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Introductions

In the previous memo. (PERT/TIME), the PERT method was
introduced and it was shown how Ghe critical path method (CPil)
could be used in preparing the time schedule of the project, in
pinpointing the areas in the project that needs special attent-
ion, and in determining the man-power and equipment necessary
to excute the plan. This memo. is a continuation of the above
work where additional features are added o ilncorporate the
cost variable in addiftion to the time variable. The purpose
of introducing the cost variable is to develop a plan of action
for cost expenditures by applying the necessary cost estimating
technique and to act as a monitor in determining where the
actual costs are different from estimated cosbts.

It is necessary, however, before presenting the new tech-
nique that the reader should review bhe memo. on PERT/TINE as
a necessary backgrovnd for the material presented here.

Cost—-Time Concept

After the arrow diagrem has been completed as 1s indicated
in the previous memo, the cost-time relacionship is determined
for each activity. This relationship indicates the variation of
the costs of executinz the job (activity) with time, and takes
into account the manpower, woney, and methods used. This
infermation is then used Go obtain Gthe optimum way Go complete
the project so that any deviation from This way causes increases
in cost. Let us bake as an example a job which requires two
men to perform it most efficlentliy in five days and assume that
the nature of this job will not allow any more effort on it.

£
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A number of possibilities exists

l. Two men may work five eight-hours day shifts.

2. Four men may work two shifts and complete-~in Three day -
three day shifts and two night shifts., Shift pnremiums
will make bthe c¢ost higher then in the first instance.
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5. Six men may work three shifts and finish - in two days - L

two day shifts two second shifts; and one third shift.
Additional premiuvms will furthur increas the cost.

4, If more thean six men work, the cost will sky rocket and
two days will still be required to do the job.

5. One man will drag out the Jjob for more than ten days and
will increase costs because of inefficience. .

The time cost curve for this job is shown in Figure (1).
i1.12¢cessary

Cost Gresi

[ 1 “
0=
Time (days)

Tigare (1)

Use of the time-cost curve in CPEM:

After the time-cost curve for each activity is estimated,
the following steps are used in order to obtain the required

cost information about the project:

A

\
1. Using CPi, one determines the critical Path of the project “»
when all activities are at normal costs. This will
naturally give the lowest cost of the project.
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2. Select Hhe activity on the eritical path having the smallest
rate of increase in ccsts and "crash" it to its minimum
time and then compute the new cost of the project and its
new critical path.

3. Repeat step (2) until the project duration can no longer be
compressed.

It is noted from the above discussion that at each iterat-
ion, the cost corresponding to any project duration are
minimum costs possible since in proceeding from one
iteration to the rext, we select the Jjob having the smallest
increase in costs. The end result of the above computations
will be a time - total direct cost curve as shown in

Figure (2). It is noted from this

Tigure (2)

figure that correspounding to each specified project
duration the serrespendirg direct minimum cost is given. This
can be used in drawing the mest suitable plan for executing the
project.
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It should te noted however, that for the purpose of CPii, L
the time -~ cost curve for each activity need not contain all the e
information given in Figure (1) above. This is so since suffic-
ient data are generally not available. KRather we only estimate

the "normal" and "crash" points. A linear relationship between .
these two points is generally sufficient Ho produce acceptable
results comparable to the accuracy of the data input. The X

slope of the cost curve in this case will then be used as the
basis for selecting the "critical" Jjob to be crashed:

The estimation of the "normal" time for an activity is
usually based on three time estimates by the use of the
following formula:-

Normal time = A f it f S

5=

6
where
-
a = optimistic or shortest possible time to finish the
activity.
m = most likely ¥Time or the time which we would estimate
if only one time was requested.
b = pessimistic time or the longest time that the activity
would take.,
It should be borne in mind that the costs obtained for
different job durations represent the direct costs of tae
project only. If is thus possible (o determine the optimun
project duration by adding the corresponding indirect costs
and then locating the project duration corresponding to 5
minimwo total cost. (see Figure 3)
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Example of FPERT/COST gomputations:
Keeping in mind the conventilons for arrow disgramming, consider

~the following hypothetical diagram and arbitrary time and direct
cost values assigned in Table 1.

Figure (%)
Note also the additional concept of cost slope (last column of

Table 1.) Cost slope, a useful factor in determining optimum
time and cost points per activity, is defined as the rate of
change in cost per unit of change in activity duration. It
may be readily caleculated from the formula.,

crash cost = normal cogbh cost slope (dollars

crash time - normal time per unit of time)
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Which, stated literally, means, "the absolute difference between '

crash and normal cosls, CErEEToPr—tHC Sroororo ot iereroe

- : s divided by the absolute differ-
ence between crash and normal time for completing an activity,
equals the amount of cost change per unit of time, or the cost
slope".

Activivy Normal Crash Cost Slope
Time Cos® Time Cost
'(0,1) | 4 days ¥ 210 .| 3 days @ 280 g 70
(0,2) 8 400 6 560 80
(1,2) 6 500 4 600 50
(1,4) 9 540 7 600 30
(2,3) 4 500 1 1100 200
(2,4) 5 150 4 240 90
(359) 5 . 450 3 150 ~%
(4,5) 7 600 6 750 150
23050 B4280

This activity cannot be expedi'ted'..
Table 1

The first observatlion that can be made from Table 1 is that, if
all jobs are performed in the normal duration, the total direct
cost will be F3050. Secondly, if all activities are performed
on a crash basis, the total direct cost will be $4280.

The next information to be determined is the time required to
complete the project on an all-normal basis and on an all-crash
basis., lr

1., all-Jcrawel Solution:

Considering Ilrst Tthe all-normal solution, the normal

durations are entered from Toble 1, and the earliest and

5
-l
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and latest occurrence times and Ghe critical path are determined:

4
The above information 1s xeadily derived by applying the prin-
ciples described _efor:. - . sarliest and latest occurrence
times are calculaled and eantered in the proper squares and
triangles, and each activity is tested to determine if it lies on
the critvical path. I¥ 1s found that the all-normal schedule
- provides a projeclt duration of 22 days at the previously estab-

lished cost of g3050 (Table 1).

2. all-Urask Solution:
- Using thé all-CTash durations for each activity and again

calculating the esarliest and latest occurrence times and again
testing sach to see 1f it is criticel, the following solution

ig achieveds

Blas B A

iz AL

/ 7 A7 B A

Figire ()
As noted in the alli-crash solution, abcve, the all-crash schedule
will permit the project %o be completed in 17 days, -but at a cost
of 4280 (an incresase c¢f #1230 over the all-normal schedule).



By selective compression of activilles, it is possible that the ‘
project can be completed in The same minimum time, but at less »
cost than the all-crash schedule. With this as an objective,
sccelerated or compressed schedules are developed below.

3, Scuedul? 0EPress.. I
To expedite the project most economically, the critical >

path must be known. The all-normal diagram 1n Section (1)

shows that the critical path consists of activities (0,1),(1,2),
(2,4) and (4,5). Adding the activity durations along this path.
gives the project duration, 22 days. Because those activities
are critical, it is apparent that project duration can be shor-
tended only by reducing one or more of these activities.

(a) Expediting a Single Activity

The cost of accelerating sn activity is a function of the
cost slope for that activity. An examination of the costs slopes
for the critical activities ss listed in Table 1; Shows vhe

n

expediting costs per day o be as foliiows:

Activity Cost Slope
(0,1) $ 70
(152} 50
(2,4) 90
(4,5) 150

Pable e

Activity (1,2) which is the least costly to accelerate, should
be expedited as much as possible without affecting other activit-—
ies (1,2) cen be expedited, according to Table 1, by 2 days at .
a total cost of $100. Note that a reduction of 2 days in activity
(1,2) does not affect any other ectivity. The duration of activ- =
ity (0,1) plus the duration of activity (1,2) equals 8 days, as -\1
does the duration of activity (0,2). The times on the new '

arrow diagram then become
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¥ indicates activities reduced to
their limits.
Project Durations 20 days
Project Cost :!§ 3150
18 mxpedited Schedule
Figure (7)
Time and costs now appear as follows:
_:_'L_,..
Activity Time Cost
(0,1 4 days $210
(0s2) 8 400
(1,2) 4 600
(1,4) 9 240
(2,3) 4 500
(2,4) 5 150
(345) 2 150
(4,5) 7 600
8 To—taj- COS't 0o e s 80 08 35150
X Table 3

The new project duration is 20 days (a two-day reduction) and

the new project cost is $3150 (an increase of $100). However,

the nunber of critical paths has increased to three. The total
project duration of 20 days is obtained by the following connected
sequences of activities.
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Path 1 = (Osl) (1,4) (425) \
4 + 9 + 7 = 20 days ;
Path 2 =/ 0,1} (1805 (2,40 (4;5)

ot TGRS EEER T =ee0 days

Path % = (092) (2!4) (495) *
S b e U = 20 days

The cost slopes for these critical activities are shown in
Table 4 °

Path 1 Cost Slope
(0,1) $ 70
(d,4) 30
(4,5) 150

Path 2 Cost Slope
(0,1) $ 70
G2 50
(2,4) 90
(4,5) 150

Path 5 Cost lope
(0,2) $ 80
(2,4) 90
(4,5) 150

®
At its crash limit -

Table 4
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To reduce the schedule duretion HF=sws=sm further each critical
path must be reduced by the same zmount.

(b) Multi-Path Expediting

In path 1, activity (1,4) can be reduced one day at a cost
T $50, Tn paths 2 and 3, activity (2,4) can be reduced one day
at a cost of $90. Therefore, one day could be reduced from
the schedule at a cost of $120, But, is this the best that can

o

v]
F
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be done?

Sometimes the acceleration of some activities permits the
relaxation of other without adverse effect on project duration.
Consider the following alternatives

Suppose acsivities (0,1) at $70 per day and (2,4) at $90 per
day were reduced one day each., The total increase in cost
would be $160, However, activity (1,2), which was previously
¢rashed in duration, can now be relaxed one day at a savings of
$50. Thus, the net cost of this one day reduction would be

only $110.

Reflecting bthe above compression of activities (0,1) and (2,4),

the times on the diagram become.

# indicates sctivities reduced to
their limits.
Project Duration: 19 days
Froject Cost s $3260
2nd sxpedlited Scuedule.
* - " Figure (8)
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The resulting times and costs are shown in Table 5. (

Activity Tinme Cost
(0,2 5 $280
(0,2) 8 400
(1,2) 5 550
(1,4) 9 540
(2435) & 500
(2,4) 4 240
(545) 5 150
(4,5) 74 600

Mohol SBOEE " e vsas irnals o $5260
Table 5

The project duration is reduced to 19 days and the project cost
has increased to $3260. The critical paths have not been altered, ™
So once again three paths must be evaluated. (Table 6)

Path 1 Cost Slope
(0,10% $ 70
(Ly4) 50
(4,5) 150

Path 2 Cost Blope
(0sL)= $ 70
(1,2) 50
(2,4) 90
(445) 150

Pathes Cost GSlope \

(0,2) $ 80 3
(a:4)* 90
(&4,5) 150

® At its crash limit
Table 6
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(¢) BEffects of Further Expediting

Bacause certain activities (noted by an asterisk in Table 6)

are now at their crash limit, only two possible ways remain in
which the total project duration can be reduced.

One possibility is to reduce activity (1l,4) at a cost of $30;
activity (1,2) at a cost of $50;3 and activity (0,2) at a cost of
$80. The total cost of a one day reduction would be $160.

The obher alternative is to reduce activity (4,5) at a cost of
$150.

Choosing the second alternative results in the following activity

durations:

x indicates activities reduced
to their limits.
Project Duration: 18 dgys
Project Cost : $5410
5rd Expedited Schedule
Tigure (9)

The activity times and costs become as shown in Table 7.



Activity Time Cost
(0,41) 3 $280
(0,2) 8 400
(1,2) 5 550
(1,4) 9 540
(243) 4} 500
(2,4) 4 240
&,3) 3 150
(4,5) 6 750

Total Cost ® ® 0 8 060 0 @ 0@ 35410

Table 7

The total project time is now 18 days at a total project cost of
$3410. The critical paths remain unaltered and again must be

evaluated:
Path 1 Cost Slope
(0,1)* $ 70
GLiD) 30
(4,5)% 150
Path 2 Cost Slope
(.0 $ 70
(1:2) 50
(2,4)7 90
(4,5)* 150
Path 3 Cost Slope
(0,2) $ &0
(2,4)% 90
(4,5)% 150

*= At its crash limid
Table 8



=15~

4, THE OPTIMIZED SCHEDULE

Exanination of Table 8 shows that the only possible activities
that can be compressed for a reduction in the schedule are (1,4),
(1,2) end (0,2) at a total cost of §160, resulting in the following
activity durstionss:

% "dicates activities reduced to their limits.
Project Duration s 17 da&ys
Project Cost s § 3570

4th Expedited Schedule
. Figure (10)
The associated times and costs gre shown in Table 9.

Activity Time Cost
(0,1) 3 $ 280
(0,2) 7 480
(1,2) 4 600
(1,4) 8 570
(2,3) 4 500
(2,4) 4 240
(Z95) 3 150
(4,5) 6 750

Potal Gost aees 35570

Table 9
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The project is now scheduled to take 17 days at a total direct
project cost of $3570, and the critical paths remain as shown

in Teble 10.

Path 1

(0,1)%
(1,4)
(2,557

Path 2

(0,1)F
(1,2)"
(2,4)%
(4,5)%

Path 3

(042)
(2,4)%
(4,5)%

% At its crash limit

Table 10

Because all sctivities on Path 2 are at their crash limits the

Cost Slope

$ 70
30
150

Cost Slope

$ 70
50
90
150

Cost Slope

90
150

total project time cannot be further reduced.

Further reductions in activities (0,2), (2,3), or (1,4) though
not at their crash limits, cannot affect the project duration and

would result only in increased cost.

»
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,J! 5., Analysis of Time/Cost Data
Once the possible schedules are determined, an analysis of
the results may be made,

First, the mini.um project time obtained by the procedure descri-
bed in Section (4) is identical to the project time obtained by
crashing each and every activity in the project. The compression
was, however accomplished at a cost savings of $710 as compared
to the all-crash solution. In addition the network model method
provided the information shown in Table 11, summarized from

Table 1, 3, 5, 7, and 9, for management analysis.

It is thus possible to evaluate scheduling-alternatives, knowing
that the proper activities will be expedited and that direct
project costs will be a minimum,

» HRven for this simple example the results listed in Table 11
represent a major effort. Actual project network may include
several hundred activities and the task of producing a project
duration , minimmm cost teble soon reaches a magnitude requiring
the assistance of a computer.

All All=
ACTIVITY Normsl 1

e i Lk E -

(0,1) 4 4 4 9 9 5 5

(0,2) 8 8 8 8 8 7 e

(1,2) 6 5 4 2 5 4 4

(1o4) 9 9 9 9 9 8 7

(2,3) 4 4 4 4 4 4 1

(2,4) 5 5 5 - 4 4 &

(345) 2 f 2 5 5 5 5
, (4,5) 7 7 7 7 S 6 6

Project

Durgtion; 22 21 20 19 18 17 17
e Minimam

Direct $5050 $31001] #3150 {$3260 |$3410 $3570 (4280

Project

oSt

Table 11
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COMPUTER APPLICATION FOR PERT/COST CALCULATIONS:

The above method for computing PERT/COST calculations was

programmed in FORTRAN by IBiMl Programmers (see later for the state-

ments of the program). Ve are going to make use of their work.

However we shall introduce some modifications which ensble us to

use one estimate of the normal time instead of the three time
estimates.

Preparation of Input Data

The input data are punched on cards with one card for each

Job in the project, Bach job card is punched as follows:

Coluumns L=tt Starting node of job I,

58 ending node of job J.
9=-16 normal time.
17=24 crash time.
25=3%2 normal job cost.
535=40 crash job cost.

The following must be observed:

1.
e
S
4,

A blank card must follow the iaput deck..

All numbers must be right justfied.

A decimal point is required for non-integral number only.
All jobs must be arrenged in order of increasing I, and
for card I in order of inereasing dJ.
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FORTRAN Program for the Problem:

(R

1001

L)

\Sp Sy AS R |
w B2 8

PECOS
PROJECT EVALUATION AND COS

E.A.SCHAEFER
B.F,GDUDRICH

o

OPTIMIZATION SYSTEM FOR 1620

C+J.SNYDER
lo.JoMo

AUGUST, 1, 1961

),L (SDLHZ(JO)LS(SQ E(.50)
(50),TE( q0) TL( SO,,CT( 50) SC

N E),J(L)BST(L),CT(L),SC(L),CC(L)

DIMENSION cC( 50
[( 50),J( 50),ST
L=1. - B
F{N=1 o OE+9E
READ 1001,1(
[F(J(L))3,3,k
FORMAT (214 LFS, 0)
DUR(L)=ST(L)
= (ST{L)=CT(L))500,50C0,5 01
cc(L)=FIN |
GO TO 502
co(L)=(cc(L)~sc({L))/(sT(L)=CT(L))
L=L+1
GO TO 2
M=L—-1
DO 5. K=1,M
Fgﬂ,l)nﬁ,
F(K,2)=0,
CONTIHUE
TE(1)=0,
TE(2)=0,0
K2=2
K3=1
DO 210 N=1,M
K1=N.

[F (JlM)mK7)ziO 250,210
K3=1 .
KL—I(KI)

E(KA)+DUR(KT)
[F(TL(KZ)miT)ES!,Z]O,ZEG
TE(K2)= .
’LNTIMU“

IF (K3)211,220,211
K2=K2+1 ... .

K3=0 -
TE(K2)=0, 0

GO TO 209

K2=KZ-2

GO Tu 234

m
1

[
s
FEL(T

=3 "7

FLN
P

1

hUMN+1)II 22 .22

f

DUR( 50),
,0) F( 50, 2)
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D i

49 E(JP)=F(K,KT)
50 L1(JP)=IP

L2(JP)=KT
55 LS(IP)==1

GO TO 25.
60 JP=NUM!
61 DO 68 K=1,M

KT=L2 (JP)
(F (JP-J(K))63,62,63
(F (L1(JP)~i (k§)68,66,68
(F (JB~I(K))68,6L,68. .
gh 1F (L1(JP)-J(K})68,65,68
65 F(K,KT)=F(K,KT)=E(NUMN)
GO TO 67 -
66 F(K,KT)=F (K KT)+E (NUMN)
67 JP=L1(JF)

1)

s

63

[F({JP=~1)85,85,61
68 CONTIMNUE .
PAUSE 9999
70 DEL=FiN
DO 80 K=1,M
[P=I(K)
JP=J(K}
lF(Li(IP}%?hy?hﬁ7i
71 1F (L1(JP))72,72,80
72 DIFF=TE (JP)~ST(KI-TE(1P)
[F (DIFF)73,73.70
73 DIFF=TE(JP)=CT(K)=TE(IF)
IF (GIFF) 8eri 80& 78
7L 1F (L1(JP)) 80, 80, 75
75 DIFF=CT(K)~=TE(JP)+TE(IR)
IF (DIFF)76,76,783
76 DIFF=ST(K)-TE(JP}+TE(IP)
[F (DIFF)80,8C,78
78 |F (DEL-DiFF)80,30,79
79 DEL=DIFF ks
80 CONTINUE
DO 82 K=1,NUMN
IF (L1(K))81,81,82
81 TE(K)=TE(K}~DEL

82 CONTINUE
. DO 799 K=1,M
ip=1 (K}
JP=J(K) _
Lk (ST(K}nTE(JP}+TE(!P})TO],I019102
101 DUR(K)=ST(K) R A :
.. GO TO 799
102 DUR(K)=TE(JP}~TE(IP)
799 COMTINUE"
KZ=NUMN~1
234 TL{K2+1)=TE(K2+1)
NUMN=K 251
TLIK23=TL{K2+1)



21L PO 215 Ni1=1,M
Ki=N1 ' *
[F (I(P1)~K2)°15 230, 215 Y
230 Kh=J(K1) —
~TL(Kh)~DUR(K1)
[F (TT~TL(K2))231 215 215
231 TL(K2)=TT .
215 ONT{MUE
IF (K? 1)216,260,216
216 K2=K2
TL\K”)—iL(NUMN)
GO-TO 21k
260 TCST=1,005
603 PRINT 1007
PRINT 1008
107 DO 10k K=1,M
IR=l(R) ..
JP=J(K)
103 PCST=S c(K)+(ST(K)—DUR(K))fcc(K)+.05
TCST=PCST4TCST~, 05
SE=TE(IP)+,05 ° ]
SL=TL(JP)=DUR(K)+, 05
CE= TE(IP)+DUR(K)*.OE
CL=TL(JP)+,.05
DURX=DUR (K )+, 05
TF—T'(JD)-TE(I?)-DUR(K)+.OB
IF(TF-,06)265,265,266
265 TF=0,0
266 FF= TE(JP)—TE(IP)—DUR(K)+.GB
DF=TE(JP)~TL(IP)=DUR(K)+, 05
[F(DF-, 05)261,%99 599
261 DF=0,0 .
599 CONTINUE '
607 IF(TF)600,601 600
601 Eglks 1099 1 (K),J(K),DURX ,SE,SL,CE,CL,TF,FF,DF,PCST
nE TO 104
600 PRINT 1010, J S
o I (K),J(K),DURX ,SE,SL,CE,CL,TF,FF,DF,PCST
602 PRINT 1011,TCST
PRINT 1020, TL(NUMN)
85 DO 86 K=1 iUMN

L1(K)=0 .
L2(K)=0
LS(K)=0
86 cgNTlngE
GO TO (b re e, b,
6 GO TO 1 \\,
1007 FORMAT({ 15H  NODE TIME, 6X,5HSTART, 9X, 6HFINI SH, 12X,5HFLOAT)
10081F?Ryﬁzg ;- R (R ' THEGX IHL6X 1HE6X lHLGX 1HT6X IHF6Y THI
X, WHCOST .
1009 FORMAT(21L, 9F7.1 TH*)
1010 FORMAT (214, 9F7,15..
1011 FO RHAT(/ZB TOTAL PROJECT COST = F10,2)
1020 FORMAT (28!—1 ESTIMATED TOTAIL .I0B TIME =F& 17)



ITllustrative Solved Ixample By the Computer
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