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Introduction:

Integer programming is an extension of linear programming, that is
to say we begin by forgetting the integer requirement and solving the
problem. If the solution has all variables‘of the integer form, we have
found an optimum, integer solution. If it dosnot we continue by adding
new constraint, which is called a cut. This cut permits the new set of

the feasible solutions to include all feasible integer solutions for the

origind constraints, but it dose not include the optimal non integer sol-

ution originally found.

In production process as also for economic planning one useé

integer constraints for known variables also for no exact solvalble

algorithm at hand.

The aim of this paper is to give a theoritical as also a prac-
tical studies for the integer programming techniques. In the first
part of this paper some approaches to integer programming problems are
mentioned. Also some remarks on the property of each technique,were

given with comparison on these properties.

A consideration of the types of the cut due to Gomory, Dantzig.

and Land and Doig, and the solution mehtods due to them are illustrated.
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At the end of this parper there is a comparision between those
methods showing it advandage and disadvantage, also examples are for-

mulated ans solved for each technique and in the comparision case.



1, Integer Programming:

1-1, GOMORY METHODS:

The following is a method for getting the optimum of on integ-

er linear programming problem, this method was developed by Gomory*.

The problem is to get a non-negative values Xj which maximize
the function

f7L = 7. a1 X, ooo max (1)
- o.

(2)

X > 0 (3)

Using the simplex method we can get an optimum with non-
integer values for the above problem. {? solving such problem we
introduce slack variables‘§i, which are considered as basic variables
at the first step, beside we takeV\'as basic variable i.e all basic

variables eill be (ii,rl) so relation (1) and (2) will be in the

form.

* Gomory, R.E, Baumal, W., J,: Integer programming and pricing,
Econometerica Bd. 28, 1979,



n
4_ = a, + a_ (—Xj) (4)
5=1 )
a =0
[ale]
1
ao = - aoj
J
—— n -
X, =a; 0+ 32;1 a;y (- xj) (5)

(i= 1' 022 m)
Relations (4) and (5) gives the basic table of the simplex method,
which can be written in the following Matrix form.
<] o O

XB= A XN

The vettor Xg have m+1 elements.nz. and the basic variables.

X; includes the non-basic variables (- x? ) and a 1 as

first elément. a° represents all constant

o e}
a a
oo on
L]
o ——
o o
a a
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The simplex method make interchanges between the basic and

non-basic variables and give the new equation

K _ K K
XB = A XN (6)

The solution of the linear programming problem is found when.

an>" 0 (7) (J =1, 2, «cey n)
K .
a., > 0 (8) (i= 1, .... m)

Relation (7) gives the optimal criteria and (8) is the condition of
the non-negativity a (3). The non.. integer solution is then obtain-

ed from the colurmn of Ak

- -k -k k N
n W ao;] 817" %on xl
B k k k N
X 810 ajg+*r @1n X,
X = = X4 . .
B
B k k k N
L *m i - %mo - l‘aml“' o =X, -




1-2. ADDITION INEQUALITIES

. , o .
The simplex method transform the matrix A~ in the form (7)
and (8). The matrix Ak is not in general sufficient condition for
integerablity, for this reason we must consider for the non-nega-

. 1
tive integer solution (XB) that

xl

B 0 (mod 1) (9)

This means that the vectors X_ and zero are different through in-

o=~

tegers. Using (9) and (6) for the non-basic variables in the integer

solution (x;) then

K ,1
0 = A XN (10)

This system must be fulfilled wheéh the non-basic variables are integer

basic variables. From (10) we can bild as system of equations, for

example
Rozao+ ¥ a (-xN )= (11)
2y 4 J
J...
If we take from (11) that for all j > 1, a, > 0 then we can write
a = 1 a le
o X

The right hand side of this equation have only non-negative value
different from that of the left-hand side with an integer number.
Separeting the left side in an integer number (ng) and a non-negative

rest part as fO with



~J

and subtracting a, from the left side, then can the difference

between the left side and the right side be fo,

and at any case we have

£ < 5= a, X,
0 3=1 73

Relation 12 can be written in the form
n N1
5— f. X,

Introducing a slack variable (S) we get
n N1
_ - £, (= X.)
a = fb gél 3 j

aRgo

1+fo,

2+fo,

(12)

(13)

14)

e oo 7

If under the value are aj ¢ o, then We can through addition of

non-basic variable bring aj to fj > 0.

1-3. THE DUAL SIMPLEX - METHOD TO GET FEASIBLE SOLUTION:

Now we begin with the non integer solution (9) with

XN=(1, 0, 0' s ) H

XB = A XN

Is xB not integer, so some of the

B 0, XB = a

Xl, n 10 °°° amo from n1 + flO e nm + £

integer and 0 < £ < 1. Putting some of these value in (14),

we get.

are with n

m0



From the non-negativity condition is the solution unfeasible. i.e the
nonainteger solution after this boundes is not feasible due to rela-

tion (14). PFor this reason we deal with the dual method.

We begin now with the simplex table with

XB = A XN
in table form
. l I o
1 n
= 0 401 30n
B

X = 20 a1 qn

B
xm amo am1 4mn

The table is primal feasible when all

a 30 (i=1, ... m

10

We take now the most negative values under aoj < 0 and define the

variables, in which the raw (r) was selected as a new basic variable.



The new basic variables will be through

?ln aio (i =1, ... m)
aif (air > 0)

~

The table is then dual feasible, when all aoj >0 (3= 1, ... n). Now

select the values a;, ~ 0 (i=1, ..., m) the most negative, and define

. B . . . . . .
the variable Xu in the column in which this element is as new ncnbasic-

variable the new basic variable will be

max %55 (3 =1, ... n)

j a .
uj (aoj < o)

The table is then primal and also dual feasible. So we can get the

optimal one.

Since this method of Gomory does not take in consideration eguation
(14), all aOj are non-negative and one element of a, is negative

(-£g) then the dual simplex algorithm is the only solution method

1-4 Selection of effective inequality:

In order to get smaller number of iterations we must develop

cértain criteria for selection of the variables i.e. inequalities (13,
must be reduced, for this reason we can called D as the product of

all given main elements.

| ; P =
. k D _
and then writting all number in the table in the form H/D, 30 are the

value of H always integer numbers and we get an inequality

o n. 0 N
_f°\< g:-l fj xj (15)
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which help in the selection rule i.e that with the greater value of

0

f0 < 1 to be defined. Now we write
0 _ ho
L R

which gives (ho, D) the greatest value.
From the Euklidion algorithms (ho, D) as integer linear combination
has the form

(ho, D) = m D + ng hy.

Now multiplying fg = EQ with no we get

D
0 _ ¢l _ :
ny £q = £5 = (hoé D)

this fé is the smallest value of'f0 on the other land if we multiply

by (D - n@) we get

f0=f=

2 __(_11'[) 2. D)
(D n 0 0 1 D

ol
whith gives thé greatest £,

The selection of the greateast (fo) is the same as the s&leetion of

the least negative value in the primal problem but hier 18 more

easy.

A second criteria for selection can be used, this criteria depends

on the boundes of the polyeder of the non-basic variables, which can
be bring to strong small value, and then the objective function reaches

its values. To do this we begin by selecting the non-basic variables



with the minimum an ~in the column, min an = ag,

The value fg from (15) can be written in the form

£ o= Dk
D
then
£ b
= 0
(hk, D)
with

Now the ratio

is maximum

we get now the selected inequality through multiplication with

(hy . D)

in the form

£ D

0
0 =0

(B r D) |

and the maximum ratio we get through the multiplication withﬁwk where n,

is given with
D) = +
(h, , D) m D o h
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This selection criteria maximize in all case the relation.

max fr ﬁu
0 0

r = (r =1, ... u, ... D)
£F £
Kk k

which also maximize the objective function

u o, . a..
A VL’ = £, (m%n 83 )
£,

J

It is met only when we have a starting éelected value as
m%n an = ag,

at the same time the minimum of the ratio

min a ak
3 0j - 0
u o u
fj fk
then we get
max A'l= max {?; min ( ani] -4,
x T t0 “ok
3 g4
k

For this selection criteria we see that:

a) it is applicable for smaller D-values and it of simpel application.
‘b) It take smaller number of calculations.
c¢) by greater.D. values we need additional calculation to reach the

second selection criteria, which helps to define the inequality with
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d) with selection of inequalities we can change the selection rule from

table to table.

e) new tables with ai, > 0 are determind by the dual methed which is

directed related to the slack variables of the new restirction in

the basis.

£) it we can also find for the integer solution an integer table this
means all elements of the simplex table is brough to integer values.

g) Since the a0 column in an Integer solution then only f0 = 0 included,
the change of the objective function is equal fo zZero

- u:
/L'*l— (£, = 0) (m::ij.n 804 ).

fu

3
1-5. Exampel and geometerié‘interpretion of the method:

It is asked to determine the values X, and X, that maximize

the function

"Z v=5x1+6x2

under the constraints

w
N

4 X1 + X2 s
5x, ¢+ 2x‘;z §26
6 X, + 8}(2 5\67
6 X, * 12x2i89
x1 and x2 are non-negative.
The slack variables il' coor 24 and the simpelx tabels (0, A, B, C, D)

gives us the non-integer solution.
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1 - .1 - _ =
X, =65, %X =373 X, = X3 =0
_a3 3 = M - e L
x2-34)x4-7 ’VL—533
0 1 —X1 -X2 EA 1 -Xl —X4
. 1
M - 0o |-5 -6 \I"L 445 -2 1/2
= 1
heu 1
x,= |32 |4 1 .‘xl- 295/12 7/2 7
X,= |26 |3 2 X,= | 67/6 2 -1/6
x= |67 |6 8 x| 23 | (2] ~2/3
x,= |89 |6 ‘12 | X,= | 89/12 5 1/12
- ot - - ) R = - —— = —
B 1 -X3 -X4 C 1 -X3 -X2
ﬂ(= 321/6] 1 -1/6 h = 531/3 2/3 1/3
5?1« 134/12 |=7/4 13/12 R, = 43/12| s/12 13/6
X, | 21/6 | -1 S 3 ' X,= 7 -2 2
x.= | 2376 | 2 X, = 37/6 | — 2/3
1 3 1 3
- 1 L . 1 .
x,= | 66/12 - i X,= 15/4 3 3
; .
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(1) we see the normal graphical solution of the problem

(non-integer) which gives the optimal point (53 %0 and x1 = 6%, x2 = 3%

In fig.

In Fig.(2) is non-integer solution table in which.;2 - x3 are represen-

ted*.

The bounded polyeder is formed by the basic variables
(xl, X2,<§1, X4) in which the point x2= 0 and x3= 0 (non-basic variable
From table C we see that the smallest general index is D=TrPk = 12.2%=12
so the only equation which is smaller than 12 (index) is
_ a7 i = 2 -
x1—3'1—2 +5/4.2(X3) 212( X2)

Seperating the non-integer value of this equation into (n) and (f)

values, then we get after that the factor - 2 2/12 through addition

an integer postive value.

b=

=L =
£, =130 £ = 5/12, £, =

(15) gives then

7.5 7 10 =
5 <13 %3 * i X, (16)
or after introducing a slack variable we get
1,21, 5 g, 107
-t TR (17

which is a resteraction to be considered in the optimal table.

See Tucker, A.W: Gomory's Algorithms for integer programs Memorandum
for social - okomouisk oslo-1969.



As an addition rgw we have
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1 ! —X3 -x2
; - 10
_ = 7/12 5/12 12
X
2
o ¢ /
\ XL:U
3.7° -
© \
-9
b
\“ H =
\
)!,:L’
S
l.\
AN
) .
fig. (3)

>
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Fig (B) gives a part of fig (2). The bounds (17) is for the values a, =

0,1, 2, 3 ..., 9. The integer values of the basic variables can be as

parallel lines to the bounded polyhedral (see fig (2)).

Now we are able as before that from restraction (17) we derive a number
of resteractions. We select now the maximum fO' The common divisior
row is D = 12 and 2 hO =7
i.e.
(ho, D) = (7, 12) =1
the integer linear combination is
mb +nh =-4,12 + 7,7 =1

0
with n = 7. Multiplying (17) by

(D - n) =5 we get
11 1 =< 2 T
215(2—1-2- X34-1—2~)\2 (18)

or in row weise of the simplex table after introducing the slack

variables we can write
2 11

1- 7127

a—— -

2

13 (19)

a L
12

This resterication is obtained from the first selective criteria.

The inequality (19) with the values Sf =0, 1, ... are obvious

with the inequality (17) with the values ai =4,9, ... (see fig 3).
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Since only branches with S > 0 are taken. This mean that the o

boundes are brough to a small branches. which mean that the calculations

are less in steps.

The second selective criteria is to choose the column with the

o

. . _ 2 _ 1 .
minimum an' which is colomum xz (a01 =3 agy = 3). For f2 also is

the general part
(hz, D) = (10, 12) = 2
to form.
nowW since
£5 D 7.12

12.2 ¢0

then we muét multiply (16) with D/ (h,, D) = %gthen we get

]

(h,, D)

6 = oy .
3%<2T§x3+ sxz.... (20)
and after introducing the slack variable we get
3 6 6 =
& =z - 17X (21)

Now we define all the groups of reduced restrications which is

given through multiplying (16) with the factors 1, 2, .... 12. The

resteraction is not written but only gives values of f,-, f3- and f2.

we get then the following table.
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\' fo £ £
1. 1/12 T 5 10)
2. 1/12 (2 10 8)
3. 1/12 9 3 6 )
4. 1/12 (4 8 | 4]
5. 1/12 (11 1 2 )
6. 1/12 (6 6 0 )
7. 1/12 (1 11 10 )
8. 1/12 (4 8 4 )
9. 1/12 (3 9 6)
10. 1/12 (10 2 4)
11. 1/12 (5 7 2 )
12. 1/12 (0 0 0 )

_ R
The minimum of an/fj for agy = 2/3, 3py = 3 and for fj > 0 are shown.The

greatest value of the objective function is with the fifth restrication.

= £ (min 03 , _11 1
AN =% E ) =13 3

The restriéation is an effective restrication taking this restrication in

2__22
*12 7 12

table (e), so we get the following table (C) and from which we get table .

(F). In table F we have a solution, but the dual not yet feasible (point F)
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in fig (1) and (3). Table G represents feasible dual solution.

new resterication is
1

5/6 < E f4
1 -
S, = - 5/6 - ¢ (- X,) (22)
o X, X, F 1 X.
) 3 2 ' . 3
! . 1
= 5% | 2 3 313 2
X, = . 43/12 | 5/12 26/12 | X, = 31/2 3/2
- ! | — .
x4=! 7 -2 2 I!x4= -4 S—3|
- 1 ) _
xl— 37/6 3 2/3 ! x1= 5/2 3
1
;"2' | 45/12 7 -3 X = 13/2 3
fa o 1 ) '
n’ S, = 11/12 3 |2/12 X, 11/2 3
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|
— i
G 1 -X, s, H O 1 -s, -8,
N = s0s/6 1/6 0 M= .50 1 4
§1= 27/2 1/2 -7 '§1= 11 3 -7
— 1 . - _ ; _ _
x3- 4/3 3 -4 x3— '3 2 4
X,= 19/6 -1/6 2 X,= ; 4 -1 2
X,= 35/6 1f 1/6 -1 X,= g 5 1 -1
< . _ - _ | _
X,= 29/6 || 1/6 4 X,= i 4 1 4
S,= =5/6 “_1/6 0 X= 5 -6 0 J
The Bolution is now
X, =4 X, =11 X, =S
X, =5 X, = 4 VL~ = 50
Xg =2 3

Both resterication (19) and (22) are in £ig (1) in the xl-xz plan.

In order to'get the equation of the additional constraint in the first

table we write xz, x3 and x4

as
;é = 26 - 3, - %X
X, = 67 - 6X, - 8%,
X, = 89 - 6X - 12 X,
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Substituting these values in (19) and (22) we get

o1 1 _ _ 2 g

a, = 12 + 12 (67 6)'{1 8x2) + 12 )26 3X 2x2)
1

a, = 5/6 + g-(89 - 6x1 - 12x2)

which gives

9 - X, - X

54 1 %2

2 14 - X1 - 2X2

W

S

from which we get the additional Integer condition with
+
S1 x2 $ 9
+
X, 2x2 i 14

2. Dantzig's Method:

2-1. The Resterations of Dantzig:

Dantzig consider the constraints of a linear programming

preblem as
n 1 ‘
zj::1 a;y %3 2 0 (26)
(1=1,2, ... m
It is asked now about on Extrem point of the convex polyeder which is

a solution of a linear objective function. This means that for an

Extrem point in the normal case for the n variables in the m inequalties

(26) we have
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%1 aij xj = aio (27)
(i=1, ... m
(27) is called Dantzig corner point*. If (27) are only equations then
the non-integer solution is obtained through

The additional constraints

n 1 .
a, X, = a,+ 28
§51 3 3 o "} 2
i.e
2 1 1
a, X, =a. + X >1 (28'
?_:_1 3 %5 =% ®@>1 (28")
1 1 , . (28)
If aj and a, are integer numbers. Then must the inequalaties are

common point. for this reason we have
n n 1 B s 1
2;: » a4 xj = E: ajg * x (29)
=] = i=1 :
(X>1)

when (27) are n equation, the condition (29) can be written as

)
1 1
3: a,, X, =0 = Z a (29)
== B3 e

<3 1
For the intial form of (26), in which the slack variables equal to

zero if we introduce slack variables, then we get

* Dantzig, G.B: Note on linear programming santo Manica, Calif.
Rand Coxporation.
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o S N S R N
a,. X. - X, = a, (26)
i=1 rr R e = A 3 i0
‘ i

from (26) and (29) we get
n - —
Z X; = = ’(>/1 (30)
i=1 ’

or

n -
S X, 2 1 (30")
i=1 ‘

The conditions (30), (30') is the same as restriction (14), Both are
not fulfilled in the non-integex optimal part with X = 1

Instead of (26) we use the following restriction

$ a;o (31)

(WS M::
i
(=
>

. _ 1 a - 21
Then we have aij— aijand aiO aio

which transforms (29) & (29') to the form

=1 =1 ]
a X, = a - X (32)
rrg R B R PR
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Subtracting from (32) the n restrication in which the slack i the Extrem

points equal to zero we get

¥ = X - 3
X, + = a
i=1 §=1 3 J i 10
n n n n
X, + < X, =
- ).: alj b J 'S_'_alo)
i=1 j=1 i=1 i=1
n — ‘
Z_ X, = =< x> (30')
i=1
n —
Xi > 1
i=1 -

i.e in new feasible optimal table, restriction (30) is fulfilled,it

2;.;:=1 ' S (30

is always

also

I % >t
1 i
gives a smaller value of the objective function.
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2.2 Exampel of the methbd
Taking the same exampel in the pervious method which is:

The objective function
”Z = 5% ¥ 6X, «-- max

undex the constraints

ax o+ X, ¢ 32

™, + 2%, ¢ 26

6X1 + 8x2

6x, + 12)(2 < 89

67

VZa)

X X2 > 0 and integers.

The non-integer solution is

-6 =31
X,=¢% Xy =313
3 . 1
Y2—3Z X4—7 V( —533
X2 = Xa = 0

fhe additional restrication (30') is

X, + Xy 31 (33)

wa derive reétrication (33) direct from the given constraints. So we

add the second and the third constraints with the slack variables

S— -

Xz, x3 = 0 and then we get the same singws relation (32) is now in

the form.

9x1 + 10 x2 5‘ 93 - 1 (34)
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Taking X1, Xé as non-basic-variables of the_Extem‘points.(Xz, x3) from

the relations

‘3’:2=2.6-3x1-2x2"
—)—(3=67;6x1}-8x;
then (34) will be
o & -Zx-ixpro g ox-ixy
=93 -1
l.e.
-%, - %, i- 1 - (35).

for- integer optimal table we get

also the condition

Si = -1 -1 (- Xz) -1 (-X3)7

Now from table C' we get the et of following tables D, E, F, G,

H’, J' K and L
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1 R a——
C 1 —X3 X2
1
”z = 533 2/3 1/3
§:= 43/12 5/12 -13/6
X,= 7 -2 2
X, = 37/6 -1/6 2/3
X, = 15/4 1/4 -1/2
S, < -1 -1 -1)]
D 1 —X3 -Sl E 1 -52 "S1
N- |83 1/3 1/3 "= 32273 | 1/3 0
¥;= 69/12 31/12 -13/6 3':'1 . l3s/12 | 31712 -57
x, | 5 -4 -2 X, = 9 -4 6
x,= | 33/6 -5/6 2/3 X, ||38/6 | -5/6 9/6
x,> | 17/4 3/4 -3 X, = |14/ 3/4 -5/4
X, = 1 1 -1 X, = 0 1 -2
S,-| -t (:T | - Xg 1 -1 1
Ls_; = -1 -1 f-'ﬂ
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F 1 —32 -S3 G 1 —S2 -S4
'7 = 522/3 1/3 0 = 522/3 1/3 0
X, - | 95/12 Pps/z - ii;’- X, 152/12 { 145/12 ~57/12
X, = 3 -10 6 X, = -3 ~16 6
29/6 14 9/6 X, T 20/6 22 9/6
X1 = 6 1 - B 6
x,= | 19/4 2 -5/4 1%, = 6 13/4 -5/4
- 2 = - -
X, < 2 4.2 2 1IRSE 4 5 2
%y - 0 -2 1 R -1 ‘-3; 1
5, = -1 -1 S -1 [
’ 1
H 1 | %y -5, J 1 ~X, -Sg
n= 525/8 | 1/9 1/9 - 554 /9 0 1/9
X, = 34/36 |-26/36  -26/36 | [x, = 337/36 | 171/36  26/36
- ;?4' - 7/3 |-16/3 - 2/3 X, = 3 - 14/3 -2/3
X, = 83/18 |-23/18 4/18 X, = . 79/18 27/18 4/18
X, = 59/12 | 13/12 -2/12 X, = 61/12 15/12 -2/12
Y | ——————
X, = 7/3 5/3 -1/3 Xy o 8/3 2" -1/3
Sg = -1 -1 t.l.{ 8 = -1 L—f] -1
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[ ; ' SRS e A 2 =
1 ’ w L i ’ []
B 1 -8, S, ; ; - -

S o : “ By . 5, e ,1;‘ i 1 S7 SS

dom o= 524/9 o, e W= 524/9 0 1/9
x, > |. 166/36 19146 197798 ] = ' -5/36 17/36  -368/36
X, = 23/3 | -14/3 a X, = 37/3 | -14/3 26/3
x, =| 106/18| -27/18  31/18 X = 133/18 | -27/18 58/18
X, = a6/12| 15/12  -17/12| (X, = 31/12 15/12 -32/12
322 = 2/3 2 - 7/3 | 1%y - 4/3 2 - 32/3
Xy = 1 -1 1| X = 2 -1 2
S., = -1 -1 -1

met
150 iteration steps no optimal inte

the addition

optimal solution for problems in such forms.

which means that

hods ig getting movye and more without getting on inte

al conditions put by Dantzig is not helpfull for g

the value of W is takes smaller value and iterations

ger solution also after

ger solution was obtained. This means that

etting an integer
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3- LAND and DOIG Method

3-1 Method interpretation

The method *eonsider the optimal solution of linear programming
problem without integer conditions. The greatest value of the object-
. -1
ive function (1)) must be syetematic from the value'k -k™~ ..p15.0,
01 e o

(\?, in which the variables of the integerablity are introduced.

The problem is in its general forms as

.WZ = zz;aoj xj ceeeseee.. Max (36)

n
i=1
and the boundes are given thnough

n

a xjssaio (i=1,2, ... m) (37)

13
X, > 0 (38)

The boundes form a convex bounded area. For given values of ”l

can the variables xj max or min.

Dealing with the variable x (=1, v «.5 Kk, .. m) then we get

the min or max from the following linear programm.

R oo oo o min (39)
303 xjr)lj 0 ' (36)
aij xjfg a;. (37)
xj > 0 (38)

This problem can be in the X plan represented Fig (4). Since

a linear progection of a canvex boundes is convex, then the system
(36"), (37), (37),.(38), (39) gives also convex bound. In consider-

Land, A.H., Doig, A.G.: An outomatic method of solwing discrete programing
problem. Econometrics Bd 28-1860.
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ing of the x exis is the upper bound concave and the lower

1imits convex (OABCDE in Fig (u)

C

L ‘. — "k

Starting now from the solution peint (q_=ll°, xk= xz) of problem

(36), (37), (38) pointc and moving through the upper boundes of

the convex branches of the YL- X plane in the direction of min X

and max X untill we get integer value for x,., this shows that the

value ofylf is moved to smaller value.
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Both integer values of x, are (xﬁ) and ('xi )+ 1 to which the

value ofVLare Qrm and }ZIM (points D and D').

Now we take the greatest value of Q with the coresponding value

of xo, then there is no better solution for the problem with an inte

er X .
& r

Land and Doig used this systematic relation and derive the follow-
ing method. |

Now it is mecessary to define thefollowing in solving many linear
programming problem P (J'), means for our linear programming problem
(36), (37), (38) in which the J' variables of integer conditions under
"J'=1.2, ... n'). Sj represents all the Set of feasible solutions and
55 are the Set of all non-feasible solutions of the problem P (J).

In the special casge where X, and x, integers, then we write P (2,r,k)

k

and the set of feasible solutions as 82 (r,k).

If Sn’ is the solution of problem P (j') then the maximum value
of iswithin the doman of the optimal solution, The value - ¢ such
solution is always smaller than the value for

S

n'-i, sn'-zt,
The greatest limit is S with qo for problem P{o), in which no
(o]

variables are integers.

The method is considered in the following steps.

i- The inilial point lay in the optimum of P{o)

. . . . o . . . . . .
This point is written as q' and it is considered as intial point
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of a tree. If VC is the solution of the problem P (n") then it is

the required solution.

ii- If nj is not the solution of P (n'), we begin to deal with problem P
(i,r) in which the basic variable x, is a solution coresponding to

the value Ylo and is non-integer we define.
o )
x Jwhere (x_)= 1.
(x°pnere (<)

Now both linear programming problems are

. _({.0
P (0) with xr = (xr )

P (0) with x_ =(x}+ 1
T r
are to be solved.

If there exsist a solution for both problems say TI'M rm then thess

s6lution are elements of S,.

1f both solutions are not Feasible then there is no sdlution of

P (n') and we stop our calculations

228 - R f | 1
iii- Now let v\' max (Vlm, Qrﬂ{ The value o N’ is the greatest value
of the integerabilty of X . If xr=V for y\'_ then V must be equal to
(xr) or equal to (xr) +1, This X, = V form together with the problem
P (o) a convex area in theyl——xr plane. The next greatest value of VL

is given through the maximum values of xr = V-1, X, = V+1 also we

have

max !—L‘(xr, = V-1. ,Vlfxr = V+1) ]

the second best sloution or P (1;r).
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(iv)- We deal now with the problem P (2 ,r,k). The variable Xy is basic
variable for the solution .Again we deal with(;k\and(gg + 1.
IF both vlues for Xk are basic, then we hild xzkm’ ysz. With
maximum value YL2. , If ;L?>max [‘:’L(xi = V-l),‘l(xr = V+1):)
Ifyi? is small as the second solution for X, =0 then our calcula-

tion is continuied.

(v) From those given values of the non-integer optimum the greatest
value of or in case of integer variables can be opteined which

is the optimal value for as a solution of P(n').

3-z Exampel:
We condider now the same problem solved by Gonery which is
V[ = 5% + 6 Xy es e 00 ee el .. maAX (39)
~with

‘+X1' + XQ'S 32
3xq + ZX, 26 (40)

6x, +8x2 < 67

6x, + 12x, K89

and the non-negative constraints.

The non-infeger solution of this problem is

1 = 7z - _ =
Xy = 6~E. x1 = 3 72 X% X3 =0

3 —_ 1 (41)
Xy = 3: x, =7 YL= 533

Applying now land and Doig method, so we get the following

steps.



i) We deal now with the problem P(1;2) this means that the basic varia-

ble x, (in the solution lvlo) must be integer this gives,

Xy T (x;)= 3 ( '
o~53 =
x2=(xg’+1=l+ '7*5.5 4 )
n:s3 Y N A — 4%t
1 rs.');‘-z_ e — —0 XZ:;
S~
s 3 - T _e‘z:x --f\_\
s¢ & i
6 ) AR -1T— -+ f— 1}1-‘6
L S A B U N .
. x=4
2
L‘ 3 B N R R S ] S Cutveh
43 .~ . e
-1 - =|- &
N
e !2 _}(.:‘__1__ . L
‘ e e . — - }z——l
pst® — ¢
P S B! SN %~ %
——e - Y3 2
J! X, =4 !
Y‘.‘f ] H
7:"\3 ;1/:\(
Fracs n=h

The linear programm
(1) (39), (40), (41) with X, = 3 and (bb) (39), (40), (41) with

X,= 4 are to be solved. The programms (b) and (bb) are formed in

which the product 3a12, 4912 are subtracted from aio. We get

\(L2m= 18+S-X1 e se se se se ss s. Max
b, < 82 - 3.1=29

3x 26 - 3.2 = 20

1

$
Bx, K 67 - 3.8 =43 (b)

"

le S 89 - 3.12 = 33
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1° 19 x2a ;3, ;4 >;' 0

’l, =24 + 5 x1 max
- 4,1 = 28

N
=

=
%

w
N

[y

- 4,2 =18

w
»
-
n N
N
(e2]

- 4,8 =35 (bb)

[=2]
%
A
(o]
~
n

o
»
7
e}
(e}

- 4,12 = 41

[y

X ;i, §é, §é, EAB-O |
For both programms (b), (bb) we get the following solutions
2 - 1 —
65, % = 27

, = 3 By 0 %, = 13, Ly = 51~

for (b) X,

X

1}
(8]
(4]

~

o

b
{]

for (bb) X,

n
=
b

n

1
=6 =53—
% y Moy =%

Both value of X, are Feasible, they must be considered in the

2 2

following solutions

ii) Now taking &1 max ( Vl 2m,"L QM)
1

1
max 515- 1/3, 53 56

13

1

: ! = —

i.e n- 836

and the best solution for x, are get after that

= i 1
X, 4 min Vl'

In order to define this second solution (integer solution of 32),
we need only to test the value after x, = 4, the value of Xy = 3 in
(b) is good defined now we test for x, = 5 which gives the linear

programm



Vl=30+Sx1......max

uxy < 82 - 5.1 = 27
3%, < 26 - 5.2 = 16 )
6x1 < B7 - 5.8 = 27
6x. <<. 89 - 5.12 = 29
1 ~
as a solution we get
1 _
x1=4-é-,x1=9,x3-0 . =52£
i =5, F. T R =2 L =%
2 2 2 U

+he second best solution is

V\_ = max[(x2 =3),"L(x2 = 5)]

with

i
N Nk, = §) = )

also now we get a set of  values
6 1
- = 83=
“’1 3 . n(x,
Wix, = 4) = B3 PL(XQ

1ii) For the variable x 9 it is optimal programem with yL' we go now

P
S) = 82,

"

3) = sﬁ
3

to the linear programum P (2,2,1) this means that the values X,

X, mist take integer values.

Form the solution (bb) for y"' we have Xy = 5 5/6, also heir

we put
Xy =(x1) = 57
X, =in)+ 1=6

Now we have to solve the programms

a) (39), (40), (u1), with x, = by %, = 5
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and

‘(dd) (39), (40), (41) with X, = 4, X, =6

Since Xy is the last integer variable, So we concentrat on
testing the feasiblity of both values.
= (< x_ =4
X, = kx ) » 2

1, _
% -(x1)+ 1, %, = b

2
the programm (dd) is not feasible, then we have only Vl. as a solut-~
ion

2
W= 5,5 + 4.6 = 49

with
x1=5 ,x1=8,x3=s
Xy = u)ng, 3jx‘4 =9

VLQ is a feasible integer solution for all the variables and also

for values X, = 4 and x1 = 4 we get )L= yy

Now we deal with those given values of X, and %, from the solut-

ions
1
O = =87) = § 2—
VL 53—3—,}'L(x2 S) s 2
1 (x =u) =53t ( -3)-s1-1-
'Lx2- = G)VL x2- = 3

"

l+,x1=5')=l+9

Since v‘Q is smaller as Vl(x2 = §7) and Vl(x2 = 3) then yLz not

yet an optimal Solution,
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iv) Now before taking the value X, = 3~ we must define the value of 4

for the values of x_ = 4, X, = 6. For x, = 4 we have the correspond-

2

ing value of q', but for x, = 6 we have the solution as.

X, = 2 5/6 Xy = 3 xq = 0

— -1 —
X, = 6 x2 =S 5- xu = 2
=80 1/6

In general we still have three values for (x, = s7), (x2 = 3),

(x2 = 6).

2
which are greater than V\ . Since (x2=5’) is the greatest value

S »

of then we follow this way. From the programm (c) gives for X,

1
X, = ua.i.e we have to test for

2 1
'xz =8, x1 =S
The value X, = s , X, = S~ is not feasible solution. For the
values x, = 4, X, = S~ we get the solution
x, & 4 §; = 11 Eé =3
_ _ _ Yl =S 0
x2 =8 x2 =4 X, = S |

Now we consider the following /( values

Vl (x2 =8, x =4) =870

! 1
1 (x, = 3) =871 % l
= 6) = 870 1/6

YL (x2
To be tested is the value of Xy = 3 and neben value Xy = 2 The

value of«fo = 2), VL(x =3), %y = 6),Pl(x2 =3, %y = S”) are
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smaller than that of (x2=S', x1=u). The value of (x2=3,
x1=7) is not Feasbile. Fig (6) gives value to be tested.
From which we get now the optimal solution of the problem

with integer values of x2=S- x, =4 and =S70

Fig (6) shows the different solutions in the - X, plan and

also the optimal solution.

i 2 3 44 s 63 %
Fuvg(é)

4- Comparasion of Gomory, Dantzig and land and Doig Methods:

4-1 Land and Daig method as a systematic method:

Form the previons discussioh of the problem we see that land

and Doig methed is a systematic me#hod to obtaim an optimal integer
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solution. The meltod start by taking an integer value for one of

the variables to get on optimal solution, then we begin éealing with
the second variable and see the combination between the two variables
in the integer cose to reach an optimal solution for the programm.
untill the optimal integer solution is reached.. The solution is reach-

ed after a number of steps. which is not the cose by Dantzig method.

combarsion of Gomary and Dantzing Methods:

Dantzig agree that Gomory constraints are more effeetive than
those developed by himself the prove for that is as follows Gomary

resterations are as

£ F xN (42)
o = 173
with o<fx1
(42) is get from the selation
B
X, ;0
1 n
B N '
x, =a_ - z a..xs = 0 . (u3)
i io j=1 I J
(i=0, 1, «¢ o+ m)
B
(x_ = 0)
o

1f we deal only with equations then (42) is the simpel form of (u43).
Now the constraint of the form (42) is not obtained not only from

(43) but also from the integer values of cu3).

Let t be an integer number, then through multiplication (43) with t,

so we get

N nl .
Pzt - 2 t.. % 0 (44)
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Separating the integer values Vlj of taj and the restparts as Fj

then we have

—

tyy =05 Y £ CRSIRS 1)
and we get new restriation in the form

F¥ £ Ff.oxs . 4s”

o] EEE ] xJ ( )

If D is the smallest part of aj (i=0,1, .. .-» n) then the restpart

F. for t=k and t=D+k are equal. In the special cose that t=D-1 we

have -
- 1 - F. for 0gl.<1
F. =z J o ]
J o for Pj =0

N
. - . ..n
taking Fy> 0 then (4S ) will be 1-?05 j551(1—}“].) Xy (46)

If we add to (46) the restraition (42)

N
P;s; 7 Fj X
]
then we get
N ,
1sij (47)

Relation (47) represents the condition for abtaiming an optimal
integer solution due to Dantzig which are obtained by Gomory
the through relations of the form (42) and (u46) i-e relation(47)
are included in Gomory method. Dantzig restraction is obtaimed
with different ways not only that through the multiplicatien of
(42) with‘)D—i). The non-integer rest part Fj (J= O,i, ...n) of
" pestraction (42) can be obtaimed through multiplication with -1,

D-1, 2D-1, .... i-e



i ) 1
3 3 j (48)
] 0 for ?j =0

Relations (48) is Fullfiled with multiplication with values, which

are more the 1 from D, also we have

n N

(D+K) f°$3£=1 £5 %5 (D+K) , (k< D) (439)
n N '

(D-K) £(g {31 £ % (D-K) (50)

which gives also pestractions of the form of Dantzig restraltions.

from (49) i-e (s~0) we get for all fj >0, (§=0,1, «+ .- n)

= _ N _ N _ N _

foii £o%xg t P2 Ko £ oee we oo £% (s 1)

and
= x . ¥ o _
ﬁ;s.fl x * £, Xyt e oo fn = (s 2)

where
?5 and_;j, 55, : are obtained through seperation of rest parts

and integer number of (u49).
N

Solving for (xr) (s”1) and (52) we get.

i
- f F. % ' (s71Y)

(321, «o.s P15 r+l, ... n)

N - 1 : = N )
1-f, - 1-£.) x; .
%, 1-fo — 7 -f %y (s 2")
- i—f r
r

(j=1, s 00 ]."-1, I‘+1, '... n)
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N
Dantzig derive xr from the restration (47) as
N -
X >1- ya XF (47'")
The value of ?;, Er’ (1-f;); (1-F ) and 1 gives the axis-Sections
r

/
of the «N axises- of the restrications (5711), (572) and (47).
r

Dontzig restractions bring the boundes polyder to a smaller
apea around the wnit . This smaller area is obtaimed from the .

inequality of gomory at the X and F : P i.e (1-F ): (1-f ) then
r o T o r

‘f:o > P, (573)
Which means that the boundes from (S-i) is more effective than that
of Dantzig.
From (573) we get

1-F < 1-F (57%)
Which says that the restrication (S“i)is more effective than that of
Dantzig, where from (5"45 we ‘have

~—

1-TF

< 1

1-TF
r

Which fubfill the oppsite relation
FB < Pé . (1-F°) i:(l'Pr) (5757)
then are the restrication (5-2') effectuve and (5-1') not effective

as (47')

In case of ?5=Pr and also (1-?0) = (1-@;), rhen the three

regtrication of the «V - axis have the Same value Fig (7 give
r

N
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the relation between F;; Er and (1-?0):(1—?r)

& -
R
y [}
Ly ‘Q{/
e O'\)&
3 ?
N P ’DJo
2 R
2 T~ ¢
o,
\o‘e
| %Qi
l
\ .‘
L
! |
@ e,y ©.Y4 0.6 l.o

If is clear that for all values of Po and Fr the functions
- — L - —
Fo;Pr and (1-?0): (1-Fr) always intersets at the point 1=F @ F.=

(1-5;) : (1'Pr) where Fy > ¢, for the intersected point

1 - 1-F, .
= ® >
Fr 1J?r
also
r, 1-Fo

.
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Also Fig (7) shaws that Gomory method is more convergence than

that of Dantzig method.
For the relations (49) and (570) we can write also

N | -
(D+k,) £,S L Fix, (Dtkq) _ - (578)
3

(Dtiey) £ ) By (Bkg)
and
N . | 1 o
(1) £ 5 T ijj (D+1) (577)
» S N
(0-1) P, § 2 By (0-1p)

where

) ki‘_z-ii
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4-3 An Exampel for companing the metheds

Tn the exampel of Gomory method and that of Dantzig method

we have for the non-basic restrication of the non-integer optimal

toble that
1< 5 x, t10 %, (578)
12 12 12

Through multiplication of this restraction by the integer

numbers 2, 3, <+ ¢+ 3 11 then

we get
11 1. X+ 2 % (579)
5 1 3 iz 0

Form (5-9) and with the slack variable 51 we can get a feasi-
ble solution for primal and dual, heir must be<;therr€striaetion in
the form

1 x

.-
N

with the slack variable 92

Now we are in a sitution that the primal and daul have a

feasible solution.

Relution (5°9) and(60) can be represented by the following

rig (8)
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For §L in (60) we have

X =7+2x%x_ -2

x|

5 7+ 2 X, - 2
§ S5 8 ° & °
1 - 2% +2%
= 2§38 §°2

Fig (8) shows that the feasible area is (due to the two new restrica-

tion) smaller than that of Fig (1) and (2).

The Frist inequality in Gomory method is

= 103
xy + 10 x, (61)

7 57 0
12 T 17 12

If we multiply (61) with D - 2 = 10 and D + 2 = 14 then we get
(p-2) , 10§ 2 X x

+_ 4
12 12 3 12 2

(D+2), 2 < 10 X, + 8 X
N1 3 12 2

The sum will be equal to one which isDantzig restriaction.

Fig (8) shows that the optimal solution is at the point H.
“ ”“

—
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