 0 =7/4
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s S g SAE Gae— o 3| 1 3 6
G 4 I L -5 | 2 5 11
¥ T e . O O &1 71 7
TR o e AL 6 7 | -2 -7 -13
- B T 0 0 o} 1. 1 0
Basis| X y & ® T]. : TZ ‘Gonst,
s SRESEPRET, | -3 6
g b S T S -5 11
VAR L . G 1% B L 7
st B 8 0 ke 7 -13 Max
1 =1=111| 1/2 -11/2 | 23/2
% o O i1 / ’ / 3/
% 1 0 o -5MNe| e . / =5/2 | 11/2
y 1l 0 1 0 -1.9%1] 1 -9 18
ot 0 0 1+17 N -2 17 -35

Which means thate ]
2
- 11 s Y i 18,ﬁ="51“‘

% = ;sm=0
2
and ¢ # 25
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Now by getting the du#&l we have:

P: £ =x+y5+23-1

Bot, 2x =3y e bz -u=3
3 ¢+ y = 3z +2u £ 0 e

¢x= Y+ zZ ULl

Fo 2o Wb >.0

v: min g = BY-r 3

8.t. 2% 4 37+ € >
~3Te Y=L >
4¥=3 % + § 2
-’ff 2% +) €2=1
’f 'z § 2 0.

1
1
1

Or the canonical form is:

min g =‘3»~§+ &

e %a

2‘X+ 3¢ &~ X #¥, =1
=3 .f... “’l =f= X ¢+ ¥,=1
41-3 7 +§- Xy ¢ Y3 = 1

¥ -2 7 =M z, =1

fi"loft Xy 0 IJBOO
+§+

3
()V:%ll ’331'2§-312 §e xloltjr‘zy:z-rl-ﬁ-YO-B? §1»x
3— =3-3T-’Z _f-o-xloxaoz



and we have

?asis ‘f 71 g

Xl 12 = X} > 7 yi y2 3'3 : ‘Const .
¥y 2. X 1 wl 0 0 0 1 0 0 1
Y, - Ay & R 0 1 0 1
vs | ® -3 1 e o v R W 85 3 1
i d 3 -2 % T 0 0 0 g
% 1 3 8 1 e P 0 ) 0
-y 1. &% 1 1 1 0 0 -3 min
9, o@ P GO I B 0 -2/4 2/t
y, | 0 -5/% -1/4 IR G 0 1 3/4 7/b
i 1 B 105 0 0 -1 0 0 0 1/4 B/
0 <BAy =1 0 0 15 00 0 0 -1/ Y
x1 1 L e 3
-g 0 9/4 1/4 o. -0 3% 4@ 0 0 “Lu/m ~3/4
| ofBAas | 1 1 k0 | 0 0% L -9/k
m | o 1 2n8|-a/18.0 2/180 |4/18 o0 -2/18 2/18
Y, b o eefi8lag18 s w7380 | BA 1 1118 34,/18
‘Y’ 1 o 6/18 |-3/18 0 -3/18 © 3/18 0 3/18 6/18
X Q0 Dag) LB6 0 918 1| s/8 0 SR ] 16718
3 A% :
-8 0 © ‘o' |mns-o 9718 0 |-9/18 0 '-9/18 | -18/18
-'-;-’f” 0 O 21|58 1 118 0. 113718, "o 9218 | -34/18
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another trial, we have
f=x+y+2=u

% 3x+ y=3z+ 2ug0

X, xX=-3+ z +Au<sl

X 22X + 3y =4z + ug-J

‘,i‘he dual 1; l:

ming§:§+3xju3xl+

S_.lt:

3x1+x2+2:%-=2- x,kgl

1 -x2~3:_:5 +3 %21
DKy + X -i-li-:,\;j -4 x 21
2x) A% = X+ %yl
2%, --/\:r:2 +7- % - %S 1

X

By eliminating the fourth constraint (L.:ause of redundancy), we get

N aRTTE TR e
ri.“‘zijﬁ*jﬁ'y{a*‘z:l
.3x1+;,-a+4“15';.§7‘-,§+5_=1

R YK+ =Xty =1



'\';:“),:1 ?'J' 7

=;‘:1+::21-3:v:3 "3"4'5'1'33*-?3“"}":3

Wed=ox =% =3 +3X +y + Vo * U3

and it appears as @

Basis | x

*oF

Const
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6 Bim @

el

et 4 -1

~3uin

‘l
5 -5/4 -
=3/4

¥y "5/ ‘f

2/4
“1f4 v
/4

4

- P il - B -

2/%

Rz

s
{3

94

v [l

174
-1/4

o O

Xy v}

2/18
-2/18
6/18

(=]

=1

-4/18

; «5/18

23718

4/18_

=5/18.

0

1

| 308, o

. ~2/18

11718

3/18|
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%) ¢ %y o Vg Ry . s | % Const,
b j‘ 0 0 -5/18 0 7/18 ‘1 5/18 0  =7/18 16/18
0 5 o8 0 9/18 0  9/18° 0 -9/18 0 -9/18 | -18/18
o A8 6 B 5718 1 11218 ©0.']| 1318 o 9218 | -8

a

Which gives the *same result as before.

e Get the dwal of the following problems :

° p; mia (2.‘@:1 - 3}:2 + Xy = 414- )'I\.

Heta xl—xz +3x3-x4=2

i

“3 s xiZO A

I :

2xl + J(a 5 x3_.

50 ; we have max (=2x.’ + 3x2 - %5+ 4 X )Y}

D: min (21‘.1 - 31:-.2} i = wax (-2111 + 3u2 )
Batw oo Mo 21 = -
=ty + ua - 3

jul - 5112 -3 -]

W

%

=1

1
"t,° P: max (-xl + 3}:2 + 42(3 = qu; * axs )-‘—l

Sete Tx, = 3x2 +* 53(3 - xa:.+ r Is = =l

|

83:1 t X, - ’:;3 i 72{1{- + - 3x5 =3



J

2x. + 6x. + 6x -3x4—4x

i A X = 9. 4%y > 0,151,2,3 4.

5

Ds  min (-ul + 3u2 + 9113 I

Hetie ’?ul - 81.12 + 21:_3), -1

=oUu + 1
g
511_L RS I T Gl

“Hy % '?1*' ~ 2,2 =5

2u +3u‘2—1+u332

1

c P:max(x1+3x2+2x3-3x5-x6)

1
=

Sete 2x1+2x2+ x3+x_,+-+ ?.x5+x6-

L"xl i 3x2 - x3 - 2}{4 =% X.5 + 2}{6 =1 [] ﬁi;:,o,j.:l '“"69

)

D: min ( ug +.12

gt 2ul + 411231

2u, = u2>, -
ul,-r 2u2;-1
Q
d’ mln(x1+3x2mx3+2x4-x5) 1
or P: max (-x1-3x2 -'.-x3—2x4+x5)

el b e g sl L e e el A ol s R osp v (R



5:{1-4x2-6x3+3x4+2x5+x6$.5

: X

™ 8;;3 +5x 2% +7x5 =2, x;20,i=1..6

D: max ( 3u1 + Su. + 2u5 )1

A\
f
Pt

1
Sekw 2u1 + 5“2 + _J_j

7 i, s bu, + U 2 -3

2
ul - 6\12 - 81.!.3 L 2 1
-fml + 3u.2 + 51,\5 2 -2

“hu, + u, * P20 » 420 2 0.

» Us
eo P:max(2x1+x —?x3+4x4—=5x_5-x.)

s.tn?xl—zec-Ex +8x¢¥+5x5+3x6

V/a

3 ?

311 -3 %, g -.q-_]:lr xffgixs -2 x -rm“

2x,l+8x2=6x3—5x£}=7x5+2x6=2.x>0,i=11—,6.

i-

& sakias
D: min ‘5u1' + 40112 + 2u3)

Sels '?1;1 + 35 u, + 21 :22

2 3

ol - 5 n
6u1 30, + 8“32 3

=2u, + u, = "'"""1‘1% =7

1

8ul-ii-u2-5u‘34
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N e
% Ay Sf\%"' “

2
e £ - 3 W
5u1 2 u, + Euj, 1 9 412 0
2
5 o4 x (3% »2x , + 4 x 3 )
Behe 2% 1 + la -le- 5'4
2ok w2 % %3 £1
5% + 4 x > -6 x b 2 X2 0.1zl ,000h0
Dz min (4111 +u, + 2*:-.13 )
Set e 2u, + Ju,+ 51,13 & 3
u, = 2u2+ 4u3 =z =2
Uy = &
=’-‘§-1 “EL"_} ;; 0 9 ?;.jeo;aﬁlgovcgjq

e P:m3_¥{=-21fj+5x'e=615mil:xq_)

o R

Y s 3

211511*312*-3(3:-6*4%7

Xp o+ Xy b Xy

le - 6.1:2 nf- 5_:&:5

D: min ( Bul + 7u2 + 4u}.+ 5a4 )

5:(45.;9

s

+ 6%, € 5.y %;205 1=l, o4,k

i



et

. ul+2u2+u3+5u4 Z =2

W
wn

—uy *+ 3y, + uy = t?ou.4

»-‘?u1+ u, - 4u3 + 3“‘} Z =6
5111 - 6u2 — 3'113 + 6114 ? "‘4 » 0.2 o' j=1'o‘_'4.

{+]
h P:min(tl-xa +3x3)

+ X, <4

_S..tc 23‘.1 - 5 X s

2

-J_[l +3 x, -2 x 3519 » X420, 1 =1, 2,3,

or max (-xl + X, = 3 g )

D: min ('4111 + 5112 ) = max ("4“1 - Su, )

g

Se.te 2u

l-
=

W
L]

=

e -
=-5ul + 3u23 1
"

1] . i
1P;min(2x1=-3x2-4:a: )

|.6

IN

Seta -—‘31:14-53(2-:&3
2:«:1---:c‘,__,+61*c3 £ 5

x1+':>:2+4..\_‘3.<:.3 §58

~4%, - 2%, = 733'5'3'- e’ xi;’b ’.'151,21‘;5, £



ormax(-2x1_+3x2—4'13)9
D:min(6u1+5u2+3u3+u4)

s.t -3u1+2u2+u3-4u4.,> -2

5111-112 +u3-2u4‘:3 3

- u, 4 6u2 + 4u3 -7 uq_?-lir . ujz O, j5losooshts
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